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where z = x

where z =14yt

v

1 1
/zzdz:O,/ :0,/1‘dz:
c cz—2 o1 2
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/acdz:/ lidy =1
Cc2 0
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Final Exam Solutions, Fall 06
1.
a)
{8;:235+ay} {azQ}
" =
oy = dr + 2y d=2
g“ = —(az + 2by) N b=-4=-1
52 = 2cT +dy c=—-5=-1
b)
ou Ou
ov Ov ou Ou
Vv(x,y) [al_a 8y] - [_87@]7 6.’E]
ou., ,0u ou, ,0u
Vu- Vo= ~(F(G0) + (GG
(trivial when derivatives are zero)
2.



where z =z + 21

e ot oo
ci Jo2 Joz 2

flz) = Ln1 i = —Ln(1—z)
analytic for Re(1 —z) >0
f(0)=0
1
o) —
F(0)= e =1
" 1 2 —
£(0) = (12 lemo =1
F(0) = (n— 1)
SPAUONTIR < ¥
n=1 n! ) _nzzjl "
An+1 %HZn_i_l
] A | =| ive | =z <1 R=1
FLzz
2+i
/Ln(1+z)dz

Ln(l+z)=In|z+ 1|+ iarg(l + 2)
|In |1+ 2|| <InvV10 £ M,

larg(l+ 2)| < % £ M,

ans §M1L+M2L:1n10+g



b)

C-R eqns
iy
V, = —Lug

U =1

Vo=1

Up=0

Vi=0

. . Ugr = VUyx Vpx = —Uyz
If f(z) analytic, then u, v satisfy Laplace eqn, because ,
Uyy = ~Vzy Uyy = Uzy

z=ce
dz

_ _ 1 N -1
d@—iz,COSQ—Q(Z-i-Z ),sm@-zi(z z27)

7{ (z2-1)?  dz
ans = —
o224 2 (r 421 22
double pole at zy = 0, simple pole at z1 = =% + /($)? = 1,22 = =% — \/($)? - 1.

Let f(z) = & 1

22428 (z4271) 22

L od o, _.od (2-1)* 2
Resof(z) = lim e f(z) = lim 2242, 2.1 7
2 _ )2 2 _ )2 _4a 112 9
RGSZlf(Z): lim (Z ) = (Zl ) [bZ1+ ] Va2 —b?

a2 - 2)2 (- 2)R 2GR -1z +1) b
211 2 2 V2
ans = W,Z [—£+ Va?—b? = 7T[a—\/a2—52]

—2ib" b b b2
5 2a
(where  zi{ = —(?zl +1),271 —1=—-2[-2 + 1))

|



double pole at z =0
simple poles at +1

. d  cossz . —sinsz- (22 4+ 1) —cossz -2z
Resof(2) = lli% £(722 T 1) = llﬂ% CESE =0
COS §2 COS 18 1 eilis)g—ilis) eS+e* 1
esif(2) zli%(z?(z n i)) 120 2t 2 4 9; (¢
-1
ans = mi -0+ 27 - e coshh = —mcosh s
i
c)
Y,
27
o " X

T ear r eaa:627rai
dr — ——d
/Tl—i-exm /T 1+e o

Let z =z + 2m

(az)
e\az
fz) = 14 e
az emri
_ _ Tai
Resrif(z) = lim — = —5 = —e
) T gax ear 9—ar ;
) Ny .
(1 —e™) /_r 1+e” =+ [1 4 erl( i) — 1+e 7"2(27”)] =2mi - (—e™)
ar —ar
(where rlggo[l n e”Z( ) — 1 _TZ(27TZ)] =0)
o0 ea$ e7rai 22 T
dx = 2mi - =T - - =
oo L+ €% 1 — e2mai e~mar —e~Tal  ginam



a)

f(2) analytic except z =0, f'(2) =1— Z% # 0 except z = +1.

y v
A A
w= f(X)
A B
——F——e—— >Uu
-1 1

F(=1) = =2, £(1) =2
f(r,0) = re? + %e*ie =(r+ %) cosf +i(r — %) sin 0

Let u= (r+ 2)cos, v =1i(r — 1)sing.
If r = 1, then v = 0,u = 2cosf = line segment [—2, 2].

(i)

If r # 1, then
2 2
u v
+ =1 ellipse
(D =17 ’
(i)
If z =te' t # 1,0 = const then,
u? v? 1 1

— 2 2
cos20  sin26 (¢ + E) — (- g) =4 hyperbola.

c)
Circle and ray : orthogonal.
Their images under the conformal mapping — orthogonal

a)

b)

tan(1) = Z + 2nr : singularities, isolated, but z = 0 is nonisolated.
NO!! Laurent series converges in an annular between singularities, but z = 0 is NOT
isolated.



