[Problem 1](10 pts.) Find a general solution and the particular solution (Show the details of your work)

y'—=y"-y'+y=0, y(0)=2, y'(0)=1 y"(0)=0 (11)

Sol.)

i) General solution
21(1.1)¢] characteristic equation & -3+t

A=12-1+1=0 1.2)
A(12)e] sE ek thet A

l:—lﬂzl (1.3)

homogeneous equation2] general solutionS- gt} -4, 2](1.3)3} #+o] characteristic equation®©] &<+
= 7H& me] general solution= 7%tk whebA m xke] F<ES 7HE @l homogeneous equation®]
general solutiona t}&-3} 7},

m-1
y =0 cx)e (1.11)
k=0

ol W ¢,k=0,---,(m-1) & V1= s AsAE dFolth wEkbA 2(1.1)9] general
solution oh-7
y=ce’+c,xe* +ce’”

(1.12)
=(c, +c,x)e* +ce”
ii) Particular solution
A(L12)E vEsh] vas TR
y' =(c,+C, +C,X)e*  —C,e (1.13)
y"=(c,+2¢, +C,X)e" +Ce (1.14)
2(11)e] 245 ol§ste] ¢,C,,CE et
y(0)=c +c,=2 (1.15)
y'(0)=c,+c,—c, =1 (1.16)
y"(0)=c,+2c,+c, =0 (1.17)
21(1.15), (1.16), (1.17) & AHstod E9W 2t ArEs 72 F Ao
=2,c,=-1,¢,=0 (1.18)

l
upbA 2)(1.1)¢] particular solution 2 th&-3} 7t}
=(2-x)e” (1.19)



[Problem 2](10 pts.) Find a general solution. Show the details of your work

y, =Yy, +4y, —2cost (2.1)
Y, =Y, +Y,—cost+sint
Sol.)
< Method 1 >
@12 tEd Zol y'=Ay+g B2 AT 5+ At
il 2 ervnd
, + _ (2.2)
Y, —cost+sint
i) Homogeneous solution
A 9] eigenvalue & 3 th}
A1=3-1 (2.3)
o]&o| gk z+2He] eigenvector = tha3 #Zrt
2| |2 24)
101 '
wp2kA] 2](2.1)2] homogeneous solution & th&-2} 2T},
2 3t —2 -t
Yn =0 1 € +C, 1 € (2.5)
ii) Particular solution
21(2.1)2] particular solution & v o] Frf.
cost+b,sint
] 2o
a, cost+b,sint
22.6)= A1 ddskd vao As 4= F Uk
—g;sint+b cost | | (a +4a,)cost+ (b, +4b,)sint—2cost
—a,sint+b,cost | |(a +a,)cost+ (b +h,)sint—cost+sint
2.7
| (& +4a, —2)cost + (b, +4b,)sint @7
| (a,+a,-1)cost + (b, +h, +1)sint
A@R7E BEstd v %E‘r
sint b,+4b, a +4a,-2]| sint 28)
a, b, || cost b1+b +1 a+a,-1 || cost '
9 Ae ol &dte] =W o ArEs 7 F Atk
a1=1,b1=—1,a2:b2:0 (2.9)
webA 21(2.1)2] particular solution = v} 2.
cost—sint
Yo _{ 0 } (2.10)

iii) General solution

2](2.5), (2.10)°l we} 2}(2.1)¢] general solution & TFS-3} 2t}



2] -2| _, |cost—sint (2.11)
=c|, |7 +¢, e+
1 1 0
< Method 2 >

Method 1°]2]ol| Problem 3¢ A= o] &3] dlE5 +& 4% gt} 4 homogeneous solutione

Method 13} & 3}t
{Ze3t -2 Ml} (2.10)
2

o] A particular solution variation of parameterss &df &ttt -4y =YU ek Aottt o]

W 43127 @149 F42 Fd el U s 73 5

Yn

:Y'lg
(2.12)
U =[ Y*)oE)ds
WAy, = o 2
Y, =Y®)[ Y (s)g(s)ds (2.12)
+4 U'E 7ahd e g
U’—l_e_a 2% —2cost
4| —¢' 2! || —cost+sint
- (2.13)
_ 1| -2 cost+e " sint
2| e'sint
A(213)& Awste] 7 U= ta3 2ok
1|e*(cost—sint)
_1 (2.14)
4| e'(sint—cost)
2145 A(212)°] WjstA okl y, & d& F Uk
{cost smt}
(2.15)

wpeba 2](2.1)¢] general solutione tFS-3 7t}
y=YC+Y[ Y(s)g(s)ds

l2e" -2l N cost—sint (2.16)
et et g 0



[Problem 3](10 pts.) Consider the following time-invariant linear system of ODEs :
y'(t)=AM)y®+9®). ylt)=Y,
where Y(t) € R" and g(t) € R". Assume that the components of A(t) and g(t) are continuous

(3.1)

in t. Now, suppose that we have found N linearly independent solutions, say, Y™ (t),k =1,2,---,n, of
(3.1) with g(t)=0. Then, describe the solution of (3.1) explicitly by the method of variation of

parameters.

Proof)
i) Homogeneous part: g(t)=0
o] Aol (1) v Zol & Atk
y'(t) = A y(t)
a2 32 Ay, () E e 2 g w5 o
% () =2y O
o719 Y({t)eR™ 3z} CeR"S t&3} o] Hoj&xat.
YOO yO M -y 0]

aed (33)9 Y, () = thed 2ol 3
y,()=Y([)C
o371 W(y®, .-, y™y= y® k=1 ... ne wronskian o]&}9,

W(y®(t), -, y© (1)) =det|Y (t)| =0, "te R

o|E=,

Y (t) = invertible 3}t}.

ii) Nonhomogeneous part: g(t) =0
Nonhomogeneous part 2] 3] yp(t) 2 goy e gz 13,

y,®=>"" u @0y
a3 Y ek U ke 2ol Aejay,
Y E[Y'() yo@) - y" ()]
U () =[uy (t) u, () - u, O
yo(t) = thevt Zol verd 5 g
y, ) =U @)Y (t)
HY=E 9 olefoll 4 argument ‘'S A= F
o] & (3.1)01] 13},
Y'U+YU'=AYU +g
o3 714
[y'(l) y-(z) ---y'(”)]z[Ay(l) Ay(z) ~--Ay‘”)]
= A[y® y@...y™]

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
(3.10)

(3.11)

(3.12)

(3.13)



o] B2 (3.12) 2 5-E]
7 A9geth (37)0] 93 (3.14)=HH
7F AgstrE U & ofefiel o] xdEh
ty1
U(t) = L Y7 (s)g(s)ds

310l (3.16)°] U & Widstd, 2= y (1) = ol Zo] A4«

Y, =Y O], Y *(6)9(s)ds

iii) General solution
Vo) = B2)& wFakal y (1) = (3.1)9] particular solution o] 2.2

YO =Y(OC+Y O Y (5)g(s)ds

rr

(3.1)= vkt ojAl C 7t

C= [Y (to)_l]yo

o u| (3.18) T} o] o] initial condition & Wit}
oo, _
y(t,) =Y (t,)C +Y(tO)LO Y 1(s)g(s)ds = y,

wehA (3.1)9] 3= uniqueness ol 93l (3.19)¢} (3.20)= Fof Xt}

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



[Problem 4] (10 pts.) Find all critical points of the following nonlinear system and also discuss their stability.

{)‘(1 =-ax, +b w
X, =—CX, + X (& — BXX;)
where all the coefficients are positive
Sol.)
2 @) g 2ol & 5 Uk
x = f(x) (4.2)
o 7] A,
XE[x X ]T (3.3)
- b
f(x)& { ot } (4.4)
—CX, + X (& = BX%X,)

critical pointE X & 9, critical pointe] g ojof uwhe} of-3 o] Fai,

f(Y)A{ —ax, +b }—O
= o = (4.5)
—CX, + X (o = fXX;)

9] A& =W, critical point Th-3} 7}
x=[% %[
b abla | (45)
& w7
o] A, critical pointE 9 o2 &717] flete], z=[z ZZ]T & theah el et
72 X-X
[y _L/aT @
a ° pb*/a’+c
(4.3)3} (4.7)ZH-F .
xé{zl+g 22+#§1C} (4.8)
(4.8)S (4.2)°] ddstA,
2=F(z)=f(z+X)
—az,
b’p . 2bp 208b 2 apb 2| (49)

=|—Cz,+az, -

a2

oA, vl A& A]2®l (4.1)9] critical pointe] types T-Il=F Ul

2
——2,———1,2,— P11, — - z
2 “2 2 “1%2 152 2 1 2 1
a a b b
az[ﬁ +cj a(ﬁ +cj



WA 49)=NH ded 2ol & 5 3
2=F(2)

2bp 203b afb (4.10)
- —c—bz'zg 7+ —?zlzz—ﬂzfz2 (ﬂszrC}zf ('Bszrcjzf

a’
s
2=Az+h(z2) (4.11)
o714,
Zbﬁ 2a8b 2 apb 2
- Bz, - 2 /52 e 2 /52 4
ha) a’ a’(pb?/a*+c) = a(pb’/a®+c) )
[z]—0 ||Z|| (7.,2,)-0 \/212+222
=0
AL & F AR (41002 AH el A E}%Jﬂr ol A 4 Slth
= Az (4.13)

olAl, 4 A eigenvalue: thS3 7Zon

2
A=-a, 4= —c-baﬁ (@.14)

a, b, ¢, S+ positiveo] 22, $19] eigenvalue:= EFr real, negativeo| o}, whEbA, 919 A Fs}E A~
gl o] critical pointi= asymptotically stable nodeo]t}. H=3F, F(2) & z ol thek tadjojmz A3
ol A continuous©] 1L, continuous partial derivativeE 7171t} 18]

2
det(A) = a[c + ba’zgj #0 (4.15)

, 1.7 Section 4.59] Theorem 19 2J3}o], (4.1)9] critical point%= asymptotically stable node®] =

olm=
& % 9l

Method 2)
Section 4.5 2] Theorem 1’258 t}39] APt A|AHS IS5 4= Q).
7=Az (4.16)
o] 7] A,
oF,(2) oF,(2)
oz oz —a 0
A=| 1 0O 2 =00 | 0?3 (4.17)
R R o« -
L oz, 2=(0,0) 0z, 2=(0,0) |

9 #48 A<] eigenvalue:= g3} ko,



b2

a
a, b, c, B positiveo] 22, £]9] eigenvalue= X7 real, negative®] Tt w2k, Method 104 <} w}
ZH71A 8] BAES T8, ol v AE A]2~E (4.1)9 critical pointi= asymptotically stable node$]<-
o AT



[Problem 5](10 pts.) Consider the 2™ order linear ODE
X2y =2xy' +(2+x)y=0
Using Frobenius method, we want to find series solutions near the origin

(a) Find two solutions I, 2 I, of the indicial equation for the above ODE.

(5.1)

(b) Using 1, find one solution of the ODE(you must explicitly write down the recurrence formula and at

least three non zero terms of the series solution).
(c) Explain why you cannot generate the second independent series solution using I, .

Sol)

(5.1) = ThA] ¥

(5.2) ¢ Theorem5.4.1 ¢4 (1)213} ®lustH tha5s 95 4 U
b(x)=-2, c(X)=x+2

b(x) ¢} c(x) &= x=00lA analytic 3= = Frobenius method & % = Uth

(a)

Indicial equation-> p.184¢l 2(4)= FoX a1 4 (5.3)S diYstd ths3 2k
r(r-1)+b,r+c,=0 , r*-3r+2=0
rel sk sis -3k
n=2,r=1

(b)

Theorem 5.4.2 2] Case 3. Root Differing by an Interger o] 3| &¥ =2,
p.185 2] (9), (10)¥} 2 el <] solution & 7FXITh
A HA solution & T o] & F St

Y1(X) = Xzz amXm
m=0

(5.6) = (5.1) o W 3},

m=0 -0

D [{(m+2)(m+1)-2(m+2)+ Ja, +a, , x"? =0

0
m=1

i[(m+2)(m +1)-2(m+2)]a,x""* +(X+2)iamxm+z

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)



recurrence relatione T3} o] Fojzlt),

-1

Tt ~123 ... _
m(m+1) (m=123,-) 8)

m = Ay

-1 -1 -1 -1 ()"
m(m+1) (m—1)m '2.31.2 m!(m+1)!

(5.9)

m

(5.9) = (5.6)° tHYstA

y, o #4994 R
R= ; =0 (5.11)
limla.../a,|
(©
r,= o 22 solutions & 4 il shat
Y, (X) = X" i d,x" (5.12)
0
A |
= i (m+r,)d, X" (5.13)
10
= i (M+r)(Mm+r,-1d_xm"? (5.14)
0
r,=1,(5.13), (5142 (5.1)°] YsIA A=ahd,
SHM+p)(mer,-D-2(m+r)+2d, +d, k™ =0 (515)
" m(m-1)d_+d_ , =0 (5.16)

dy=c(e=20)2t & o o]7& (5.16) tiAstel d, & 38
y, =0 (5.17)
Trivial solution®] ¥ =2 1, = independent¢t solution= 3 < it}



[Problem 6] (10 pts.) Find a general solution using a power series method. Show the details of your work.

y"—4xy' +(4x*-2)y =0 (6.1)
Sol)
Solutione] ©he-3} #Ztla A}
y(x)=> a,x" (6.2)
m=0
hA=2 b
y' = i ma, X" (6.4)
m=0
y' = i m(m-21)a_x"" (6.5)
m=0

(6.3), (6.4)5 (6.1)°ll tHishH,
im(m—l)amxm‘2 —42 ma, X" + (4x° —Z)i a x"=0 (6.5)
m=2 m=0 m=0

(6.5)5 Al 22,

2a, +6a,x —4a,x—2(a, +a,x) + i{(m +1)(m+2)a,,, —4ma, +4a, ,—2a,}=0 (6.6)

m=2
(6.6) 0. = 5-F]
=8 , H=g (6.7)
. (4m+2)a, —4a, , m>2 6.5)
(m+1)(m+2)
1) &5 & 4 (b, =a,, k=0123...)
(6.7)3} (6.8) ZH-H
b, =b, (6.9)
e 8k +2)b, —4b, , | K>1 (6.10)
(2k +1)(2k +2)
(6.9), (6.10) o= H-¥ recurrence formulas= t}23 Zt}
by : b, (6.11)

k!



2) = % d (e, =a,, k=0123..)
(6.7)7} (6.8) =HE

C, =G,
_ (8k+6)c, —4c,
“T 2k +2)(2k +3)

(6.12), (6.13) 2.2 5-H recurrence formula:= t&3 £t}

1
Ck =ECO

w}2}A] general solutionS th&-3} 7t}

4 6 5

y(x) = a,(1+ x> +X—+X—+---)+a1(xl+x3+X—+X—I+~--

2! 3! 2!

4 6

= (a, +a,X)(L+ x? +%+%+---):(aO +a,x)e*

1 1
R: - f— -
lim e /ba|  limlCna/ cal

m—oo m—oo

=00

Hggolut,

o
Y
rlo
B
N
N
Y
©
o
:01:
iR
o
1,
rlr

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)



[Problem 7] (10 pts.) Calculate the inverse Laplace transform

L {(1— e%)z} (7.1)

Sol.) A p.235<2] Theorem 1= ©]-8-3}o] 2](7.1)= inverse Laplace transforms}™d th-2} 2t}

L {(1_ e/ )Z} _ {iz A e; } —tu(t) -2t -Dut-D)+t-2ut-2) (2



[Problem 8] (10 pts.) Suppose that @ is piecewise continuous on [0,b] for every b)0, and that there are

real numbers M ,K,and a such that |g(t)| < Me" for t>a. Then, show that

L[ o)== {0}~ [} 9(e)er 1)
Sol)
f(t)2 et 2ol Aelain
fO2[ g(x)dr, Vt=0 8.2)
A |
f't)=9(t) (8.3)
olt}, z2]a g(t) 7} piecewise continous B2 &
f (t) = continous 3t} (8.4)
Dt>ad
(1) =‘ [{9()de| < [|a(r)dr < LIMe"’dr=%e“[1—e"‘“‘a)]s%e“ ©5)
2) a>t=>0 <o = 84l °fs vas ks M >07F EA3
£ ()] <M, (8.6)
wehA, (85)% (8.6)0] A theS wrEalE Mk >0 7F &A1t
|f(t)|<Me", vt>0 87)
adez f(t)E 6.229 Theorem 19 AAXAS X5 w3}
2}
{o®)}=L{f')}=sL{f (1)} f(0) (8.8)

ol (81)°] 4t



[Problem 9] (10 pts.) Solve the following integral equation (Hint : Use the Laplace transform).

J.t y(t—x)e *dx — It y(x)dx =% 9.1)
0 0
Sol)
2@ A ) =y(t),gt)=e" 2 3h3,
J y(t=xe "de=(F*)(0) ©2
1A &S Laplace Transform3}¥ Convolution Theoremol] 2] &l
t
L{fo y(t—x)e dx}= L{f () {9}
B Y (s) 9.3)
s+1
7}
Section 6.2 ¢] Theorem3 2] integral Theorem < U3} ),
t 1
L{ jo f(r)dz}==F(s) (9.4)
S
%7 &2 Laplace transforma}
1
L{[, y0odid =Y (5) (5
S
S 48 5 4
AN &S 317] 913 Table 6.12] (4)2] 3} Section 6.12] Theorem2(s-Shifting)> th2-3} 7T},
0 n!
L(t")=—3 (9.6)
S
L(e*)=F(s—a) (whereRe(s—a)>k, "k) (9.7)
21(9.1)2] AA gtoll Laplace Transform= 483},
t x 1
L{j y(t—x)e*dx}=Y(s)— (9.8)
0 s+1
1
L{t"%¢"'}=10! 9.9
{t"e"} (511" (9.9)
utebd A (9.3), (9.5), (9.9)°l 218 4] (9.1)2] Laplace Transform3 e th23 o] Hr}
Y ()~ —v(s) L 21011 (9.10)
s+1 S

(s+D)"



o] of
Y(s
)=
o231
o
1 =
A},

Y(s)= —
——101—>
(S 10 =
5 ._—1O“S+1_D
G+D° a
S+1)10_ 5
(s+i

)9

(9.11)

21(9.11)0l]
inve
rse L
aplac
e tral
nsfo
rm <
S 3 (9
.8)
, (9.9
9)al|
B
]—;}o
=3 7
ol
o=
s 9%
g 5 9
Atk

L—l
{¥(s —
=1
OL_l{( 9!
s+1)1°}_9
oL™
{

8!

(s+
et
10t% " —
90t%e™
(9.12)




[Problem 10] (10 pts.) Solve the following problems using the Laplace transform. Show the details of your
work.

y, +Y, =2sinht
Y, +Ys=¢ (10.1)
Vi +y, =26 +e

where Y,(0) =1, y,(0)=1, y,(0)=0

Sol)
(10.1) 2ol 7}7} Laplace Transform < 2-8-3}7] ¢]3 Section 6.2 <] Theoreml & o] -&3kt},
L{y, }=5Y, - y.(0)
L{y, }=5Y,-,(0) (10.2)
L{y, }=5Y; - y;(0)
=3l Section 6.1 2] Table6.1 S ©] 83 T} A8 4 9tk
L{e'}= — (10.3)
s-1
~ 1
Heb=17 (10.4)
L{2sinht} = L{e' —e"}= 2 1 105)
S —
o] = A sle] 2] (10.1)9] Laplace Transform¥ Fej S b33 o] vehd 4= it
sY, = ¥,(0) +sY, —y,(0) =sY, +sY, -2 = 322 .
sYz—yz(0)+sY3—y3(0)=sv2+svs_1=il (106)
S_
sY, — ¥5(0) +sY, — y,(0) =sY, +sY, —1= 2,1
’ ' s—1 s+1
% 92 5 9o
ol W Y,Y,, Y, v el & 5 Sl
2 1 2 1
K i s (10.7)
s s+1 s(s°-1) s-1
1 1 2 1
=g - (10.8)
s s(s-1) s°-1 s+1
3 1 1 1
256D 256+D) s(T-D)
(10.9)
2s 2

Ts(sP-1) st-1



o] 7] inverse Laplace transform & st th&¥ o] & LS 5 Urh

yl(t) = et
y,(t)=¢e" (10.10)
Y,(t) =2sinht

21(10.6) initial conditionS RFEalE 2 4] (10.1)9] solutiono]z} & 4= Atk



