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Midterm 2| Question 1(a): Parallel-plate waveguide

Q1. A parallel-plate waveguide consists of two perfectly conducting plates that are parallel to each other. The conductors are departed by a
dielectric medium characterized by (u, €) with thickness b. For simplicity, assume that the plates are infinite in extent in x-direction such that
flelds do not vary in that direction and the effect by fringing fields are neglected.

(a) Derive the electric and magnetic fields of the allowed modes for TE (25 points), TM (20 points), and TEM (15 points) waves that propagate
In the parallel-plate waveguide. Find the cut-off frequency for each case.

For TM mode (20 points)
- Longitudinal fields (E; and H>)

(H.=0
V'E,+k’E, =0, where E_ (y,z)=E (y)e”

d’E,
S+ E! =0 (B =K +y?)
y

AN
v

- Bound condition (E: = 0 at conducting interface)

(Eg(y):O, where y=0 and y=d J

- Solution (Deduce -5 points if B.C. not used)

r

E°(y)=A sin(hy)=A sin(%y), (n=1,2,..)

\

~\

J

- Transverse fields (Ex, Ey, Hx, Hy)

1( o 0H,
E’'=—— 7%4' [0)

1( OE’ 0Hz
E’=—— L — 7

<

1( OH oE"’
H)=-—— < — joe—

h” (7 X / dy

y:\/hz—kz =

\

(15 points)
|
E)(y)=0
nr
EN(y)=-1:4, COS(%)
()= 12 4 cos[ "2
d
H(y)=0
J
(5 points)
[ h " )
]Cc — — (HZ)
- 2w\ e 2d+JUE )




Midterm 2| Question 1(a): Parallel-plate waveguide

For TE mode (25 points)

- Longitudinal fields (E; and H-) - B.C. provided by transverse fields (E: = Ex = 0) at conducting interface
(E.=0 r 1( 0B . OH' wu dH°
= e | ) o s st
V°H,+k’H, =0, where H (y,z)=H (y)e"” h X y h™ dy 10 and yob
1({ o 0
dZHO EO - : _ im Z
> —=+WH! =0 (1 =k>+7?) : hz(y ay 7 “fo l
dy 4 5 5
o__ | L e O t the surface of conducting plat
By using B.C. on the right, we get = _? 4 ox e 0y (i DT T o P ei)
4 A 0 dH" ( )
0 niy o_ 1 OoH . JH SV g aty=0andy=h
_ — Ea — H =—— + JE
H>(y)= B, cos(hy)=B, cos( ; j, n=1,2 =T (7’ 5y 1%, oy )
\- / (Deduce -10 points if B.C. not used)
(n cannot be 0!)
- Transverse fields - Cutoff frequency (y = 0)
. . dHO( ) . ) > r f . N
JOU y)_JoHd ., . [ 17Ty 2 12 nn 2 = =
E’ =— . =——0PB sin| — =Vh =k = || — | — - fc— — (Hz)
x(y) e dy oo ( b j 7 \/ N( d ) o He g 2T UE 2d UE )
E’(y)=0 .
) (y ) 20 points) (5 points)
H}(y)=0
HO
Ho(y)=—72d Z(y)ZanSin(nﬂy)
’ h dy h




Midterm 2| Question 1(a): Parallel-plate waveguide

For TEM mode (75 points)
- Method (1): From TM results,

” . (nnm o« )
| E20)= 4,50 "% ) [E(y)=0
0(.,)—
H!(y)=0 He()=0
E.(y)=0 o E!(y)=0 (10 points)
nw — : You have to justify that =0, E,° and H°
E;) ()’) = _len COS(—y) E;) (y) - _%113(}%‘40 =k, ou have to justify that as n. Y e.m converges
< d ) to constant values. Otherwise, -5 points deduced!
. ' E
0\ JOE ny H°(y)=1limZ A, = =0
Hx (y)_ h An COS( d ) n—0 | 77
0 () —
H (y)=0 CHy(y)—O )
h n 4 )
fo= = (Hz) f=———=0 (Hz) -
¢ c — (5 points)
2re\Jpe  2d+UE . 2d.\J e y

- Method (2): Analytically solve it starting from Maxwell’s equations (Refer to lecture note 12-1)
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(b) Discuss the relationship of wave impedance vs. frequency for the allowed modes of the parallel-plate waveguides. (40 points)

For TEM mode
- From TM mode equations,

E. jo
=5=20 (@
Y

7TEM

Z TEM

.+(1)

-

- For TEM modes,

- For TE & TM modes,

Propagation contant vs. Frequency

y =N-k* = jk= joJue ---Q2)

y=vh*—k> =\h*—w’ue and [, =

f

Ve OF 7TM:hV1 (fc

\_

j .++(3)

h

2%@

- By plugging in (2) into (1),

yTEM €

, o [u

TEM — —

( )

(10 points)

For TM mode
i - From given equations,

r

\.

ZTM — yTM

JE

=1y

(10 points)

For TE mode
- From given equations,

r

/

TE —

AL/ 'coga :
h’ 4 X / dy

_1 oH, + 'a)eﬁa :
h’ 4 dy / ox

E, E _jou

70 _H_yO: (Q) .-+(5)
y X yTE

- By plugging (5) into (3),
JOU _ Ui
Ve | ( i jz (10 points)
f
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f<fe

Evanescent
modes

Z m/
7

Zm/
)

Zm/
1

f>fec
Propagating
modes

TEM independent of frequency.
(5 points)

TE & TM below f. are evanescent
modes.

(5 points)

-



Midterm 2 | Question 2(a): Triangular waveguide

Q2. A waveguide is constructed so that the cross section of the guide forms a triangle with sides of length a, a and sqgrt(2a) as shown below.

The walls are perfect conductors and inside is air with (uo, €o).

(a) Determine electric and magnetic fields of the allowed modes for TE, TM and TEM waves propagating in the guide (120 points)

1. Start with wave equation for E;

(Viy + Vi)EZ + ]<2EZ =0, where E, (x,y,z) = Eg (X,y)e_”
%
VIE +h'E] =0, where h* =k’ +y’

2. Separation of variables

( de(x)
Exy)=X(Y(y) - | &
| d;y(j) Y (3)=0

where h” =k’ + ky2

3. Solution form

4. Three boundary conditions
-Aty=0anda, E.X=0

' Y(0)=D=0
\ Y(a)z Csin(kya)zo

mi

— Y(y)z Csin(—xj, m=1.2.73,

a

ni

a

-Aty=x,EX=0

: T : T
E’(x,x)=E_, sm(n—x)sm(m—x

< <

a a

Fk2X(x)=0 -Atx=0anda, E =0 (similarly as above)

— X(x) = Asin(—x), n=1,23,--

y

):O (Forall0 <x <a)

X(x)= Asin(kxx)+Bcos(kxx) -
Y(y)= Csin(kyy) + Dcos(kyy)

\.

~E,=0 — E)(x,y)=E, sin(

ni
—X
a

o

mim
—X
a

"

J

TM cannot exist!
Only TE modes!
(40 points)
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5. Derivation of TE mode
- Start with wave equations with H; (as previously)

- X(x)= Asin(kx)+ Bcos(k x)

H?(x,y)zX(X)Y(Y) — x (ky)

\ Y(y)= Csin(kyy)+ Dcos

6. Three B.C. provided by transverse fields

. 1 d ~ oH° -Atx=0anda, E,0 =0
Eo=—z| VAT ion—=
i g 0H - 9X(x)

%Y(y):Dcos(mTﬂx)

x=0 and a

=0

: Y(y)
E;) __i2 7;2_].60# aHZ 0x x=0 and a ox
: oy 0x aX(x)
| 1( oH’ 0 = Ak, cos(k x)— Bk sin(k.x) <
H, :——2(7/ : —ja)g%) 0x
h ox y
o 1( oH! 9 - Aty = 0 and a, Ex° = 0 (Similarly) “
Hy — —? ’}/ a < _|_ ]wg Z
\ Y X

r

-

OX(0)_ ar =0
ox i
aX(a)

o0x

E] (x,y) =Ly, COS(

ES (x,y)= E,, sin(

ni

A

ni
—X
a

—> X(x):Bcos(

o

= Bk sin(kxa) =0

~H (x,y)=X(x)Y(y)=H,, COS(

"2 Yo

o

ni

A

mi
- )
a

mimn
— )
a

—X

)
)

A

ni
—X

A

min
— )

)



Midterm 2 | Question 2(a): Triangular waveguide

6. Three B.C. provided by transverse fields (., nt N\ (mr )
Atx=y E)(x,y)=E,, cos| —x [sin| —y
: : : 0 JU 0 T A a
E-field parallel to the diagonal side=0 — E_ (x,x)cos 1 Ey (x,x)cosz =0 S
. [ n& mrm
E;) (x,y)= E,, s1n(—x)cos(—y)
nw \ . (mn . (nm mm L a a /)
— E,,cos| —x [sin| —x |+ E;, sin| —x |[cos| —x |=0
a a a a
mit niw
— k. tan(—x) =—Fk, tan(—xj
a a
A - .
y {Solution (1): Eox = Eoy and m = -n (TEn.» mode) | ({Solution (2): Eox = -Eoy and m = n (TE,» mode) |~
| —
H?(x,y)=H,, cos(ﬂx)cos(ﬂy) H?(x,y)=H,, cos(ﬂx)cos(ﬂyj
a a a a
E)(x,y)=-E,, cos(ﬂxjsin(ﬂy) E)(x,y)=-E,, cos(ﬂxjsin(ﬂy)
a A a A
E;) (x,y)=E,, sin(ﬂxjcos(ﬂy) ES (x,y)=E,, sin(ﬂxjcos(ﬂy)
\ a a \ a a
. J . J
Y » x - Notethat n SHOUD NOT be 0.
4 , - The rest (Hx?, H,9, and relationship between constants H-o and Exo) can be easily

calculated by substituting above to transverse field equations.



Midterm 2 | Question 2(b): Triangular waveguide

(b) If some modes are not allowed, explain why not. (30 points)

e In (a), we showed that due to the B.C. at the diagonal side, TM cannot be supported. (10 points)

¢ A given wavegquide is one type of single conductor and therefore, TEM cannot be supported. (20 points)

» Proof of 2nd statement

- Suppose that TEM wave exists in such a guide
: Amperian loops . .
- Its B and H should form a closed loop in a transverse plane (xy) T mjn = Point your right

thumb 1n the direction
of the current.--

o7

'+ V-B=0 (Magnetic flux lines close upon themselves)

Then curl your
fingers to get
the field direction.

- According to Ampere’s circuital law (see <Fig. 1> and <Fig. 2>),

A )
\‘ \ -
-
- ' .
( j © 2012 Pearson Education, Inc.

.
....
.
ay ®
------

Line integral of H around any closed loop C in a transverse plane Amperes circuital law Ampere's circuital law
<Fig. 1> <Fig. 2>
— (Img src: Toppr) (img src: Pearson Education)
. Longitudinal conduction & displacement currents through the loop C )

- By definition, TEM wave does not have longitudinal E;
— No longitudinal current (J and 6D/6t) can flow
— Thus, B and H do not exist in a transverse plane
— Thus, E and D also do not exist in a transverse plane

-. TEM cannot exist in a single conductor waveguide!



Midterm 2 | Question 3(a): Circular waveguide

Q3. A circular waveguide is a circular metal pipe having a uniform cross section of radius a. Inside is filled with a dielectric medium
characterized by (u, €). Assume the metal pipe is a perfect conductor for simplicity.

(a) Derive the general expressions for electric and magnetic fields for TE and TM modes. (140 points)

Derivation of TM mode

- Start with wave equations for longitudinal fields - Solutions to Bessel’s differential equation
' H_ =0 (By definition) R(r)=C,J (hr)+ DY, (hr)
3 . . , .
\ (Vf(p + V? )EZ + szZ = (0 where E. (I’,¢,Z) — Eg (7‘,¢)€_7/Z where J, and Y, are the first and second kind of Bessel’s functions.

The solution should include the axis region where r = 0 and Yn(0) diverges

to infinity. Thus, Dn = 0. (Deduce -15 points if not mentioned)

— V2 E)+h°E] =0 where h’> =k’ +y°

- Separation of variables R(r) =C J, (hr)
Eg (r,¢) - R(r)(I)(¢) - Solution to 2nd-order ODE for ¢
- Two ODEs obtained :. @ (@)= cosng
f d*®(¢) P D(0) =0 All the field components for a circular waveguide are periodic with
d2¢ respect to ¢@. Thus, @ should be in a sinusoidal form and because of

periodicity, n should be an integer value. (Deduce -15 points if not
r d dR(r) e
r h'r”=n mentioned about n)
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Derivation of transverse fields

- Transverse E-fields can be expressed in terms of longitudinal E-field as below

N S Jd_ 9
(E7), =aE +a,E, Vi E where V; =@, > +a,— vy
r y OE’ y OE’ )
%(Eﬁ)TMza,,Ef+a¢E§=ar( 2 8rzj=a¢(_h2r a(;j
J

- Transverse H-fields can be expressed in terms of transverse E-field as below

1
(HT )TM :a[az ><(E'T)TM:| where ZTM :j%g (Q)
[(HT)TM:aer a¢Hﬂ %a x(aE +a¢E¢)

Jwe

:ar(
4

E ]w(—

JWE
4

)

~

J

Final form
- By using two relations as given left,

p
‘ JBOE!  jB .. .,
E’ = L =_22C J/(hr)cosn
' h* or h "( ) ?
iB BE - jpn .
E) = = C J (hr)sinn
< 0] h2r a¢ h2 ( ) ¢
e jwen .
H'=—""EFE" = C J (hr)sinn
r ﬁ 1) hzl" n n( ) ¢
H, = a)_eE:) = J& C . J (hr)cosng
. ﬁ h
where E. (r,¢)=C,J (hr)cosn¢
\_

If all procedures correct, give 70 points
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Derivation of TE mode
- Longitudinal fields

(E_=0
HZ(I",¢,Z)=

- Similarly to the TM case,

Hf (r,¢)e_y

Z 2
where Vm)

"+ h*H

r

.

H](r,0)=D,J (hr)cosng (TE modes)

- Transverse magnetic fields:

. 0 0
=a H, +aH,

(1),

- Transverse electric fields:

:(Eﬁ) —aFE’ +a,E

)5

¢

}:

=0 and H’(r,0)=R(r)®

(

o__JBOH! _ _jB

D, J' (hr)cosng

' h* or h
JjB OE. _ jpn .
HY =— = D J (hr)sin
1) h2r a¢ h2 ( r) n¢
WE ](0871 .
E'=——H" = D J (hr)sinn
E; = %H? = J(];)g D, J! (hr)cosng

If all procedures correct, give 70 points




Midterm 2 | Question 3(b): Circular waveguide

(b) Identify the cut-off frequencies for propagating TE and TM modes. What is the dominant mode for the circular waveguide? (60 points)

For TM mode
- From the boundary condition

E;j:Ef:o forallg atr=a

E’(a,0)=C J (ha)cosnp=0 — J (ha)=0
(15 points)
- Lowest ha satisfying Jn(ha) = O:

2.405
ha=2405 — h,,, = (10 points)
a

- Cutoff frequency

h hoo 0383

¢~ — (fC)TM01 -

271\ UE 27 ,ue_a UE

For TE mode
- From the boundary condition

E;):O forallgp atr=a

WE (VE
ES = FH,? = ]h D J (hr)cosng=0 — J'(hr)=0
(15 points)
- Lowest ha satisfying J'n(ha) = O:

1.841
ha=1841 — hy,, = (10 points)
a

- Cutoff frequency Dominant mode! (10 pOintS)
h s b 0293
. = —> s (]CC) — —
DT LUE o ue  asue

\_ J




Midterm 2 | Question 4(a): Dielectric waveguide
Q4.

(a) Derive the general expressions for electric and magnetic fields for the propagating TM modes in the dielectric waveguide (80 points). Explain

under what condition and requirements the waves can propagate within the waveguide (40 points). (in the free space regions, derive the fields
for the only one side, i.e. either above or below the guide.)

Longitudinal fields Solution for free-space region (y = d/2)
H =0 (By definition) - Waves bounded only within dielectric by total internal reflection
<

- , . B - Waves not radiating away from dielectric (i.e. evanescent)
V'E_+k’E_=0 where Ez(y,z)z E (y)e s

V2E® 4 2 E° 2 2, 1.2 ViE?J“thS =0 where hg :72+k2 =0)2,U080—,32 <0
— E.+h°E, =0 where h" =y~ +k
Yz z

Here, we denote hg 2 _o

Solution for dielectric region (ly| < d/2) ! a( d) a( d) )
—of y-4 -4
- Waves propagating in z-direction w/o attenuation E? (y) = Ce “+ Pe " * wherey>d/2
- Sinusoidal form — Bounded standing wave \ /

(--Not to diverge to infinity)

20 | 1.2 00 _ > 2 12 2 2
VIE +IhyE =0 where hy=y" +k” =@ p,e,— >0 Traverse field components

- There are two nonzero components, E,° and Hx0)

(Ef (y)=E, sinh,y+E, coshdyJ r (
EO——L(QWZB Z+j60,uaHZ) HO——L(?’B Z—jooeaEZO]
(Deduce -5 points for each why the solution for YR /ox y 4 tooon X dy

dielectric / free-space should be in a sinusoidal / 0 1 oE’  0H 0 1 0 0
: El=——| Y=~ Jou—>~ H=——|Y X+ jwe,~
exponential form) ’ h dy ’ dy ox




Midterm 2 | Question 4(a): Dielectric waveguide

For odd TM modes
- In the dielectric region (y| < d/2)

E; ()7) =E,sinh,y

<

OE’
EO(y): Y z _ jp

=—=——F cosh
g h: 0y h, )
jowe, OF. _ Jae,
H° E cosh
X (y) h2 ay hd o0 dy

- In the free-space region (y = d/2)

> According to B.C. that Ez0 should be continuous,

—ol -2
E’(y)=Ce (y 2) — EZO(;Z,) C = Esin%

oOE"’ j ~of y-2
E;(y)= 12/2 Byz =—§Ce ( 2)
0

. 0 . g d
H(y)= Jz)zg O af e o)
0 y 04

Deduce -5 points if B.C. is not used

(If all procedures correct, Give 40 points)

For even TM modes

- In the dielectric region (y| < d/2)

E’(y)=E, cosh,y
OE’
£ (y):_ 4 ]:B

E, sinh
g h; dy h, @)
_ JjoE, BEO e .
H <1 F sinh

- In the free-space region (y = d/2)

> According to B.C. that Ez0 should be continuous,

—of -4
O

y OB Bl

E’(y)=
y(y) h 0y o

. 0 . g d
HO(y)= 1260 O _ JOEy ¢, 3)
hy dy o

Deduce -5 points if B.C. is not used

(If all procedures correct, Give 40 points)
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Condition and requirements for wave confinement (40 points)

- €4 > &o for having total internal reflection (20 points)
- o’ u,e,— B <0
2 2 2 2 2
where " =k"—h, = W, —h,
h
W > <
\/audgd — Hy&

%

hdd —

Here, the smallest allowable hq for n-th TE mode satisfies 7 =nn

n

d\/:udgd — Ho€

s> , n=0,1,2, --- (20 points)




Midterm 2 | Question 4(a): Dielectric waveguide

(b) Discuss the physical meaning of cutoff frequencies for the dielectric wavequide by comparing with those of other waveguide structures
(parallel-plate and rectangle/circular wavequides). What factors do affect cutoff frequencies of these waveguides? (40 points)

Commonality
- Waves of frequencies above 1 are confined within and propagate along the waveguide. (5 points)

- fc is determined by propagating modes (TE, TM), dimension and materials of the waveguides (uq, €qd). (5 points)

Difference
- For dielectric waveguide, waves of f < fc are no longer bounded to the dielectric and radiate away into free-space. (5 points)

» Condition for fe: a = 0. (5 points) n+1/2
n

) d\/:udgd — Ko

> Two cutoff frequency exists for even and odd modes J_, (5 points)

- For rectangular/circular waveguide, waves of frequencies below 1. are attenuated. (5 points)
» Condition for fc: y = 0. (5 points)

h
~ Common expression for cutoff frequency is given as f. = (5 points)
27T\ LUE
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(c) Transcendental equations for TM modes are given as below. If you want to send the TM-polarized waves with the frequency whose value
coincides with the cutoff frequency for the 2nd-order odd TM mode along the dielectric waveguide, how many TM modes are allowed at that
frequency and what is the difference among such modes? (Note that an order of the mode starts from n = 0) (40 points)

( Answer
o = &tan(%) ..-for odd TM modes

- There are total 4 allowed modes (20 points) [fco,n=2 Should not be

counted. Deduce -5 points if answer is 5 because of that. Otherwise,

hﬂ — —&cot(%) ---for even TM modes

0 point
 h, I, points]

- At a given frequency f, each mode has a distinct hq value (5 points)
and therefore, their incident angle at the dielectric/free-space

interface is different as below. (15 points)

’

h.d .
0 T 27 37 47T !

: . . h
]Cco, n=0 fce, n=0 f;'O, n=1 §~fce, n=1 % f = ]Cco, n=2
; ; ; |

cosO. = 4 = h,
-k 2mf e,




Midterm 2 | Question 5(a): Rectangular Cavity Resonator

(@) Discuss the physical meaning of the resonant frequency in a rectangular cavity resonator. (30 points)
(b) Is there power flow within the cavity? Why for your answer? (20 points)
(c) What is the dominant mode for a rectangular cavity resonator? (50 points)

(a) Resonant frequency
- Frequency at which resonance occurs (i.e., wave oscillates at fr with greater amplitude than at other frequencies) (20 points)

- It can have multiple values (m, n, p =0, 1, 2, ...) (6 points)

- Determined by dimensions of the resonator (a, b, and d) (5 points)

(b) No power flow (5 points)
- All the E-fields are in time-phase, and E and H-fields are in time-quadrature (10 points)

- Therefore, time-average Poynting vector becomes zero within the cavity (5 points)

(c) Dominant mode depends on the dimension of the cavity (20 points)
-Ifa>b >d, TM110
-Ifa>d> b, TE101
- If a = d = b, All three are degenerately dominant

- (Each example accounts for 10 points)



