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Solution of homework I
Note that solutions for Exercise 2.19 (c) and (d) are incomplete.

Problem 0.1. (Text, 2.1) When k = 2, it holds by definition of convexity. Suppose that
when k£ < n, by induction hypothesis, A\jz1 + - -+ + Agzp € C. Then,

ATy A+ Ny MA@ = (A e+ Ak)(m<)\lxl o AeTr)) + A1 Trg

By the induction hypothesis, (m(/\lxl + -4+ Xag)) € C, and the definition of con-
vexity, (A + -+ M) (s (M@ + o+ Aag)) + Az € C

Problem 0.2. (Text, 2.2)
(a) C'is convex set = Since any line is convex, the intersection of C' and a line is convex.

(b) The intersection of any line and C' is convex = C'is convex set: Suppose that C' is
not convex. Then, there exist z,y € C' and A € [0,1] such that (1 — Nz + Ay ¢ C.
Consider the line L through x and y. Since z,y € C' N L, by convexity of C' N L,
(I=XNz+AyeCnL,but (1 —-Nz+ Ay ¢C. A contradiction.

(c) A set is affine iff its intersection with any line is affine: Similar to (a) and (b).
Problem 0.3. (Text, 2.9)
(a) For any zo and x;,

[ —aolls < llz =2l <= (z—z0)"(z —20) < (2 —:)" (z — ;)
= 2w —x0) w < alw; — alxg

Let us denote 2(x; — x¢) by a; and zlz; — xlx¢ by b;. Then, V = {z € R"|a? < b;,i =
1,..., K}, which is a polyhedron. If we express V' in the form V' = {z|Az < b}, then

T T T
2(xy — w0) Ty T1 — Ty To
A= : and b = :
T T T
2(xx — ) TpTR — Ty To

(b) Suppose that xq is an any interior point in P. Since P is an intersection of finite number,
say K, of halfspaces, P = {z|(a))Tx < b',i = 1,...,K} we can define z1,...,7x as
follows: for ¢« = 1,..., K, z; is plane-symmetry point of zy w.r.t the ith hypeplane
{z|(a")x = b'}. Then, ith halfspace of P can be represented as {z||x — z¢lls <

|l — xill2}



(c) Consider the polyhedral decomposition of R such that
Vo= {ar < —6},Vi={a] ~6 <2< 4}, Vy={a] ~4< <4},
Vs ={z|4 <2 <6}, V) ={z|x > 6}.
Then, we must have
(i) =6 <z < —4,4 < x3 <6.
(i) 44—z =20—(—4) = 23 = -8 — 3.

(111) r3—4=4—19 = 19 =8 — x3.

However, (i) and (ii) implies —4 < x5 < —2 and (i) and (iii) implies 2 < 29 < 4, a
contradiction. Thus, we cannot determine x3 for a given partition of R.

Problem 0.4. (Text, 2.10)

(a) C'is convex if Azy + (1 — N)ag € C for any x1,29 € C and any A € [0,1]. We need to
show that

(Azy + (1 = Nzo) Az + (1 — M) + 07 (Aay + (1 — N)ap) + ¢ < 0.

From the following calculation, we can conclude that A\z; + (1 — Az, € C for any

A e 0,1]:
Az + (1= Nao)TAAzy + (1 = M) + 07 (Aay + (1 — N)wp) +¢
= NaTAzy 4+ (1 — N)22d Azg + M1 — Nl Azg + M1 — N2l Az,
+ A0z + )+ (1 =N (b2 +0)
= Mzl Ay + 0721 +¢) + (1 = M) (22 Azg 4+ 0725 + ¢)
— )\(1 — )\)(IQ — ZEl)TA(l’Q - ZEl) S 0.
since A > 0.

(b) Let K = {z € R"|27 Az + bz + ¢ < 0} N {z|g"z + h = 0} and consider any x1, 25 € K
and any A € [0,1]. First, Az; + (1 — N)zg € {x|g"z + h = 0} is obvious. Second,
since gTz; +h = 0 and g'ay + h = 0, g*' (x5 — 21) = 0. Moreover, for all z € R",
(A4 pggh)z = 2TAz + (g72)* > 0, so —zT Az < (g7 2)%. Therefore,

(Azy 4 (1 = Nao)T Az + (1 — Nag) + b7 Ay + (1 — Nag) + ¢
= MaT Az + b7z +¢) + (1 — M) (2] Azy + 072 + ¢)
— ML= N2 —21)" Az — 71)
)x(xlTAxl + b2 + )+ (1 — \) (23 Ay + b 2y + ¢)
(1-
()

IN

ML= N)(g" (w2 — 21))*
= MaT Azy + 07wy +¢) + (1 — N (2 Avy + b7y +¢) <0

Thus, K is convex.



Problem 0.5. (Text, 2.12)
(a) Forz,ye C:={zeR"a<a’z <3} and 0 <\ <1,
a’ (1 =Nz +Xy) =1 = Na'z+xay > (1 - Na+ I =a

and
am(1=Nz+ X y) =1 =Na"z+ X"y < (1 =XNB+I\3=7.
Thus, (1 — XNz + Ay € C.
(b) {r eR"e; <z; < Bi,i=1,...,n} = {z € R"|a; < ez < 3}. Thus, convex.

(c) {x € R"aTx < by,alz < by} = {z € R"alz < b} N {zr € R"alz < by}. Thus,
convex.

(d) By definition, we have the following equivalent inequalities:

lr =zl < o —yll: <= (z—20)"(z—20) < (v — 1) (z — )

= 20y —m)"r <y'y—agw

Therefore, {z|l|z — xolls < [|z —yll2,Vy € S} = ,esi®]2(y — x0) =z < y"y — 2570}
Thus, convex.

(e) Consider the following counter example: Let S = {z € R|z > 1} U{z € R|z < 0} and
T be the complement of S. Then,

S = {z|dist(x, S) < dist(x,T)}.
But, S is not convex.

(f) {zlz + 52 C Si} =(,eq,{zlr € S1 — y}. Since translation Sy — y preserves convexity,
{z|x € S — y} is convex, and so is {z|r + S5 C 51 }.

(g) When 6 =0 or 6 = 1, it is easy to see that C' = {z|||z — a2 < 0|z — b||2} is convex.
For0 <0 <1,

|z —allz < Ollz = b2 <« (z—a)'(z—a) < 0*(z—b)T(z—b)
< (1 92)1‘ T — 2( 92b)T:17 < —ala+0*T0

<:>|| _ 92bH —020)T (a—02b)+(1—02)(—aTa+626Tb) _ 62%|la—b||3
O (1-62)2 = -2

Thus, C' is a ball, and hence convex.

Problem 0.6. (Text, 2.19)



fHC) ={x € domf|f(x) € C}
= {z|cTz +d >0, :}iﬂ; e C}
= {z|cTz +d > 0,97 Ax + ¢gTb < heTx + hd}

= {a|c"x +d > 0,(ATg — he)Tx < hd — g7b}.

fHC) ={z € domf|f(x) € C}
= {z[c"z +d >0, 442 € C}

= {z|c"z +d > 0,GAz + Gb < hc"z + dh}
= {z|c"z +d > 0,(GA — he")x < dh — Gb}.

f7HC) ={x e domf|f(x) € C}

= {z|c"z +d >0, c‘%ﬁf& e C}
={z|cTr+d > 0,(Ax + b)T P (Az + ) < (T + d)?}
=77

fHC) ={z € domf|f(x) € C}

= {z|c"e +d > 0,45 € C}
={z|c"z +d>0,(Ax + b)1 A1 + -+ + (Ax + b),, A, < ("x + d)B}
=77

Problem 0.7. (Text, 2.28)
(a) x; is PDS iff ;1 > 0.

T, T .
(b) é $§ =0iff v, >0, 23 >0, and 123 — 22 > 0.

T1 T2 T3
(¢) | w2 x4 x5 | = 0iff
xr3 Ts Tg

) Z 07334 Z 07x6 2 0
Ty — 23 > 0, 11706 — 35 > 0, 2476 — 2% > 0, and
71 (246 — 12) — To(Tox6 — T375) + T3(T2T5 — T3T4) > 0.



