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HW#8: Roots of Legendre Polynomial



1. Define the polynomial for the x range of [-1,1] and make estimates of the roots by

eyes. Also divide the positive domain [0,1] into four intervals such that each interval

include one root.
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In file p8.m

=
T

p8(x)

function [p8x]

length(x);

n=

=1:n)

for (i

35/128-315/32+x(1)"2+ 3465/64+x(1)"4-

3003/32#x(1)"6+ 6435/128+x(1)"8;

end

p8x(i)

-1:0.01:1;
>> plot(x,p8(x), LineWidth',2);

>> X=
>> xlabel('x'); ylabel('y";
>> grid on
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>> xbracket=[0, 0.3;0.3,0.6;0.6,0.9; 0.9, 1;]

xbracket =
0 0.3000
0.3000 0.6000
0.6000 0.9000
0.9000 1.0000
>>
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2. Write a MATLAB program to implement
1) Bisection Method
2) Modified Linear Interpolation Method (Secant Method)
3) Newton-Raphson Method

Ztzte] LRGSR
1) Bisection Method
In file bsm.m

function [xm,cnt,id] = bsm(fhs,a,b)

%BiSection Method

BHAA arguments string.2E Qojo] 4w L
A, AEA argument= xF T HHI} L EH
PAAA 2 A= A g sfolar, FH
PAHA = FHE1 el Wago|t),
fh=str2func(fhs); %function handle

epsm=1.e-10; 4 =4
epsf=1.e-10; &3 FHxZA
if (a>b) %a7} A% FA7} H=s

temp=a;a=b;b=temp;

e

end
x1=a;fl=fh(x1);
xr=b;fr=fh(xr);

id=0;cnt=0;
while (id==0)
xm=0.5*(x]+ xr);
fm=fh(xm);
if (fl+fm<0) %ol el U= o
Xr=xm,
fr=fm;
else %to] LEZ S o
xl=xm;
fl=fm;

end
delx=xr—-xl;delf=fr—fl,
if (abs(delx/xm)<epsm)




id=1;
end
if (abs(delf)<epsf)
id=id+ 2;
end
cnt=cnt+ 1;

end

2) Modified Linear Interpolation Method (Secant Method)
In file mlim.m

function [xm,cnt,id] = mlim(fhs,a,b)

%Modified Linear Interpolation Method

%A HA argument= string .2 ¥ <¢lojo] S
A, AEA argument= xF TH HHI} L EH
PAAA 2 A= A 5 o] AL,

PoTHA 2 A= RSl

A HA = FHEA gl ot}
fh=str2func(fhs);%function handle

epsm=1.e-10;

epsf=1.e-10;

if (a>b)%a’} 9% ZAA, b7} 2% AAVF H=5 3L

temp=a;

a=b;

b=temp;
end
x1=a;fl=fh(x1);

xr=b;fr=fh(xr);

1d=0;

fp=0;

cnt=0;

while (id==0)
xm=x1-(xr=x1)/(fr=f1)*fl;




end

fm=fh(xm);

if (flsfp>=0)%3l& A HA1#] &okor v &
halving=1;
fp=fm;
else
halving=0;
fp=0;
end

if (fl*fm<0) %307} x1¥} xm AFolol] Yo
Xr=xm; %xme MZE xrz2 A&

fr=fm;

1/2% 35

if(halving==1) %3 & A UA A &go™d

f1=0.5+fl; W ZES HFo = 1y
end

else %387} xm} xrAtolo] UA =& 4§

xl=xm; %M 2 -3 & xmeo] xlo] ¥

fl=fm;

if(halving==1) %12]3 3|& A|1}X]A]
fr=0.5x*fr;

end

end

delx=xr-xl;delf=fr-fl;

if (abs(delx/xm)<epsm)
id=1;

end

if (abs(delf)<epsf)
id=id+ 2;

end

cnt=cnt+ 1;




3) Newton-Raphson Method
In file nrm.m

function [xk,cnt,id] = nrm(fhs,a,b)

%Newton Rhapson Method

%A HA argument= string Q.2 F <¢lojo] S
DA, AHA argument= xF 1] 4F} 0 E2%
PAAA 2 A= A 5 o] AL,

P THA 2 A= RSl

A= FHEA gl Wago|t),
fh=str2func(fhs);%function handle

epsm=1.e-10; %x%] convergence =7

epsf=1.e-10; %y2] convergence =71

if (a>b) a7t 9% A7, b7} LE8% AA A5 o
temp=a;
a=b;
b=temp;

end

xk_1=(a+b)/2; %73t TS AFH o= o
id=0;cnt=0; ARSI FE A7 913 W
while (id==0)
xk=xk_1-fh(xk_1)/df(fhs,xk_1);%fixed point iteration®] g(x)&=
delx=(xk-xk_1)/xk; %x2] convergence W
if (abs(delx)<epsm)
id=1; o2 A )+ AFC = while loopol 4] break’} ¥
end
xk_1=xk;
cnt=cnt+ 1;

end

function [result] = df(fhs,x)
fh=str2func(fhs);%function handle
epsilon=1.e-6;

result=(fh(x+ epsilon)-fh(x—-epsilon))/2/epsilon;




3. Apply these three methods to find the four roots and compare the number of trials of
these methods for each root. Use the absolute convergence criterion of 1.0x10™ for
both x and y. For the Newton-Raphson method choose the middle point of the
interval as the starting point.

Aol M AA7E 3kl sl 25 44 Tl 7 =S v 22 g
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function [grphmat] = froot(fhs,xbrk)

[n,c]=size(xbrk);%subinterval®] 7§4E W no] Qol=

grphmat=zeros(n,6);

for (i=1:n)
[grphmat(i,1),grphmat(i,2),grphmat(i,3) J=bsm(fhs,xbrk(i,1),xbrk(i,2));
[grphmat(i,4),grphmat(i,5),grphmat(i,6) ]=mlim(fhs,xbrk(,1),xbrk(i,2));
[grphmat(i,7),grphmat(i,8),grphmat(i,9) l=nrm(fhs,xbrk(i, 1),xbrk(i,2));

end

PE" ~EHY

fprintf('Wt Bisection method | Secant method | Newton-—

Rhapson methodWn");

fprintf('Wt  root iter. id | root iter. id | root iter. id

Wn');

for(i=1:n)

fprintf("Wt %8f %8d %4d | %8f %8d %4d | %8f %8d %4d Wn', grphmat(i,:));

end

>> [grphmat] = froot('p8',xbracket);

Bisection | Secant | Newton-Rhapson
root iter. id | root iter. id| root iter. id
0.183435 33 2 | 0.183435 8 310.183435 4
0.525532 33 1 | 0.525532 11 310.525532 4
0.796666 32 1 | 0.796666 11 310.796666 5
0.960290 30 1 | 0.960290 12 310.960290 5

L
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ol A xbracket Mol = 1H Ao A 830 & 48 249 FIHH R}
=B

AE AHEA A Y BT e 25 AsAoE F3on niasis
+ bisection method2] -9~ 2F 323], modiefied linear interpolation method= <F
113], Newton-Rhapson method ©] 7 -$-ol &= 4 T+ 539 HHE o2 L& -3
Was & 7 Atk AIZEA B B ZE 2o gjEl] 2 S AREESS
ng2 5% 2dstelA vHluEAttal & 4 9lal, o]& &3 Newton-
Rhapson method”} 7} &-& % o] Bisection method”} 7} H] &&4US &
SRS

EE 270d 2 &8 3] % #1Es FY S84 7 g A2 s

=] -
FRE D% RS e Aow AZEEY oE &9l & nu
xbracketl =

0.1000 0.2000
0.5000 0.6000
0.7000 0.8000
0.9000 1.0000
>> [grphmat] = froot('p8',xbracketl);

Bisection | Secant | Newton-Rhapson
root iter. id| root iter. id| root iter. id

0.183435 32 2 | 0.183435 8 310.183435 4 1
0.525532 31 1 | 0.525532 7 310.525532 4 1
0.796666 31 1 | 0.796666 8 30.796666 5 1
0.960290 30 1 | 0.960290 12 310.960290 5 1
>>

TRHe ARE EHA PA FASoE Byeia wEsLs FEag) #
AIEAE YRATS AU FF Atk ol F olfE AZd wW WA 7 L
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sl 13 A 2318 AAE 42 F e R FFolnw & s A
oS o 4= it} E3] Newton-Rhapson method: -2 #Ho] &8 % o]o]
A s e eka, B3 ks FEFolA Fold ke TS 2714
o7 FHoh= dargFel wet 8 E=aS A ke s B 5 dth



4. In this case, it is easy to guess the range where the roots are located. But in general
the location of the roots is not known. In the general case, how would you determine
the initial points? Discuss your logic for finding the first root. Then discuss how you
would use the roots you already found to avoid finding those roots in the subsequent
root finding. Apply your new method to determine all four roots with the Newton-
Raphson method without the prior determination of the range of the roots already
done in Prob 1.
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s Hojues A9y Ades ded old ASUE AT
Bisection method& Ab&-3to] -7t& Ax=A st HAE s

Wb S AEor  FolFE FEI, o
Newton-Rhapson method & Al-8-3h= FE-S 2HAF& B
In file brk.m

function [xb] = brk(fhs,x1,x2,n,nroot)

%BRacKetting function p8(x) within large interval [x1,x2]
%discretization number n, and max interval number nroot

%fh takes string of function name

fh=str2func(fhs);%function handle
xb=zeros(1,2);
dx=(x2-x1)/n;
rownb=0;
x=x1;
fp=fh(x);%function value past
for (i=1:n)
x=x+ dx;
fc=fh(x);%function value current
if (fcxfp<=0.0)
rownb=rownb+ 1;
xb(rownb, 1)=x—-dx;
xb(rownb,2)=x;
end
if(rownb == nroot)
break;
end

fp=fc;

end
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In file nrmu.m

function [xk,cnt] = nrmu(fhs,a,b)
%Newton Rhapson Method Upgrade
fh=str2func(fhs);%function handle
epsm=1.e-10;
epsf=1.e-10;
if (a>b)
temp=a;
a=b;
b=temp;
end
xk_1=(a+b)/2;
id=0;
cnt=0;%Newton Rhapson W5 3=
cntb=0;%bisection®. & 3+ AFA 3 3¢
while (id==0)
xk=xk_1-fh(xk_1)/df(fhs,xk_1);
if (xk<a)%7T-7tS Holk 79 bisection methodE AF&&|A 3+ AFxA
xm=(a+ b)/2;
fm=fh(xm);
if(fm=*fh(a)<0)
b=xm;
xk_1=(a+b)/2;
cntb=cntb+ 1;
continue;
else
a=xm;
xk_1=(a+b)/2;
cntb=cntb+ 1;
continue;
end

end

delx=(xk-xk_1)/xk;
if (abs(delx)<epsm)
id=1;
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end

xk_1=xk;

cnt=cnt+ 1;
end

%cntb;

function [result] = df(fhs,x)
fh=str2func(fhs);%function handle
epsilon=1.e-6;

result=(fh(x+ epsilon)-fh(x—-epsilon))/2/epsilon;

In file nrmauto.m

function [xkroot,cnt] = nrmauto(fhs,a,b)
%Newton Rhapson Method AUTOmatic
m=100;

nroot=m;% 7% Hd < NF

[xb] = brk(fhs,a,b,m,nroot);
[n,cl=size(xb);

for (i=1:n)

[xkroot(i),cnt(i)] = nrmu(fhs,xb(i,1),xb(i,2));

of gt & T FEHT, TS
;;(l' KeR

>> [xkroot,cnt] = nrmauto('p8',0,
xkroot =

p—

0.1834 0.5255 0.7967 0.9603

cnt=

o W kel ZrolE
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>> [xkroot,cnt] = nrmauto('p8',-1,1)
xkroot =

-0.9603  -0.7967 -0.5255 -0.1834 0.1834 0.5255  0.7967 0.9603

cnt=

A9, UE 40 2R ogd FHow 1 & qlex Avwns] 96 o
23 2 FFE AT F 2 TR
[

function [result]=j0(x)

result=besselj(0,x);
>> x=0:0.01:30;
>> plot(x, jO(x))

_05 | | | | |
0
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>> [xkroot,cnt] = nrmauto(’j0',0,30)

xkroot =
2.4048 55201 86537 11.7915 14.9309 18.0711 21.2116
24.3525  27.4935
cnt =
4 4 4 4 3 4 3 4
T EE 28 78 F Ues ¢ dd
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<%-=-> matlab function list
p8.m

bsm.m

mlim.m

nrm.m

froot.m

brk.m

nrmu.m

nrmauto.m

jo.m
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