Problem 12.1. Cantilevered beam with elastic foundation

A cantilevered beam of length L is subjected to a tip load Fa. a tip bending moment Q3.
a transverse distributed load ps(x1). and a distributed bending moment gz(x1 ), as shown in
fig. 12.12. The cantilevered beam is supported by an elastic foundation of stiffness k. not
shown on the figure, for clarity. The total potential energy of the system is
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(1) Find the governing differential equations and boundary conditions for this problem using

the principle of minimum total potential energy. (2) Derive the same equations and boundary
conditions based on simple free body diagrams for a differential element of the beam.

** Do not solve Problem 12.1.(2)

Problem 12.3. Cantilevered beam with various loading

The uniform cantilevered beam of span L depicted in fig. 12.13 has a bending stiffness Hass
and is supported by an elastic foundation of stiffness k over its first half. A concentrated spring
of stiffness k7 supports the beam at its {ree end. A mid-span concentrated load P is applied
together with a uniform distributed load po that acts over the second half of the beam span.
Write the principle of minimum total potential energy for this system.
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Fig. 12.12. Cantilevered beam with concen-  Fig. 12.13. Simply supported beam with par-
trated an distributed moments. tial elastic foundation.



Problem 12.5. Cantilevered beam with tip spring

The uniform cantilevered beam of span L shown in fig. 12.14 features a tip spring of stiffness
k and a tip concentrated load P. Write the principle of minimum total potential energy for the
system. From this principle, derive the governing differential equations of the problem and the
associated boundary conditions. Explain the physical meaning of the boundary conditions at
a1 = L using a free body diagram.

Problem 12.6. Simply supported beam with end torsional springs

Consider a simply supported, uniform beam of length L with two end point torsional springs
of stiffness k; and a mid-span spring of stiffness k2. The beam, shown in fig. 12.15, is sub-
jected to a uniform transverse loading ps(2y) = po. Write the principle of minimum total
potential energy for the system. From this principle, derive the governing differential equa-
tions of the problem and the associated boundary conditions. Explain the physical meaning of
the boundary conditions at 1 = L /2 using a free body diagram.

A-

1; P

: . I
— _L q‘_’ - j_"

1 I

Tk

i
Ly

= r}
L
L/2

Fig. 12.14. Cantilevered beam with tip con-  Fig. 12.15. Simply supported beam with
centrated load and elastic spring. mid-span and end point springs.



