Homework 1

Due Date: Oct. 8, 2007
1 Given a graph where the number of vertices with odd degree is p, answer the following questions.

(1) What is the minimum number of disjoint Euler trails required to cover the graph?

Since an Euler trail covers two vertices with odd degree, we need at least p/2 (p>0) Euler trails to cover the p vertices. If p=0, then we need one Euler trail.

(2) By adding extra edges to this graph, you can cover the whole graph with only one Euler circuit. What is the minimum number of edges that you have to add?

An extra edge can remove two vertices of odd degree. So we need p/2 extra edges to remove all vertices of odd degree such that only one Euler circuit covers the whole graph.

2 Seven seminars are scheduled on one day as below and each seminar needs a room assigned for it during its time-length. We need to compute the minimum number of rooms required. Model this problem as a graph coloring problem by first representing the time-length of each seminar as an interval and then drawing the corresponding interval graph. Solve the problem by solving the graph coloring problem.
Seminar A 9:00 - 9:50

Seminar B 10:00 - 10:50

Seminar C 9:30 - 10:50

Seminar D 11:00 - 11:50

Seminar E 13:00 - 15:40

Seminar F 11:10 - 12:30

Seminar G 12:40 - 13:30

3 Let G(V,E,W) be an edge weighted directed graph modeling a network flow. We want to show that in the augmenting flow algorithm, if we perform the labeling process in a breath-first manner, then we can solve the max-flow problem with no more than |V||E| iterations. Just before the j-th iteration of the augmenting flow algorithm, we have a flow of amount fj-1. At the j-th iteration, we find an augmenting path pj and augment the flow along the path by dj, where dj is the minimum of the augmenting capacities (weights) of the directed edges in pj. We call the edge of pj that has augmenting capacity dj a j-bottleneck.
(1) Show that if (u, v) is a j-bottleneck and a j'-bottleneck for some j' > j, then (v, u) must appear on pi for some j < i < j'.

Edge (u, v) is saturated after j-th iteration. However, for the edge to be included in the augmenting path at j’-th iteration, it should not be saturated. Which implies that there is some augmenting flow in the reverse direction after j-th iteration and before j’-th iteration.

(2) Suppose from now on that we take breath-first search and at each iteration j, pj is the shortest augmenting path. Show that the distance (path length on pj) from the source to any v(V cannot decrease from one iteration to the next.

If we cannot find pj+1(src, v), the path from the source to v in the next ((j+1)-th) iteration, i.e. the path length is infinite, then it is trivial. Otherwise, let the path pj+1(src, v) be (src=v0, v1, …, vk=v), where v0 is the source. Then the path length plj+1(src, v)=k. For an edge (vi, vi+1) to be included on pj+1(src, v), it should have not been saturated just before and after j-th iteration or (vi+1, vi) should have been on pj(v) at j-th iteration. In the former case, plj(src, vi+1)<=plj(src, vi)+1. In the latter case, plj(src, vi+1)=plj(src, vi)-1<plj(src, vi)+1. I.e., the relation plj(src, vi+1)<=plj(src, vi)+1 is always satisfied. Therefore, plj(src, vk)<=plj(src, v0)+k=k=plj+1(src, vk), i.e. the distance from the source to v cannot decrease from j-th iteration to the (j+1)-th iteration.

(3) Suppose that (u,v) is a j-bottleneck and a j'-bottleneck for some j'>j. Show that the distance from the source to the sink must increase from iteration j to iteration j'.

We can show that pl(w, snk), the distance from any w(V to the sink cannot decrease from one iteration to the next in the same way as (2) above. Now, by (1) above, we know that the edge (v, u) is on pi for some j < i < j'. Then pli(src, sink)=pli(src, v)+1+pli(u, snk). Since plj(src, v)<=pli(src, v)<=plj’(src, v) and plj(u, snk)<=pli(u, snk<=plj’(u, snk), plj(src, sink)+1<=pli(src, sink) and pli(src, sink)+1<=plj’(src, sink)=plj’(src, u)+1+plj’(v, snk). Therefore, plj(src, sink)+2<=plj’(src, sink).

(4) Conclude that, the augmenting path algorithm terminates after O(|V||E|) iterations.

Whenever the same edge (u, v) appear as a bottleneck edge on an augmenting path, the path length increases by 2. However, since the length of an augmenting path can never exceed |V|-1, the edge can appear as a bottleneck edge at most O(|V|/2) times. In each iteration, there is at least one bottleneck edge and since there are |E| edges, we can have at most O(|V||E|) iterations.

4 Use the augmenting flow algorithm to obtain maximum flow from a to z in the following graph. Also find the minimum cut.
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