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FINAL

e ‘How you arrived at your answer’ is much more important
than the answer itself. Read the following problems care-
tully, and make sure you show your work step by step.

e You can attach extra pages if necessary. Plcase use a sep-
arate sheet for each problem.

e Ask questions if you don’t understand what you arc being
asked.

Thank you for your hard work, and GOOD LUCK !
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1. [10 pts=§+§]

(a) A record claims that the life expectancy of patients with a particular
disease has a mean of 54 months and a standard deviation of 3 months.
A hospital tests 50 patienls with that discase. Assuming the manu-
tacturer’s claims are true, what is the probability that the test finds a
mcan lifetime of longer than 60 months?

(b) Is the lollowing statement true 7 Why?

(1} If the two random variables are independent, then they are not
correlated.

(2) E(Yg(X)|X) = E(¢(X))E(Y|X) for any suitable function g.

Sol.

T54}h{]—54

P(X > 60) = P(E

5 2T ) = 1—0.954

(b) (1) yes. If X and Y are independent then cou(X,Y) = E((X -
E(X))Y — E(Y)) = E(X — B(X))E(Y — E(Y)) = 0.

(2) no. E(Yg(X)|X) = g(X)E(Y|X)

E[L{g@)];(:q() = ‘% 9360 Pl{=9, x=1| x=x)
= 300 3 9 PY=Y,K=x|x=x)

= J0 E(AIx=x)
L eI001X) = 300 B (VX))
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2. [20 pts| Let X and Y have the joint density

Az, y)=czly —z)e ¥, O0<z<y<cc.

{(a) Find the valuc of ¢
(1)) Show that
Fxiy (ely) = 6y — z)y ™, 0<z <y
Frix(yle) ={y —x)e*™?, O<r<y<oo

(¢) Compute F{X|Y) and E(Y|X).

() br %970,

, ﬂ 3
£4(9 :ﬁ fa.9) I = c?g?zw-—@c»‘?‘ = e’

fe) = baa)dy = (% e v

= O -0 e (g7 e ]
= o [0




E(‘(IX:U = g:: ‘g(‘g—i)gng dvy
= % X (grry) e dy
= & [-lranedy euoet iy
A RO g G ]
= e[ aet o

= (A42)
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3. |40 pts=T7+7+7+4+5+10| Let Z;, Z, be independent normal randoin vari-
ables with mean 0 and variance 1.

(a) Let Xy = 71, Xo = pZy + /1 — p?Z>, where |p|< 1. Show that

2 o 2

- X, Lal = exX[y | —
f.:‘LL,,Xg( 1= 2) Qﬂ-\/l__‘? X] 2(1_‘[?2)

(b} Compute E{X3), var(Xs), E(X1X2), and correlation of X, and X5.

(¢} Let Y] = Xy 4+ X, and Y, = X; — X5, Find the joint density function
fviv, of ¥7 and Ys.

(d) Are Y| and Y5 independent? Why?

{c) Compute the marginal density functions of ¥, and Y. What kind of
distributions do they have 7

([} Show that

1 1
P(Xl > (0, X9 }U) :i—f—%ﬂiﬂ 1_,{}.
(Hint: it might be casier to represent the above value in terms of 7,
and Zs.
Sol.
(a)
=8 &= |-y
J L1, w2 ) — azal 5‘32 ‘ B ) ~ 1#_492
i poV1I=p (.2
(a2
f2,(2. 22) = L exp /2 L exp /2 = — ¢ °
J 0], 48 " m m Zl(.r

fElgﬁz(zl(Il; 1171,3),J EE(EI;IE)NJrl

1 1 {, (ﬂ'ﬁg“—ﬂfﬂl)ﬂ)
exp |——= | ] +
m/I—p [ 2(1 L —p?

—  RSWer.

Fxy a0 (#1, 22)

E(Xl) — E(Zl) =4,
E(X2) = pE(Z1) + /1 = p?E(Z,) = 0
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var{X,) =wvar(Z,) =1
var(Xa) = E(X3) = P B(Z}) + (1 - p")E(Z3) = 1

E(X\Xo) = E(pZi + /1= p2Z,Z5) = p
E(X1X5)

cor( Xy, Xy) = =
(X1, X2) Vvar( X var{X,) g
(c)
ga o 1 1
L1 (ATe

2 2
The exponent of the joint density function (called bivariate normal
distribution} is

¢ 1 Y1+ Y2 ¥1— o
fﬂfﬂ(ylryﬂ) — fﬁi’hxz(ml}ifﬂﬂ’jl = EIXLEE ( )

r{ —2omxe + 23 yi(1—p) +33(1+ p)

M- i1 — )
‘Therefore
1 yi I ]
LY\ VL Y ) = ex o -
Jviva (0, 12) i ,——l_pz P[ A1+ p) 41— p)
()
Myvlyny) = 1 exp [ i ] : {
Vil ¥, i) = : — - exp | —
| Var 2/1+p 41+p) Voro/T—5 — 7 P
= () fvaly) .
Thus, ¥y and ¥, are independent.
)
1 ]
- {1 = Xp | —
Fvilu) o 9 /T o +PE p T4+ p)
1 oy
2 V- = ¢ —
Fr, () B 2T P | -7

Thus, Y1 ~ N(0,2(1 + p}) and ¥2 ~ A(0,2(1 — p)).
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PX:1>0,X9>0) = P(Z,>0,pZ)+/1—p?Zs > 0)
= P75 0,2 > —— P4

change to polar coordinate

/Ef .ie_"'gmr dr df
v 0 2?1_
1 {3z

dd

3

2m /.
1+ 1 .
= -4 _—s8in p.

4 27
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+

lan ey = ——F—e  sing = —p
|""P"I
() T X <1
HR""-.




4. [15 pts]

(a) Describe the property of the moment generating function of a random
variable.

(h) Describe why £(¢) = (1+£*)~! cannot be a moment generating function.

(1)
M(t) = E(cX)

M'(0) = B(X), M"(0) = E(X?),-.

(b) Suppose § is & mo. gen func. Then because £(0) = £(0) = £"(0)
X ={. Thus M(#) = 1, which is a contradiction.

n
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5. [15 pts| Let X,Y, and Z be independent and uniformly distributed on
0, 1].

(a) Compute the joint density function of XV and 72,

(b) Show that P(XY < Z%) = 5/9.







EXTRA. Please write down the names of your classmates taking this course.



