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1.
a) { ∂u

∂x = 2x + ay
∂v
∂y = dx + 2y

}
⇒

{
a = 2
d = 2

}

{ −∂u
∂y = −(ax + 2by)
∂v
∂x = 2cx + dy

}
⇒

{
b = −d

2 = −1
c = −a

2 = −1

}

b)

∇u(x, y) = [
∂u

∂x
,
∂u

∂y
]

∇v(x, y) = [
∂v

∂x
,
∂v

∂y
] = [−∂u

∂y
,
∂u

∂x
]

∇u · ∇v = −(
∂u

∂x
)(

∂u

∂y
) + (

∂u

∂y
)(

∂u

∂x
) = 0

(trivial when derivatives are zero)
2.

a)

1C

2C

3C

∫

C
z2dz = 0,

∫

C

1
z − 2

= 0,

∫

C1
xdz =

1
2

where z = x ∫

C2
xdz =

∫ 1

0
1idy = i

where z = 1 + yi

∫

C3
xdz =

∫ 0

1
x[1 + i]dx =

−1
2

(1 + i)

1



where z = x + x1

ans =
∫

C1
+

∫

C2
+

∫

C3
=

i

2

b)

f(z) = Ln
1

1− z
= −Ln(1− z)

analytic for Re(1− z) > 0
f(0) = 0

f ′(0) =
1

1− z
|z=0 = 1

f ′′(0) = (
1

1− z
)2|z=0 = 1

...

f (n)(0) = (n− 1)!

∴
∞∑

n=1

f (n)(0)
n!

zn =
∞∑

n=1

zn

n

|An+1

An
| = |

1
n+1zn+1

1
nzn

| → |z| < 1 ∴ R = 1

c)

i 2 i+

2L =

∫
Ln(1 + z)dz

Ln(1 + z) = ln |z + 1|+ i arg(1 + z)

| ln |1 + z|| ≤ ln
√

10 , M1

| arg(1 + z)| ≤ π

4
, M2

ans ≤ M1L + M2L = ln 10 +
π

2

2



3.

a)
C-R eqns {

Ur = 1
rVθ

Vr = −1
ruθ

}

{
Ur = 1

r
Vθ = 1

}

{
Uθ = 0
Vr = 0

}

b)

If f(z) analytic, then u, v satisfy Laplace eqn, because
{

uxx = vyx

uyy = −vxy

}
,
{

vxx = −uyx

vyy = uxy

}

4.

a)

z = eiθ

dθ =
dz

iz
, cos θ =

1
2
(z + z−1), sin θ =

1
2i

(z − z−1)

ans =
∮

C

(z2 − 1)2

z2 + 2a
b (z + z−1)

dz

z2

double pole at z0 = 0, simple pole at z1 = −a
b +

√
(a

b )2 − 1, z2 = −a
b −

√
(a

b )2 − 1.

Let f(z) = (z2−1)2

z2+ 2a
b

(z+z−1)
1
z2

Res0f(z) = lim
z→0

d

dz
z2f(z) = lim

z→0

d

dz

(z2 − 1)2

z2 + 2a
b z + 1

= −2a

b

Resz1f(z) = lim
z→z1

(z2 − 1)2

(z − z2)z2
=

(z2
1 − 1)2

(z1 − z2)z2
1

=
−4[ab z1 + 1]2

2
√

(a
b )2 − 1(a

b z1 + 1)
=

2
b

√
a2 − b2

ans =
2πi

−2ib
[−2a

b
+

2
b

√
a2 − b2] =

√
2π

b2
[a−

√
a2 − b2]

(where z2
1 = −(

2a

b
z1 + 1), z2

1 − 1 = −2[
a

b
z1 + 1])

b)
∫ ∞

−∞

cos sx

x2(x2 + 1)
dx

f(z) =
cos sz

z2(z2 + 1)

3



double pole at z = 0
simple poles at ±i

Res0f(z) = lim
z→0

d

dz
(
cos sz

z2 + 1
) = lim

z→0

− sin sz · (z2 + 1)− cos sz · 2z

(z2 + 1)2
= 0

Resif(z) = lim
z→0

(
cos sz

z2(z + i)
) =

cos is

−1(2i)
=

1
2i

[
ei(is)e−i(is)

2
] =

es + e−s

4i
= − 1

2i
cosh s

ans = πi · 0 + 2πi · −1
2i

coshh = −π cosh s

c)

x

y

rr−

2 iπ

∫ r

−r

eax

1 + ex
dx−

∫ r

−r

eaxe2πai

1 + ex
dx

Let z = x + 2πi

f(z) =
e(az)
1 + ez

Resπif(z) = lim
z→πi

eaz

ez
=

eaπi

eπi
= −eπai

(1− e2πai)
∫ r

−r

2ax

1 + ex
dx + [

ear

1 + er
i(2πi)− 2−ar

1 + e−r
i(2πi)] = 2πi · (−eπai)

(where lim
r→∞[

ear

1 + er
i(2πi)− 2−ar

1 + e−r
i(2πi)] = 0)

∫ ∞

−∞

eax

1 + ex
dx = 2πi

eπai

1− e2πai
= π

2i

e−πai − e−πai
=

π

sin aπ

4



5.
a)

f(z) analytic except z = 0, f ′(z) = 1− 1
z2 6= 0 except z = ±1.

A B

11−
x

y

( )w f x=

u

v

b)
(i)

f(−1) = −2, f(1) = 2

f(r, θ) = reiθ +
1
r
e−iθ = (r +

1
r
) cos θ + i(r − 1

r
) sin θ

Let u = (r + 1
r ) cos θ, v = i(r − 1

r ) sin θ.
If r = 1, then v = 0, u = 2 cos θ ⇒ line segment [−2, 2].

(ii)
If r 6= 1, then

u2

(r + 1
r )2

+
v2

(r − 1
r )2

= 1 ellipse

(iii)
If z = teiθ, t 6= 1, θ = const then,

u2

cos2 θ
− v2

sin2 θ
= (t +

1
t
)2 − (t− 1

t
)2 = 4 hyperbola.

c)
Circle and ray : orthogonal.
Their images under the conformal mapping → orthogonal

6.

a)
tan(1

z ) = π
2 ± 2nπ : singularities, isolated, but z = 0 is nonisolated.

b)
NO!! Laurent series converges in an annular between singularities, but z = 0 is NOT

isolated.
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