Chapter 1 Answers

11, Converting from polar to Cartesian coordinates:
lemi* = Leos(-7) = -3

e"’:%cmﬁ=—§. 5e 7
% = cos(}) +isin(3) =5, ¢ 1F =cos §) = jsin(5) =~
51 = 77 =3, VEeT = 2 [cos (3) +sin(f)) = 1+
J‘jc.lt!=\.@e‘i"=1+j. ﬂe#:ﬁe#:l—g
J:éc;i' =1-j
1.2, Converting from Cartesian to polar coordinates:
5 = 5e°, —2= 2097, —3f = 3e77F
Lo meth, 14=vEdt, (- jf =20
i - =t =i "E:; 2 = i

-]
1.3. (a) Eu= j e~4dt = 1, Poo = 0, because Eo < 00
0
O
(b) 7at) = 39, |z3()] = 1. Thesefore, B = [mu,_m[’d: = ] dt = 60, P =
-0 -
T T
im s 2 i = li =
i [ oo m i g [ de= fim1 =1

(e) z3{t) = cos(t). Therefore, Ex = % |zalt)Pdt = ]m cos?(t)dt = oo,

-0
3 o1 T (14 cos(20) i
Foo = it o7 f_.,.“’“,{‘)d‘ = Hm, 37 j_f ( 2 ) =3

(@) r1in] = (§)" uln], lznli? = (1)" uln). Thercfore, Eco = 5 n? - T4

n=—00 n -

Py =0, beeanse Eg < o0

(e) z3[n) = SUF+E) |za[n]|® = 1. Therefore, Ey, = E |z2[n]? = oo

LES

N
1 1
= fim —— ? = lim —— 1=1.
P = M2V +1 ngﬂ‘ﬂ"“ NIV '2;" :
e

(f) z3ln] = cos(§n). Therefore, Ee = 3 |zaln]l® =

”
cos’{zn) = o0,
A= —00 n=-o0

S o S e sy i ("])—5
= Jim sxry 2o (g = MmN z i
=N n=-N
1.4. (a) The signal z{n] is shifted by 3 to the right. The shifted sigoal will he zero for n < 1
and n = 7.
(b) The signal zln] is shifted by 4 to the left, The shifted signal will be zero for n < -6
andn > 0.

16 (a) Relzi(t)} = —2 = 2 cos(Ot + x) ]
(b) Re{za(t)} = v2eos(7) cos(3t + 2%) = cos(3t) = ¥ cos(3t + 0
() Re{zs(t)} = e *sin(3t +x) = e teon(3t+ F)
(d) Re{zal)} = —e~in(100¢) = e~ 5in(100t + ) = e~ cos(100¢ + 3)
1.9, (8) 7,(t) is a periodic complex exponential,
2(t) = 51 = 00 E)
The fundamental period of z1(t) is §§ = ¥
(b) z3(t) is a compl P tial iplied by a decaying exponential. Therefore, z2(t)
is not periodic.
(e) z3[n] is a periodic signal.

Za[l\] = H'r-n o ejlﬂ

i tal period of 17' =2

z3ln] is a 1 p tial with a fi
(d) z4[n] is a periodic signal. The fundamental period is given by N = m(3255) = m{}).
By chousing m = 3, we obtain the fundamental period to be 10.
(e) zs[n] is not periodic. z5{n] is a complex exponentinl with wo = 3/5. We cannot find
any integer m such that m(ZE) is also an integer. Therefore, z3(n] is not periodic.

1.10.
z(t) = 2cos(10¢ + 1) — sin{dt — 1)

Period of first term in RHS = §§ = §
Period of second term in RHS = -k )
Therefore, the overall signal is periodic with a period which is the least common multiple

of the periods of the first and second terms. This is equal to m.

1.11.
zjn| =1 L LS

Period of the first term in the RHS =1

Period of the second term in the RHS = m(;2%) =7 (when m = 2)

Period of the third term in the RHS = mh%g) =5 (when m = 1)

Therefore, the overall signal zin] is periodic with a period which is the least common
multiple of the periods of the three terms in z[n]. This is equal to 35.

1.12. The signal z[n] is as shown in Figure $1.12. z[n] can be obtained by flipping uln] .-u:ul then
shifting the fipped signal by 3 to the right. Thercfore, z[n] = u|—n + 3]. This implies that
M= -1and ng= -3

1.5.

1.13.

1.

-

4.

(c) The signal z[n] is flipped. The flipped signal will be zero forn < —4and n > 2.

{d}'l'.'hes‘xgu_a] z|n) is flipped and the Aipped signal is shifted by 2 to the right. This new
signal will be zero for n < ~2and n > 4.

(e) The signal z[n] is fipped and the flipped signal is shifted by 2 to the lefe. Thi
signal will be zero for n < —6 and n > 0. Wt 2 B ik

(a) (1 - ¢t} is obtained by fipping =(t) and shifting the i signal by 1 he ri
'I'hereﬁmm,x(l—I)wil]hem:'mﬁnrS)»—z.l i i KoLy KL ek
(b) From (a), we know that z(1—t) is zero for t > —2. Similarly, z{2—{) is zero for £ > —1.
Therefore, z(1 — 1) + z(2 — £) will be zero for t > =2.
(<) =(3t) is obtained by linearly compressing =(t) by a factor of 3. Therefore, z(3t) will be
zero for £ < 1.
(d) z(¢/3) is obtained by linearly stretching z(t) by a factor of 3. Therefore, z(t/3) will be
zero for t < 9. .
{a) z,(t) is not periodic because it is zero for t < 0.
(b) z3[n] = 1 for all n. Therefore, it is periodic with a fundamental period of 1.
(e) z3|n] is as shown in the Figure S1.6.
1 i i .
ALY I IR P
'1-1-1-1011:-’}[ n
-1 -1 -1
Figure S51.6
Therefore, it is periodic with a fundamental period of 4.
(2)
1 1
Ev{z[n]} = E[xI[ﬂ] +zy[=n]) = E(u[ﬂ] - uln = 4) + u[-n] - u[-n - 4])
Therefore, Ev{zi[n]} is zero for |n] = 3.
(b) Since zz(t) is an odd signal, Ev{x;(t)} is zero for all values of L.
()
1 1.1, 1
Eulzslnl} = Saulnl + zil-n]) = 3((3)"uln — 3] = (3)"s{-n - 3]
( Therefore, £v{z3[n]} is zero when |n| < 3 and when [n| = oo,
d)
1
Evlz0)} = 3(aalt) + z(~1)) = %[,-“uu +2) = eMu(-t+2)
Therefore, Eu{zy(t)} is zero only when 8] — oo,
2
AL
;a-lo | 23 - "
Figure 51.12
i 0, t<=2
i) = f' :(r)ﬂ:/ (Blr+2) —r—Mdt={ 1, -2<t<?2
-0 b 0, t>2
Therefore,
2
Ex= j dt =4
-2
The signal z{t) and its derivalive g(t) are shown in Figure S51.14.

e I

-1 o 1) F3 +
-2 =3 -3

Figure 51.14

Therefore,
o o
oty =3 Y &(e-2k)-8 % S(e-2k-1)

[ S— k= oo

This implies that A; =3, ¢, =0, A= -3, and {3 = 1.
(8) The signal za[n], which is the input to §;, is the same as wi[n]. Therefore,

win] = mn-2+ %n[n -3

nr-2+ %y;[n-s]

2y[n = 2]+ dzifn - 3] + (21l ~ 3] + 41 [n - 4))
= 2ry[n—2]+5nn -3+ 25 (n-4]

The input-output relationship for 5 is
yln] = 2z[n — 2] + 5z{n = 3] + 2x[n — 4]



116.

(b} The input-output relationship does not change if the order in which S| and 5; are
connected in series is reversed. We can easily prove this by assuming that 5, follows
S, In this case, the signal 7[n), which is the input to 5y, is the same as yafn-
Therefore,
wln) = nfn)+dnn-1]

= Ipn]+dwin - 1] : 3

= zzfn -3+ %wgln = 3)) + 4(za[n — 3] + iz—,-|n. —4j)

= 2r3ln — 2 + Sxgln — 3] + 2x3[n — 4]

The input-output relationship for § is once again
yin] = 2zln — 2] + 5zn — 3] + 2z[n — 4]

(a) The system is not memoryless because y[n] depends on past values of z[n).

(b} The output of the system will be y[n] = &[n}d[n - 2] = 0.

(&) From the result of part (b}, we may conclude that the system output is always zero for
inputs of the form &[n — k], k € Z. Therefore, the system is not invertible.

(a) The system is not causal because the output y(t) at some time may depend on future
values of z(¢). For instance, y(—=) = =(0).

(b) Consider two arbitrary inputs z1(¢) and z2(t).

z,(t) — yi(2) = x (sin(t))
z2(t) — wa(t) = 3 (sin(t))
Let z3(t) be a linear combination of z1(t) and zz(t). That is,
z3(t) = az,(t) + bza(t)

where o and b are arbitrary scalars. If z4(t) is the input to the given system, then the
corresponding cutput ya(t) is

ws(t) =y (sin(t))
azy (sin(t)) + bz (sin(t))

ay (i) + byalt)

[}

Therefore, the system is linear.

1.18. (a) Consider two arbitrary inputs z;[n] and zan].

1.19.

m4ng

zi[n] — pln] = z %]

k=n-ng

(a} (1) Consider two arbitrary inputs z,(t) and z3(t).
z(t) = nlt) = Fn(t-1)
z2(t) = y2(t) = z2(t - 1)
Let z3(t) be a linear combination of zy(¢) and z2(t). That is,
z3(t) = axy(t) + br2(t)
where a and & are arbitrary scalars. If z3(t) is the input to the given system. then
the correspanding output ys(t) is
nlt) = faalt-1)
Plaz(t - 1) + bra(t — 1))
ayi(t) + bya(f)

Therefore, the system is linear.
(ii) Consider an arbitrary input z,(t). Let
n(t) = (e - 1)
be the corresponding output. Consider a second input z3(1) obtained by slnfting

zy(¢) in time:
z3(t) = z3(t = to)

The output corresponding to this input is
wlt) = Pza(t = 1) =zt = 1 = to)

Also note that
wilt - to) = (¢ — t)zy(t — 1 - to) # yalt)

Therefore, the system is not time-invariant.
{b) (1) Consider two arbitrary inputs z,[n] and zz[n].
z[n] — wfn) = 23 -2
za[n] — tnln) = =i(n - 2
Let z3[n] be a linear combination of z;[n] and z;[n]. That is,
za[n] = az[n] + bza[n]
where ¢ and b are arbitrary scalars. If z3]n] is the input to the given system. then
the corresponding output yain] is
il = ln-2)
= (az|n — 2] + bzafn - 2))°
= a’zn - 2] + ¥zi[n — 2] + 2abry[n — 2Yzafn - 2]
# ayn] + banln]
Therefore, the system is not linear.

nt

zafn] — win] = 3 zafk]

k=n-no

Let z3[n] be a linear combination of z,[n] and za[n]. That is,
#1[n] = az[n] + bz;in]

where ¢ and b are arbitrary scalars. If z3[n] is the input to the given system, then the
corresponding output ys[n) is

wih] = ¥ =
::n:n ntno ntng
= 3 enk+tml)=a 3 nik+bs Y ml
k=n-ng k=n=ng k=n=ng
= apn] + byzln)

Therefore, the system is linear,
(b) Consider an arbitrary input z;[n). Let

LR

wnlbl= Y =nifk

kzneng
‘be the corresponding output. Consider a second input 3[n] obtained by shifting . [n]
in time:
£3fn] = zy[n - ny)
The output corresponding to this input is

n+ng g A—n 40y
whl= Y zlkl= ¥ ak-nl= 3 K
k=n=ng kmn-ng k=n=-n; -ng
Also note that
A-Ai4ng
wln=ml= 3 k.
k=n=nj=ng
Therefore,

vn] = yiln - n,)
‘This implies that the system is time-invariant.
({e) Hiz[n]| < B, then
vin] < (20 +1)B

Therefore, C < (2ng + 1)B.

(i1) Consider an arbitrary input z[n]. Let
wiln) = zi[n - 2]

be the ponding output. Consider a second input z2{n] obtained by shifting
zy[n] in time:

Z3[n] = z3[n — ng]

The output corresponding to this input is
w2l = 2fn — 2] = zln ~ 2 - ng]
Also note that
thn — ng] = zi[n — 2 — ng| .

Therefore,

taln] = pin — ng)
This implies that the system is time-invariant,

(¢) (i) Consider two arbitrary inputs z,[n] and z[n].

ziln] = nlnl =nifn+ 1] =zfn -1
z3[n] = w[n] = zafn 4 1] — za[n - 1]
Let 23[n) be a linear combination of 1[n] and zg[n]. That is,
z3[n} = azi[n] + bza[n]

where o and b are arbitrary scalars. If z3[n] is the input to the given system, then
the corresponding output ysln] is
win] = =zn+1)-z3h-1)

= azfn+ 1] +bxyfn + 1] - azyfn — 1] - brgfn - 1)

= a(z[n+1] = zifn = 1) + bzzfn + 1 = 220 - 1))

= ayi[n] + byeln)
Therefore, the system is linear.

(ii) Consider an arbitrary input x[n]. Let
winl=zin+1]-xn-1]
be the corresponding output. Consider a second input z2[n] obtained by shifting
zy[n] in time:
zaln] = zafn - no]

The output corresponding to this input is

vl =zn+1] -2ln -1 =5fn + 1 - ng) = 2)[n = 1 - ng)



Also uote that
iln — no] = @y + 1 —ng] = mafn = 1 =]

Therefore,
waln) = min —nd

This implies that the system is time-invariant.
{d) (i) Consider two arbitrary inputs 2, (t) and z2(t).
2 (t) — wi(t) = 0d{=1(1)}
23(t) — w(t) = Od{za2(t)}
Let z3(t) be a linear combination of x1(t) and z2(t). That is,

z3(t) = ez (t) + bralt)

whete @ and b are arbitrary scalars. If z3(t) is the joput to the given svstemn. then

the corresponding output yy(t) is
Od{za(t)}

Od{az;(t) + bralt)}
a0d{z, (1)} + bOd{z2(t)} = e (t) + bip(t)

yalt)

nown

Therefore, the system is linear.
(ii) Consider an arbitrary input z1(t). Let

) = O (0) = 220

be the corresponding output. Consider a second input z(t) obtained by shifting

z1|n] in time:

za(t) = x1(t — to)
The output corresponding to this input is

nit) = od{:z(t)}:M

. mlt=t)-nl-t-b)
i 2
Also note that

it tg) = BT L) 4y

Therefore, the system is not time-invariant.
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1.20. (a) Given
2(t) = &% — y(t) = &Y

2(f) = ™I — y(t) =¥
Since the system is linear,
1. .
zit) = i[t’h +e™ %) 5 p(t) = %[eﬂl +e7 13
Therefore,
2,(£) = cos(2t) — i {¢) = cos(3t)
(b) We know that
=] 32! =52
zo(t) = cos (2[8 - %]) = EE,_:;GJ-E—-J—
Using the linearity property, we may once again write
1 i , .
() = E(e"e’" +ejem i) oyt = %(c'-’:"" +ele™¥) = cos( Bt

Therefore,
2 (2) = cos(2(t = 1/2)) — w(t) = cos(3t - 1)

1.21. The signals are sketched in Figure 51.21.
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Figure 51.21

1.22. The signals are sketched in Figure 51.22.
1.23. The even and odd parts are sketched in Figure 51.23.
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Figure 51.24

1.24. The even and odd parts are sketched in Figure 51.24.
1.25. (a) Periodic, period = 2w /(4) = = /2.
(b) Periodic, period = 27 /(x) = 2.
(€) (1) = [1 + cos(4t — 2r/3)}/2. Periodic, period = Zw/(4) = 7/2.
(d) z(t) = cos(4t) /2. Periodic, period = 2= /(4x) = 1/2.
() z(t) = [sin(4nt)u(t) — sin(dwt)u(—1)]/2. Not periodic.
(f) Not periodic.
1.26. (a) Periodic, period = 7.
(b) Not periodic,
(¢} Periodic, period = 8.
(d) z[n] = (1/2)[cos(3wn/4) + cos(xr/4)]. Periodic, period = 8.
(e) Periodic, period = 16.
1.27. (a) Linear, stable.
(b) Memoryless, linear, causal, stable.
(c) Linear
(d) Linear, causal, stable.
(e) Time invariant, linear, causal, stable.
(f) Linear, stable.
(g) Time invariant, linear, causal.



1.28.

1.29.

1.30.

1.31.

1.33.

{a) Linear, stable.

(b) Time invariant, linear, causal, stable.
() Memoryless, linear, causal.

(d) Linear, stable.

(e) Linear, stahle.

(f)} Memoryless, linear, causal, stable.
(g) Linear, stable.

(a) Consider two inputs to the system such that

ol S il = Relzilnl}  and  aafn] S saln] = Refzzlol)-

Now consider a third input z3[n] = zi[n] + Z2[n]. The corresponding system output
will be

wnln] = Re{zs[n)}
= Re{niln] + zain]}
= Refzi[n]} + Re{zaln]
= il +

Therefore, we may conclude that the system is additive.

Let us now assume that the input-output relationship is changed to yln] = Re(e*/z[n]}.

Also, consider two inputs to the system such that
zifn] S in] = Re{*x1fnl}

and
z2|n] 3 winl = Re{e™xin]).

New consider a third input z3[n) = #1[n] + zqln]. The corresponding system output

will be
win] = Re{e™zfn]}
= cos(an/d)Re(zaln]} - sin(wn/4)Im{z;(n]}
+ cos(am/4)Re{z1[n]} — sin(mn/A)Zm{z: ()
+ cos(rn/4)Re{za[n]} - sin{xn/4)Tm{zz(n]}
= Re{e™zi[n)} + Rele™zanl}
= wiln] +waln)
Therefore, we may |ude that the system is additive.
13

(a) Invertible. lverse system: y(t) = z(t +4). .

(b) Non invertible. The signals z(t) and zy(t) = z(¢) + 2 give the same outpul

(c) Non invertible. 4[n] and 24[n] give the same output.

(d) Invertible, Inversc system: y(t) = dz(t)/dt.

(e) Invertible. Inverse system: y[n] = zln+1] for n > 0 and yln] = zlr| for » < 0.

(f) Non invertible. z[n] and —z|n] give the same result,

(g) Invertible. Inverse system: yfn) = z[l = n].

(k) Invertible. Inverse system: y(t) = 2(t) + dz(2) fdt.

(i) Invertible. Inverse system: y[n] = zfn) = (1/2)zln — 1.

(j) Nen invertible. If z(t} is any constant, then y(t) = 0.

(k) Non invertible. é[n] and 24[n] result in ylnj=0.

(1) lnvertible. Inverse system: y(t) = =(t/2).

(m)Non invertible, z[n] = 8[n] + 8[n — 1] and za(n] = &[n] give y[n] = d§[n).

(n) Invertible. Inverse system: yln] = z(2n).

(n) Note that z3(t) = na(f) - =it —2). Therefore, using lincarity we get yalt) = gith =
y(t — 2). This is as shown in Figure S1.31,

(b) Note that za(t) = Ti(t) + Tt + 1). Therefore, using linearity we get malt) = () +
yi(t + 1). This is as shown in Figure 51.31.

Y &) ¥t
2
i d +
-2
Figure $1.51

. All statements are true.

(1) z(t) periodic with period T y:(t) periodic, period T/2.

{2) w1 (t) periodic, period T, z(t) periodic, period 2T.

(3) z(t) periodic, period T’ y2(t) periodic, period 21"

(4) y(t) periodic, period T =(2) periodic, period T/2.

1) True. zln] = zln + Nliwln] = win + Nol. ie. periodic with Ng = NJ/2if N is even,
and with period Ny = N if N is odd.

15

1.34.

(b) (i) Coasider two inputs to the system such that

1 [dza()]?

2
20 5n0= -5 (50w =m0 dno-

x{t) x(t) dt
Now consider a third input z3(t) = zy(t) + za2(t). The corresponding system
output will be A
_ ) [dm®)]?
wt) = o | Te ]
2 1 [dlz.m + z3(8))]?
2 (t) + =3(t) di
# wlt) + ()
Therefore, we may conclude that the system is not additive.

Now consider a fourth input z4(t) = ez1(t). The corresponding cutput will be

1 [dz()]?
)

wit) = =0

1 [dlaz;(t))]*
T oamfe) [ dt
o [0’

) | at

= aplt)
Therefore, the system is homogeneous.

(i) This system is oot additive. Consider the following example. Let xjjn] = 2é[n +
2] + 26n + 1) + 25[n] and za[n] = &[n + 2] + 2é[n + 1] + 38[n]. The corresponding
outputs evaluated at n = 0 are

w0]=2 and (0] =3/2

Now consider a third input zafn] = x.[n] + za[n] = 38[n + 2] + 46[n + 1} + 56[n].
The corresponding output 1 d at n = 0 is y3]0] = 15/4. Clearly, wsl0] #
1[0} + y2[0]. This implies that the system in not additive.

No consider an input z4[n] which leads to the output yi[n]. We know that

zy[nlzyln=1]

wln) = { e

Let us now consider another input z5[n] = azy|n]. The corresponding cutput is
Tufn]ean—12]

wsln) = { n‘“f'LFl '

Therefore, the system is homogeneous.

Tafn -1 £ 0
otherwise :

aqn =1 #0

otherwise = tuln

14

(2) False. y,[n| periodic does no imply z[n] is periodic. i.e. let z[n] = g[n] + A[n] where
n even

= 1, 0,

otnl = { 0. neda w4 Al :{ (/2m,
Then y(n] = z[2n] is periodic but z|n] is clearly not periodic.

(3) True. zfn + N] = z[n]; yaln + No] = we|n] where Ny = 2N

(4) True. y2[n + N] = yz{n); z[n + No] = z[n] where Ny = N/2

(a) Consider

neven
n odd

3 zln) = =(0] + 3 {zln] + ={-n)}.
n=1

A= -
If z[n] is odd, z|n] + z{~n] = 0. Therefore, the given summation evaluates Lo zero.
(b) Let y[n] = zi[n)za(n]. Then
yl=n) = z1[=njag(~n] = ~zi[n]ealn] = —y[n].
This implies that y[n] is odd.
(e) Consider

Y2l = ) {zeln]l+mo[nl)?

= g =2[n] + g Zon] +2 3 zelnlzoln].

Using the result of part (b), we know that z.[n]z,[n] is an odd signal. Therefore, using
the result of part (a) we may conclude that

2 Z ze[n]rafn] = 0.

n==oo

Therefore,

Y == ¥ s+ T )

A= Py—— Pe——y

j::::’md::j:::z(t)dt+j:nzgit}d:+2[:z.{t]z,(l)d(.

Again, since z.(t)z.(t) is odd,

(d} Consider

f = B()za(t)de = 0.

—oo

‘Therefore,
f_ = ] 2(t)dt + j ().

16



1.35. Ve want to find the smallest Np such that m(2x/N)Ng = 2Zuk or No = kN/m, where k is ao
integer. I Np bas to be an integer, then N must be a multiple of m/k and m/k must be an
integer. This implies that m/k is a divisor of both m and N. Also, if we want the smallest
possible Np, then m/k should be the GOD of m and N. Therefare, Ny = Nfged(m, N}

1 36. (a) If zin] is periodic e (MMT = gionT, where wy = 2x/Ty. This implies that

2= T
—NT = 2=k — =
T T = 2n =

T -:—; = a rational number.
L)

(b) If T/Ty = p/q then z[n) = <¥™P/?). The fundamental period is ¢/ged(p,g) and the
fundamental frequency is

s = AXE = = ol _
?gcd(ﬁ‘q)w = qscdlp‘c) pzvd{p.ql > ged(p,q)

(c) p/ged(p, q) periods of z(t) are needed.
1.37. (a) From the definition of ¢xy(t), we have

bl = [ % 2(e+ rylr)dr

jwy(v—t + 1)z{7)dr
Bzl —1).

(b) Note from part (a) that dz=(t) = ¢ux(—1). This implies that ¢ (t) is even. ‘Therefore,
the odd part of ¢==(t) is zero.

() Here, oy (1) = daz(t — T) and gy (t) = dax(t)-
1.38. (8) We know that 264 (2t) = dap2(t)- Therefore,

3 o |
A'.'.ﬂ: dal2t) = éliﬂn 55,&;:{!)-

This imples that .
§(2) = i.i(f.),

(b) The plots are as shown in Figure S1.38.

1.39. We have
Jim ua(1)5(t) = Jim ua(0)3(t) = 0.
Also, .
E_%u.,(t)abm = ié{l).

1.41. (a) yin] = 22[n]. Therefore, the system is time invariant.
{b) yn] = (2n — 1)zn]. This is not time-invariant because y[n — N} # (2n - Lzle - Mol
(c) yin] = z[n]{1 + (=1)"+ 1+ (=1)""} = 2zfn]. Therefore, the system is time invariant.
1.42. (a) Consider two syst 5y and S cted in series. Assume that if x1(t) and =,(#) are
the inputs to Sy, then yi(t) and yy(t) are the outputs, respectively. Also, assume that
il 1 (t) and (t) are the inputs to Sz, then 2 (¢) and z2(t) are the outputs. respectively.
Since Jy is linear, we may write

az (£) + bra(t) =2 oy (1) + bualt),
where @ and b are constants, Since Sz is also linear, we may write
a(t) + bya(t) = ax(8) + baa(t),
We may therefore conclude that
az(t) + bra(t) 50 gy (2) + bealt).

Therefore, the series combination of 5, and Sy is linear.
Since §) is time invariant, we may write

nlt—To) Zrw(t-To)

and &
yi(t = To) == 2t — To)-
Therefore, =
2yt = To) == a1(t = To).
Therefore, the series combination of 5y and S, is time invariaut.
(b) False. Let y(t) = z(t) + 1 and 2(¢) = y(t) — 1. These correspond tu two nnulinear

systems. If these systems are connected in series, then z(t) = z(t} which 1 a lincar
system.
(c) Let us name the output of system 1 as wn] and the output of system 2 as z|n]. Then,
1 1
yln] = z[2n] = wi2n] + Ew[zn =i+ prﬂ -]
1 1
= = - = -2
z[n] + 2:{11 1]+ 4:[11 i
The overall system is linear and time-invariant.

1.43. (a) We have
z(t) oy y(t).

I
lkaf{\ ey
1 oo s &
-4 28 + ol Y Za +
w3 ude
1 1
[— 2
) e B + =A | o +
uglt) whfx)
1 g ! i
3 f "L.—V W ~ !—J‘.L' a
_a\ / A i -4 I a4 ¥

Figure S1.38
We have = =
- &t — = = 7)dr.
o) = [~ uirsste—ryar = [~ utriste - ryer
Therefore,
0, t<0 CHt=7)=0
=4 1 t>0 ulr)élt —7) = 8(t = 7)
undefined fort=0

1.40. (a) If a system is additive, then
0= x(t) - z(t) — y(t) —y(t) = 0-
Also, if a system is bomogeneous, then
0= 0.z(t) — y(t).0 = 0.
(b) yit) = 23(t} is such a system.

(]
(<) No. For example, consider y(¢) = f 2(r)dr with 2() = ult)—ult—1). Then z(t) = 0
fort> 1, but y(t)=1fort > 1. il

Sunce S is time-invariant,
2t =T) = y(t - 7).
Now, if z(t) is periodic with period T, =(z) = z(t — T'). Therefore, we may conclude
that y(t) = y(t — T). This implies that y(t) is also periodic with period T, A similar
argument may be made in discrete time,
(b)

1.44. (a) Assumption: If z(t) = 0 for ¢ < i, then y(t) = 0 for t < tp. To prove that: The system
15 causal,
Let us consider an arbitrary signal r,(t). Let us consider another signal z3(1) which is
the same as x4 (t) for ¢ < 2. But for ¢ > g, z2(t) 5 =,(t). Since the system is lincar,

21 (t) = z2(t) — wn(t) — wa(t).

Since ;(t) = z2(t) = 0 for t < tg, by our assumption y,(t) — ya(t) = 0 for t < Lo This
implies that y;(¢) = ya(t) for ¢ < Lo, In other words, the output is not affected by input
values for ¢ > tg. Therefore, the system is causal.
Assumption: The system is causal. To prove that: If z(t) = 0 for t < tg, then
y(t) =0fort <t
Let us assume that the signal z(t) = 0 for ¢ < to. Then we may express z(t) as
z(t) = z,(t) — z2(t), where ,(t) = z(¢) for ¢ < lo. Since the system is linear, the
output to z(t) will be y(t) = y1(t) —va(t). Now, since the system is causal, v (¢) = walt)
for ¢ < t implies that yy(t) = wlt) for t < tq. Therefore, y(t) = 0 for t < to.
(b) Consider y(t) = =(¢)z(t + 1). Now, z(t) = 0 for ¢ < to implies that y(t) = 0 for ¢ < tp.
Note that the system is nonlinear and non-causal.
(¢) Consider y(t) = z(t) + 1. This system is nonlinear and causal. This does nat satisfy
the condition of part (a).
(d) Assumption: The system is invertible. To prove that: y[n] = 0 for all nonly if xin| = 0
for all n.
Consider
z[n] = 0 — y[n].
Since the system is linear,
2z[n] = 0 — 2y[n].
Since the input has not changed in the two above equations, we require that yln] =
2y[n]. This implies that y[n] = 0. Since we have assumed that the system is invertible,
only one input could have led to this particular output. That input must be z|n] =0.
Assumption: y[n] = 0 for all n if z[n] = 0 for all n. To prove that: The system is
invertible.
Suppose that
z1[n] — win]
and
z2[n] — wn).
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Since the system is linear,
21[n)] = 22[n] — waln] - wln] = 0.

By the original ption, we must conclud that z1[n] = Taln]. That is, any partic- 1{'\} ! 1’[9\]
ular i (n) can be produced by only one distinet input z1[n]. Therefore, the system is e o
invertible. e T 4
(e) yln] = =*[nl. o J J i 0lz3sgasezr "
1.45. (a) Consider i ;
2(t) = n(t) = éa, (1) o Zay
and 5 Figure S1.46
za(t) = y2(t) = Przs(t)-
Now, consider z3(t) = ax1(t) + bza(t). The corresponding system output will he FoITRE w | ped en, schspp
i TamEE e — LNEA& Syrem 18
wlt) = f z3(T)h(t + 7)dr B |
=00 I |
f’ (7)ht + T)d +efw:(1n(:+ Jd 4
= 2y (r)hit + r)dr T T)dr
o ] 1 i 2 i[h 3 %
- gd'ﬁ-l':(t} + bepaz, () : :
= an(t) + bualt) o
Therefore, S is linear. A
Now, consider 4(t) = z1(¢ = 7). The corresponding system output will be Figure 51.47
==3
wit) = j; z4(7)AlL + T)d7 (b) If z;[n] = 0 for all n, then ¥ [n] will be the zero-input response yg[n]. S may then be
g redrawn as shown in Figure S1.47. This is the same as Figure 1.48.
= j zy(7 = Thhit + 7)dr (c) (i) Incrementally linear,
—o0
= F zi(r)h(t + 7+ T)dr z[n| — z[n] + 2z[n + 1] and  win] =n
=00
= ¢ng,(t+T) (i) Incrementally linear.
Clearly, wa(t) # wi(t — T). Therefore, the system is not time-invariant 0, n even
The system is definitely nol causal because the output at any time depends on future zfn] — (n=-1)/2
values of the input signal z(¢). § zlk),  nodd -
{b) The system will then be linear, time invariant and non-causal. -0
d
1.45. The plots are as in Figure 51.46. = G { nl2, e
win] =
1.47. (a) The overall response of the system of Figure P1.47(z) = {the response of the system to (n—1)/2, modd
z[n] + z)[n}) — the response of the system to z;(n] = (Response of a linear system L (iii) Not incrementally linear, Eg. choose ys[n] = 3. Then
to z(n| + 2 [n]+ zero input of §) — (Resy of a linear system L to zi[n}+
zero input resp of §) = (Resy of & linear system L to z[n]). s o { z[n] — z[n - 1], Z[0] > 0
yin] = woln] zln) - zln— 1] - 6, (0] < 0.
21
22
still non-linear: eg.: If zy[n] = —é[n] and z3fn] = ~24|n), then y[n) = =é[n] + B ) B
S 1] - 6 and yaln] = ~28[n) + 28[n — 1] — 6 # [, 149. () Here, 7 = VT3 = 2. Abo, cond = 1/2, sin6 = V3/2. This implies that 6 = /3.
: : Therefore, 1 + j/3 = 297/3,
(iv) Incrementally linear.
(b) 5%
z(t) — =(t) + tdz(t)/dt =1 and wolt) = 1. (e) 5V3ers"/
(v) Inerementally linear (d) 5e2 1™ 4/3) = pei(s3137)
2 (e) 8e™"
z[n] — 2cos(mn)zin]  and ya[n] = cos"(wn) (f) 43
(d) Let zfn] 5 yln) and z[n] 5 2[n). Then, y{n] = z[n] +c. For time invariance, we require (g) 2v/Ze~ /12
that when the input is z[n — no], the output be (h) g=%3
AL, g T (i) e/t
yfn —no] = sfn —mo] + & (§) V2errinriz
‘This implies that we require (k) 4y/Fe—I7/12
z[n —ng) -italn-nn] 0] })f”n
) Plot depicting th i ¥ in Fi
which in turn implies that L should be time invariant. We also require that wln] = ot depicting these points is as shown in Figure 51.49.
¢ =constant independent of 1. - 74 Im
ETS
1.48. We have )
20 = roel® = rocos o + jrosinfy = zo + Jyo h ’
jxn X |AcZe
—K—-._-’. L5y —
(a) 21 = To — jw A b Xk B
®) 2= VR +i '
(¢) 5= —To—Jjwo = —%0 & %
(d) za = —=Zp+ 10
() 25 =0+ jt0 ;
The plots for the polags are 2 shown in the Figure S1.48. | I8 Figure 51.49
oy # 24,2 @ Foai
. «_l ) (o, 1.50. (a) z = rcosfy=rsind
Gan e (b) We have
s 5 r=22 497
“Tan G bt and
i # = sin~! | = cog~? z i i [¥
2 ." (6-+) [\.-"15+y5] s [3:74—;’2 e [z]
ot i
-4, - (i3,~%) o2 8 is undefined if r = 0 and also irrelevant. 8 is not unique since § and 8 + 2mr (m €
e integer) give the same results.
i Yoe2, 8,2 M2 {c) & and 6 + 7 have the same value of tangent. We only know that the complex number
Yoz 2,6 Wy Figure 51.48 i is either zyre’ or 23 = r@+™) =~z %

23 %



151 (a) We bave

& = cos B + jsinb. (51.51-1)
and
10 = cos @ — jsind. (S1.51-2)
Summing eqs. (51.51-1) and (51.51-2) we get

cosll = %{a' +e73%),
(b) Subteacting eq. (51.51-2) from (81.51-1) we get

sinb = zij(a" -,
(¢} We now have efl0+¢] = 3%&3%. Therefore,

cos(6 + #) + Fsin(f+ &) = = (cosflcos — sindsingd)
+ j(sin@eosg+cosfsing) (S151-3)

Putting @ = ¢ in eq. (81.51-3), we get
0820 = cos® § — sin® 0.
Putting § = —¢ in eq. (51.51-3), we get
1 = cos® @ + sin® @.
Adding the two above equations and simplifying
cost 8 = %{1 + cos 26).
(d) Equating the real parts in eq. (51.51-3) with arguments (¢ + ¢) and (9 — ¢} we get
cos(f + ¢) = coaflcos ¢ — sinbsing

and
ens(f — ¢) = cos fcos ¢ + sinfsing.

Subtracting the two above equations, we obtain

1.52.

1.53.

(a) 22" = refre= 2 = 2
(b) 2/1" = relfrle? = ¥
(e) 2+ 2" =z +jy+z—jy=2r = 2Re|z)
(d) z — 2" =z +jy— T+ jy =2y = LUm{z}
(&) (n+zm)  =(m+z)+iln+w)) =n-—in+mz-—dm=2z+3
(f) Consider (sz;27)" for & > 0.
(azy23)" = (aryr2ed @+ = arye Pirpe ™I = azjz;.

For a < 0, @ = |aje’™. Therefore,

(az122)" = (Jalryr2e @ +040) = |ale 3 e M rpe™7% = az]z].

(g} For |22] # 0,

za T2 ree=tfa 2y

my _L(a), (2Y
Re{n}_z[(m)+(=z) ]
Using (g) on this, we get
ny _Lf(aY, (4] o) [a%tsz
Re{n}'2[(n)+(4)]-2[ 2223 ]
(a) () = (e5e?¥)" = eV = ¢TIV = 77
{b) Let z3 = 7125 and 24 = z}22. Then,

(ﬂ)' e WE T remif Eg

(k) From (¢}, we get

)+ 2z = 53+ =2Re{n} = Re(nz}
= z}+z3=2Re{z} = WRe{z22}
() lz] = Iret®| = r = jre=?%| = |2*|
(d) |zy2] = frirae?@ ) = |riry| = |rallral = [21ll2z2
(e) Since z = z + jy, |2l = ‘/zi + 12. By the triangle inequality,

Re{z} =22 Vrt 4yl =|a|
and

sin@sing = 5{cos(6 — #) - cos(8 + 9]

Im{z}=y< Va2 + 12 =z
(e) Equating imaginary parts in in eq. (51.51-3), we get (f) |2123 + izl = [ZRe{n1 23} = [2riracos(d) ~ )] < 2ryrz = 2|2y 22|
sin(6 + ¢) = sinfcos ¢ + cosBsingh.

25
26

(g]Sin«r.‘;G.rgz-(llnd—lgam{ﬂ.—ﬂ,)gl, (b) The desired sum is

(Inl -1zl = rf+ri-2nr T ] ;
= r‘|’+r§+2rlﬁm(91 - &) E:"“ =€ "goe' = —(1+;).
= |n+zl
{¢) The desired sum is
and 2 o
(lz1] + [z2l)? = v} +73 +2nirz 2 |2 + 22l SO S .
gy nz_,( 8 T—me 575
154 () For & = 1, 1t is fairly obvious that
- (d) The desired sum is
z o® =N.
= 2(112)"8'"9 =q ,fz)%"mz;{ 1/2)°e2 = [g + ,-g] .
For @ # 1, we may write n=2
= N1 (e) The desired sum is
(l-a)Za -En -Za"" =1-a". :
n=0 Zoos(mﬂ) —Ee’"‘f’+ Zz o= Ly 4 g) 4 50-5) =1
a 2
Therefore, n=0
T il (f) The desired sum is
a=0 1- o
(b) For Jaf < 1, (/2" cos(an/2) = 2):(1121%""” +3 Eum em2
Iim a® =0. nalt n=f a-n
N-voo - i+,i+__.i__i
Therefore, from the result of the previous part, wHn T’ T§
M-l ] 1.56. (a) The desired i | is
i Eﬂﬂ—zﬁn"i—*- (a) integral o
N-roo et e a fr.-i""’dl - e <0
" 2],

(b) The desired integral is

l
LU T
f o= Tl

(¢) The desired integral is

= @fimle™ -1 = 2.

£E) - £65)
Y nart = (—lfla—},-

d} We 3
(d) We may write fe""'ﬂdt = 7 = (2/3m)|f ~ &)=~
T

el ol uk

Sat=atd ot = —forlal <1

nmk n=l l1-a

{d) The desired integral is
1.55. (a) The desired sum is .
5 l_e;'mf? fw oy -[H;)l [ , s j
gL LY. . =1+ 14Ny — _=
-.E_—u pacrght ? 0 =1+ t3 2
28
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2.3.

2.4.

(&) The desired integral is
o [ p=(145) 4 o= (190 2 12 _ 1
f:c"ms(i]d!*fo {————2 | e = S

(f) The desired integral is

— P e A SV - B V. N
fn c“‘sm(mldﬁf[——?f—_ d= 3 Ty 13
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U'sing the given definition for the signal hln], we may write
k=1
A = (%) (ull + 3] - ulk — 10]}

The signal h[k] is non zero only in the range —3 < k < 9. From this we know that the signal
A[~k] 15 non zero only in the range =9 < k < 3. 1f we now shift the signal A{—k| by n to the
right, then the resultant signal hln = k] will be non zero in the range (n—9) < k < (n+3).
Therefore,

A=n-9 B=n+3
Let us define the signals "
mie) = (3) vl
and
hy[n] = uln).

We note that

zln)j=z[n-2 and hin) = hyln +2]
Now,

yln] = z[n]+Aln]=nln- 2w hyfn+2)

= Y onk-Amln-k+2]

k==co

By replacing k with m + 2 in the abovr summation, we obtain

= 3 ailmihiln - m) = il « baln)

me =00

Using the results of Example 2.1 in the text book, we may write

yin] =2 [I - (%)“”] uln]

o0
yln] = z[n) « hin] = 3 z[kAln — K|
k=00
The signals z[n] and y[n] are as shown in Figure $2.4. From this figure, we see that the
above summation reduces to

uln] = z[3]kln — 3] + z[d]hln — 4] + z(5]hln = 5) + z[6]Aln — 6] + z{T)A[n — 7| + 7[8lhfn - 8]

We know that

This gives
n—=6, T€<n<ll
6. 12<n<18
y[n] = 24 -n, 1M<n<23
0, otherwise
31

Chapter 2 Answers

2.1. (a) We know that

2.5.

2.6.

wifn] = z[n] s Aln] = i hik|z[n — k]

k=00

The sigoals z[n)] and hfn] are as shown in Figure 52.1.

| 2 2[n)

o Figure §2.1

From this figure, we can easily see that the above convolution sum reduces to

wiln] = A[-1zin + 1] + A)1]z[n - 1]
2zfn + 1) + 2z[n - 1]

This gives
wiln} = 2é[n + 1] + 48[n] + 2é[rn - 1] + 28[n — 2] — 2é[n — 4]
(b} We know that -
waln] = z[n + 2]+ hln] = f: hlklzn +2- &
k= =00

Comparing with eq. (52.1-1), we see that
i) = nlr +2]

(c) We may rewrite eq. (S2.1-1) as

wiln] = zln] » hjn] = Z zlk)hln — k]
Similarly, we may write
wln] = sln] « A +2) = 3 e{klhln +2- 4
k=-o0

Comparing this with eq. (S2.1), we see that

taln] = yi[n + 2]

30
“1111] =2 1™
S Sy Tis
Figure 52.4
The signal yfn] is ha
yin] = zln) + Aol = 3 =lkjhln - k)
k=—oo

In this case, this summation reduces to

9
yin} = 3" ={klhln — K] = 3" hin - &)
k=0

k=0

From this it is clear that y[n| is a summation of shifted replicas of hin]. Since the last
replica will begin at n = 9 and hln} is zero for n > N, y[n] is zero for n > N + 9. Using
this and the fact that y[14] = 0, we may conclude that N can af most be 4. Furthermore,
since y[4] = 5, we can conclude that h(n] has at feast 5 non-zero ponts. The only value of
N which satifies both these conditions is 4.

From the given information, we have:

yin] = zn)shln] = i zlkjhin — k|

k==

= E (%)"u[—k = 1luln-k-1]

k=-00

-1
=3 (%r*um — k1]

k=—o0
= T up+k-1]
k=1 3
Replacing k by p— 1,
yln) = 2(% P ufn + p] (S2.6—1)
p=0

For n > 0 the above equation reduces to,

=1 11 1
=3P =3y =
e
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(S2.1-1)





