[Problem 1] (10 points) Find the inverse and the determinant of a general 3 x 3 matrix A = [a;, ] explicitly in

terms of the @, ’s.

Sol.)
1) Determinent
d17 41z A3
AE o3 Zo] 7FASEH A =|az ax  axz|, (1.1
dz; dzz dass
3x3 matrix A2] determinenti="Section 7.62] (4)2] “g<Jel| <3,

a7 12 d13

dzz Az d12 a3 A12  Azs
D =detA =|az1 a2 Aazz|=a | | —a | | | | 1.2
1laz, ass 21lag, ass 31lag, a3 (1.2)
dzq dzz dsz
= a17d323d33 — A113233a32 T Az1a133832 — Ap1d1pd33 + A31312d23 — A313133A22 (1.3)
2) Inverse
Proof) A7} nonsingular2tit 7Hd & wf, A=[ay] o inverse:= th5¥} o] Folzith
) T L Ci1 Gy Cs
Al=—[C\| =—|C C C 1.4
detA[ ]k] dota | vz L2z 32 (1.4)
13 Co3 Cs3
o] 714, Cy = (—1)**My, = DellA] apel cofactore] th.
olAl 2l (1,3), (L4)E o] &3},
L - Cin Gy C3 ) My, —My Mg,
. A-1 — _ _1f_ _
A _B[Cjk] =5 Ciz Gy Gy =3 My, My, M3, (1.7)
Ciz Gy Cs M3 —M;  Mg;
o] 7] A,
M _|azz az3| M _|az1 a23| M _|az1 azz|
11 7 lag, aszl’ 127 Jag;  agzl’ 13 7 laz; as
=dppdzz — dzzds; =djjdgzz — dzzdsz; =dpzidzy — aAzpdszg
M _|a12 a13| _|a11 a13| M. = |a11 a12|
21 7 laz; agzl 22 7 laz;  aszl’ 23 7 laz; as
=djpdzz — djzds; =djjdsz —djzzds; =djjdzp —ajzpadz;
a1z d13 d11  d13 d11 A2
My = | | Me = | Ma = |
31 7 lag, aszl’ 32 7 lag;  agl’ 33 T lay ap
=ajpdzz — a;3dy; =aj1dz3 —ag3dy; =aj1dz; —ag2d2;
1| 9223833 ~ A23832 —(ajza33 — as3as3;) A32d33 — A13dy;
.oA-1 —
W AT = D —(az1a33 — az3azy) d31d33 — d13d31 —(aj1az3 — ag3a,1)

dpj1dzy — dppdszg —(aj1az; — agpazg) dpdp; —dpdny



[Problem 2] (10 points) Find an eigenbasis of the following matrix and diagonalize the matrix (Show the
details).

-25 -3 3
—45 -4 6 (2.1)
-6 -6 8
Sol.) (a) eigenvalue
AX = AX (2.2)
A7 A= Aol AFg=o]m, characteristic matrix =
(A-Al)x=0 (2.3)

Characteristic equation det(A—Al)=0% w=Fsl= A 38 734, ((2.3)°] det(A-Al)=0< o

nontrivial solution X = 0 & zr&t})

1=2,05 -1
(b) eigenbasis
) A=2<
-45 -3 3
A-2l=|_45 _6 6
-6 -6 6
[-45 -3 3]
= o _3 3| (2ndrow-1strow) (2.4)
| 0 -6 6
=45 0 0] (1st row -2nd row
=0 -3 3 *
3rd row - 2*(2nd row)
| 0 0 0]
o374 eigenbasisi= [0 1 1]
i) A=05% o
-3 -3 3
A=05l=|_45 _45 &
-6 -6 75
-3 -3 37 (2ndrow - 2/3*(1st row)
=> 0 0 3 (2-5)
3rd row - 2* (1st row)
|0 0
(-3 -3 3
=g o 3| (3rdrow-2ndrow)
0 0 O

o] 7] A eigenbasis= I -1 0]

i)y A=-1< u
-15 -3 3
A+l=|_45 -3 6

-6 -6 9



~15 -3 3 {an row-3*(1str0W)} 2.6)

=>
0 6 -373y row - 4* (1st row)
0 6 -3
-3 0 3 {2*(1st row) +3rd row}

=> _
8 g 3| 3rd row - 2nd row

3714 eigenbasisi= [2 1 2]

(c) diagonalization
Eigenvectors X} 1A 9] inverse®l X' &b,
0 1 2 2 -2 3
X=[1 -1 1) X*'=[-1 -1 2 (2.7)
1 0 2 1 1 -1
Diagonal matrix+
2 0 0
D=XAX"=/0 05 0 (2.8)
0 0 -1



[Problem 3] (10 points) Consider the following matrix form of a linear system
Ax=Db (3.1)
where AeR™, xeR", beR". Let A be the nx n matrix consisting of the first n column vectors of

A

the row echelon form obtained at the end of Gauss elimination. Also, let b be the last column vector of the

row echelon form. Then, prove by use of elementary matrices that if X is the solution of AX b, then
X = X .(Strictly speaking, X is also the solution of (3.2))

Sol.)
Elementary operation<> 37147} l+=H th53 ZTh (LA p292)
(i) Interchange of two rows
(ii) Additon of a constant multiple of one row to another row
(iii) Multiplication of a row by a nonzero constant C
Gauss eliminationS 3} 9] 3714 operationS 3Jsl|oF 3}i=dl elementary matrix® ¢ 37}4
operations T Y& HolwLF sl

In

S nxn matrix®} &= 283 E E ith &o] 10]z thE & 00] HE 1xm row-vector
ghal b o3 o] yERd 4 9l

Ixn? n

| Al (3.2)

I, oli A rowst jAA rowE vk A 3 matixE Ej 2hal bk
A rowel] scalar o # 0wiRkE 5ate] & matrixs E,, 2L shAk

] HA rowell scalar o ¥IRFE ek 1WA rowdl] FEke] gk matrixE Ea(j)+i olgtar s}A}
a9, Eij, Ei(a), a(j)ei T oS3k o] 3 E .
I g
el
el—l 82 el—l
€, : e +oe
: € €
A A A .
Ei=l&n | Eiw= ae, | E.ii= : (3.3)
e]—l ei+l eJ—l
e, : €
e
ej+1 n-1 ej+1
: L e, ) :
L € ] L &




o714 By, B, E,;7 elementary matrix3! ]

EIJEJI EI]EJI_In
El(a)El(l/a) El(l/a)El(a) In (3-4)
E..E . =E_E. =1,

i+ —i—j i—] —i+]

95 44 & o ok webA elementary matrices Ej, E(,,, 7} nonsingular®) & & <= it}

H~j

~

A% =b (35)
o Feta &<k 1A A b 77 9Jr b £ elementary row operatlon sho] U A3pEo]
o} webA], kel A BE5o] nxn matrix A9‘r N column vector b 2 elementary matrix® 3% &3t

T A
A=EE, , -—EA
. (3.6)
b=EE,, Eb
ol A& 231l st oS Zoh
Ax=Db
. - (3.7)
En En—l ElAX = (EnEn—l El)b
a9 2346l of& (3.7)=H-H
A% =(EE,,-E)"(EE,-E)b
- E'EE,-Eb (3.8)
=b
weba, Xo] 2(3.1)¢ solutione] HS & 5 9rt.



[Problem 4] (10 points) Show that the inverse A of an n x n matrix Aexist if and only if none of the
eingenvalues 4, -+, A, of Ais zero, and then A™*has the eigenvalues 1/4, -+,1/ 4,.

Sol.)
i) if part
A ] characteristic equation & 2 F-E] t}23} o] & 4 glth
det(A-Al) =4, -4)- (4, =A)--(4, - 4) (4.1)
410 A=0<% dyshd,
det(A—0-1)=det(A) =4 -4,--- 4, (4.2)

42)o1 A< eigenvalue A, A,, A, ... 4,2 00] b & A E=E,
det(A) =0 (4.3)

(4.3)7 Thm.3 (Sec.7.7)°l <314 A 9] rank:= nol &, Thm.1(Sec.7.8)°] <314, A <] inverse A™
o] &gt

ii) only if part
nxn matrix A<l inverse Aol =gttt k2 A<l inverse Aol EAEE R, Thm.3(Sec.7.7)
o o]3)A

det(A) =0 (4.4)

(4.4)°l f3fA
det(A)=A4,-A4, -4, -4, #0 (4.5)

(45)= 58 A2l EE eigenvalue?] o] 00] =2,
A#0,1=12,..,n (4.6)

i)
A 9] eigenvalue A, (k=1 2,3,...,n)9 77+l eigenvalueo] -85= A 2] eigenvector X,
(k=12,3..,nE th& 2 w53

AX =AX, % #0 (k=12 3,..,n) @4.7)
i), i)l A Ao inverse7} EAIFHS HAORE (47)25H
X, = A7"A X, (4.8)
@6 o=2Fe A4 =0 (i=12,..,n)n=z
A7X, = AX, (4.9)
A <] eigenvector’t A ©| eigenvectorst 73, A 9] eigenvectorel] ™S eigenvalueS o] A’
(k=123,..,n)olmz A9 eigenvalueS-< L i L LO]D}.

AR,



[Problem 5] (10 points) Consider 1* order nonhomogeneous linear ODEs.
(a) Find the general solution of the following equation based on mathematically logical development

y'+p(x)y=r(x) (5.1)
Sol) 2(5.1)2 v o] yUERdo] Zth
(py—-r)dx+dy =0 (5.2)
9 ALe g5 2ol YEE 5 Akl A] p.23ol A 2] (12)).
P(x,y)dx+Q(x,y)dy =0 (5.3)
wheb, P(x,y) o Q(x,y) & vt 2
A A
P(X,y)=py-r, Q(x,y)=1 (5.4)
2](5.3)°l| integration factor F = 3|54,
FPdx+ FQdy =0 (5.5)
Exactness conditionol] W=,
0 0
—(FP)=—(F 5.6
ay( ) ax( Q) (5.6)
olm = th5i} o] YEerd 4 lTh
F,P+FP, = FQ+FQ, 6.7
F=F(X) &tz 59 457 g3 o] vehfo] zoh
FP, = FQ+FQ, (5.8)
2168)8 ¥¥S FQ= v o3 #rh
1dF 1 0P 0Q
Y _R=— (LX) 5.9
F dx Q oy ox P(x) 59)
9 A& ol g3t F(X) & Tah¥ tha3 Zth(p.249] Theoreml)
ldF = pdx
F (5.10)
F(x):ej o

T3 F(X) & 4550 tedsha,
FPdx+ FQdy =0

el 7 (py —r)dx + ol Pdy = 0 (5.11)

ol " (pydx + dy) LN
4(510)€ the3} o] vehd 5 gtk

d(el ™y) = e r(x)dx (5.12)
21(5.12)9] FRS ATeH,

pdx pdx

eJ y = J.eJ r(x)dx +c (5.13)

o] 7)o 4] € 3= initial conditionol] 2 A ¥ = AFgro) )
eIpdx o2 2(5.13) YW YA general solutions 7+ 4 St}

Yy =e’ pdx( | el rax + cj (5.14)



(b) Find the particular solution of the following equation using the formula obtained in 5(a).

y—(1+3x)y=x+2, yl)=e-1 (5.15)

Sol) 2] (5.15)°ll A (a)H<] general problemol] 2 -&-3}%,

p=—-1+3x") (5.16)
r=x+2 (5.17)
o] Ht}
7|4 (6.14)¢] AH}E o]&stH
y = exx3[J.e‘Xx‘3(x +2)dx +c¢] (5.18)
% 92 4 vk
je‘*x“”dx =—e X% - Zje‘xx‘3dx (5.19)
& olgaln 4180 ARe Aen,
y =ce*x’ - X (5.20)
2 99 & quh 27 27604 y(l)=e—lojnz c=19| fr}
wEbA], o] &A]2] particular solution->
y=e%*-x (5.21)



[Problem 6] (10 points) Test for the exactness of the following equations. If exact, solve the equations. If not,
use an integrating factor to solve the equations.

(@) 2y cos2xdx =y~ sin2xdy (6.1)
(b) 2xydy = (x* + y*)dx (6.2)
Sol.)
@)
(6.9 thewt ol 2 4 gluk

2y cos 2xdx — y 2 sin 2xdy =0 (6.3)
9 Ale A P.19el A% ol el & 3l

M (X, y)dx+ N(x,y)dy =0 (6.4)

w2k M(X,y) 9k N(xy) & o3 2o
Ay -1
M (X,y) =2y €0s2X 65)
N(x,y) = -y sin2x

M _ —2y 7 Cos2X = N (6.6)
oy OX
webA] 21(6.1)E Exact differential equation®]th. o)A A} P.21¢] 2(6)S o] &3] 21(6.1)&
=

u= j Mdx +K(y)

= 2y‘1jcos 2xdx +k(y) (6.7)

=y tsin2x+k(y)
k()& F371 99 us yol we vRap e 2o,
ou

—=—y?sin2x+k’ (6.8)
oy

AG.HNA N(x, y):Z—;O]Ei 2(6.8)8 ofesh 7},

—y?sin2x+k'=—y?sin 2x (6.9)
9 26.9004 k'=00°122 ko 7 by 2.
k=clct 2%) (6.10)

weba 2(6.1)9 = vk 2
U=y sin2x+c (6.11)
o] W c+= Initial condition®l] ¢J3] AA %= g0t}

(b)
21(6.1)2 53 o] & 4 Qlth.

(x* + y?)dx—2xydy =0 (6.12)
91 A2 WA P.239 2(12)9F #e] yEeRd & it}

P(x, y)dx+Q(x, y)dy =0 (6.13)

mebd P(x,y) 9 Q(x,y) & chea 2k,



P(x,y) = (X +Yy?)

. (6.14)
Q(X, y) = —2xy

21(6.13)°] Exact differential equation?l®] #H3s}l7] siA A P.209 A(5)E o|&& =Y
gss 945 4 Atk
P gy R (6.15)
oy OX

wtA  21(6.2)= Exact differential equatione] ofuth ZgjmzE =B AL E7]o]  9kA
Integrating factorg& 2ztolof stt}, o] 2 & A P.239 2](16)& A&t}

R L@P_ 2
Q oy ox (6.16)
=-2x"

olgA 3k RE thA] Al P.249 A(17)° WdshH Integration factor® -3 < ¢t}
F(x) = epr. R(x)dx

(6.17)
:X72
olA] A1(6.2)°] F & FalFH 2(6.2)= Exact differential equation®] il o] A P.21¢]
21(6)& o] &3t FET.
u=|FPdx+k
I ) (6.18)
=X—X"y*+k(y)
k(y)E 8171 915 ug yol el vabul thgs} o,
u =-2x'y+k’ (6.19)
ou 3
FQ=—oln= tge & 73 5 3tk
oy
22Xy +k' =-2x"y (6.20)
9 4(6.200914 k'=0elmz K ¢ gk~ gou
k=c(ce 29) (6.21)
weka A6.2)0 e e 2.
U=X-X"'y*+c (6.22)

o] wj c+= Initial condition®l] ¢J3] AA ¥ += go|th.

1



Problem 7] (10 points) Consider the following 2"¢ order ODE
g
(1—2z—2%)y" +2(1+2)y —2y=0 (7.1)

(a) Show that yi(x) = x + 1 is a solution of the equation.

(b) Find another solution of the equation using reduction of order (Show
the details of your work and do not use any formula in the textbook).

(¢) Show that two solutions are linearly independent using their Wronskian.

sol)
(a) 1% solutione 2zt zof] thafj A w2, 2A| v]ES St
y=z+1 (7.2)
y =1 (7.3)
y' =0 (7.4)
(7.2), (7.3), (7T.4)E (7.1)°l Y3t He)shd
0+2(1+2z)—2(14+2)=0 (7.5)
ojlB =2 (7.2)+ (7.1)¢] solution©]| t}.
(b) (7. 1) A ", y'&] AlsE 47 tha3t o] 271
p(z) & (1 -2z —2?) (7.6)
q(x) £ 2(1 + ) (7.7)
another solutiong 12} 3t ot Ztia shAk
Y2 =u-Yy1 (7.8)
y2 o zoll thet v, 2A| v 2= F5td
Yo = u'y1 +uy} (7.9)



(7.9), (7.10) = (7.1)0] LI w, o/, "ol HoNA A 2l ete

p(x)u"y1 4+ (2y1 + q(2)y)u’ + (p(x)y] +q(z)y’ —2y1) =0

(7.2), (7.3), (7.4)2 91

yy = u"y1 + 2u'yy +uyf

ThA] 27

p(z)(1+ z)u” + 44’ =0

au dz
U (1-2r—22)(1+x)

au 2+ 2x

2 2+ 2x

2

7:_(1—2x—x2+1+x

In|U| = In|z® + 22 — 1| — 2 - In|1 + x|

)= (

WebH UE HEete] uE Tokw

WA s e 2

Yo=u-y =a>+x+2

2422 -1 142z

)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)



(c) solution y1, y2 2 FE Wroskiang 3}

r+1 224 x+2
1 27+ 1

Y1 Y2
Yi Y

Wy, y2) = = — 42w —1 (7.20)

(b)oll A 2423t p(z), q(x) 7} continous s}l
(7.20)% 0°] A k= agto] €4 stm e

Theorem. 2(Sec2.6)°l &3]l A F solution- linearly independent }t}.
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