SIGNAL and SYSTEMS May 24, 2008
(Instructor : In-Joong Ha, Professor)
EXAM II

[Problem 1] (10 Points) Consider the signal X(t) in Fig. 1 below.
(a) Find the Fourier transform X (jw) of X(t).

(b) Consider the new signal X(t) defined as
X(t) 2 x()* > 5(t-4K) (1.1)
k=—o0
Find the signal ¢(t) such that g(t) is not the same as X(t) and

XM =g)* Y 5(t-4K) (1.2)

X(t)

AN

1 0 +1 1
<Figure 1>

(solution)

(a)7Fo1%1 triangular pulse x(t) &= rectangular pulse x(t) ¢ convolution o2 vepd 4 gl
t}.

X(t) = x, () * X, (t)
1 1

1, —=<t<= (1.3)
where x,(t) = 2 2

0 otherwise

21(1.3)% Fourier transform 3l x(t) ¢| Fourier transform X (jw) & vty 7t}
X (jw) = X, (jw) X, (jw) (1.4)

aela x(t) e Fourier transform X, (jw) & th&3h 2t
X,(jw) = [ % (t)e " dt

o
= [2e Mt (1.5)
E

:2sm(wl2)
W



A1k A1L5E ol 4skn X (jw) e st gk
sin(w/ 2
X (jw) =23/ Do
W

() A5e HEAF A 940 M%7 M >003 dia) A% B, < thest o] Felsta

B, 2{beAlk-n<b<k-+n} (1.7)

Y =1 (1.8)
keA
defe] T>0e whsl w20l 4 H3
n+max(A)
[cha(t—kT)]*[z St-kT)= >, (D c)st—kT) (1.9)
keA -n k=—n+min(A) reBy,

A9l nell Wat FFe Askd A1) o3 o] Ayt
[Zc5(t—kT)]*[Z§(t—kT)] Z S(t—KT) (1.10)

keA

T=49 u 2(1.10)2 o]&354 A(1.1)& v}e3} 7},

X(t) = x(@®) *[> ¢, S5(t - 4k)]* [Z S(t—4K)] (1.11)
2 (11D3 (1.2 vmetd x(t) shg(t) = geo #AE 744 ok
g(t) = x(t)*[D c, 5t —4K)]
keA (1.12)
=3 ¢ x(t-4k)

keA

A={03}< v g(t)E x(t) s} Zormz ExoA Fatax s g(t)E oot 2ok
g(t)=> cx(t—4k), A={0} (1.13)

keA



[Problem 2] Let X(tl,tz) be a signal that depends upon two independent variables t, and t,.

The two-dimensional Fourier Transform of X(t,,t,) is defined as

X (jw,, jw,) = j j X(t,,t, e (et dit, (2.1)
(a) Determine the inverse transform of X (Jw,, JW,)
(b) Determine the two—dimensional Fourier Transform of the following signal
e—|t1|—|12| for -l<t <1 and -1<t, <1
X(t,t,) = (2.2)
v { 0 otherwise
(solution)
(a)Heuristic approach
Aperiodic signal x(t,t,) ol sl signal x;  (t,,t,) & =3 2ol Helatd
T T L L
A | X)), ——<t<—and-—<t,<—
X (1) = 2 2 2 2 (2.3)
0
Signal x;  (t,,t,) % signal x(t,,t,) o] ¥ oh&3 2ot
X(t,t,) = 'Il'l—rﬂo Em X (1) (2.4)
2. DS ol &3 x  (t,t,) e Fourier transform X;  (jw, jw,) & o3 2t
Xo (i, ) = [ [ % (1 )e 0 i, (2.5)
Signal x;, (t,,t,) & t,t, %<l sl periodic expansion & signal X(t,t,) & v ol
g ol skt
X(t,t) 2> Z X (t.—pT,t,—qL) (2.6)
p=—o0 g=-
x(t,t,) = t,t, Fe2 247 T,L & F71& 7kXa1, 2 Fourier series expansion & t}-2-7}
*

;((tl’tz) Z TLJ J. X(tl,t )e i(pwhoty +qw? otz)dt dt ]ej(pVV10I1+qW o)

p=—0 g=—0

21(2.3)7 2(2.5)° ol 2(2.7) v )

o0 o0

X 1 +qw
Kt = Y 3 =X (oW, jaw?)e e

p=-%0 g=-x

(2.7)

(2.8)



W WP B okt o] el
Wlo éz-r_ﬂ’wzo ézTﬂ- (2.9)

2(2.95 2(2.8)°] st thS3 2o

~ 1l & & . . i +qw?
x(y,tz)—4— 2 Z X (Jowy, jow?y)el Yoot w?,
(2.10)

where w' =2—7Z,W20 _2z
T L

21(2.10)el4 T,L ol thsh 2z =3+s Z+2 #38la order of operationS vFEH 21(2.4)d)
o3 b3 2

X(t,t,) =4—”2j [ X Ciw,, jw, )&l dw, dw, (2.11)

21(2.11)°] A== inverse Fourier transform o]t}

Rigorous approach

oA A(2.1)° 21(2.11)& Y3ste] 21(2.11)°] inverse Fourier transform <& H.<lt}..
1 o0 00 o0 00

X)) = [ L] [ X m)e 1t edr,de, Jei ) dwdw,
T

—00 —00 —00 —00

1 0 00 0 00 o o
=4—”2j [ @ o) [ [ et e e dwdw, Jdz,dz,

1 I J.X(z-l’TZ)[I e JW1(T1*t1)dW Ie iw, (7, tz)dW ]dz_ldz_2 (212)
7[ —00 —00
1

‘4—”2I ] X(z,,7,)278(z, )26 (r, —t,)dz,dz,

=X(t,t,)

2(2.12)04 vl MA T5= vh5o Al os dHgtt

Ie—iw(r—t)dwz lim +W e—jwl(r—t)dw
W o0 d-W
i 28in(W (7 1))
‘V'V'L‘JOT (2.13)
T—t
=)

= lim 27z sinc
W—)DO 7[

=270(r —t)

21(2.13)9] vRE 53+ delta functiond sinc function®] 3oz A3 t}S 2o 2ol
2 hia=



lim Vlsincw—(t)ch(t) (2.14)
W0 7 V4

e A2.1D)0] A(2.1)¢] inverse Fourier transform ¢lo] Zw = 9]t}

(b)2)(2.2)e Fo1% signal x(t,t,) ¢l Fourier transform X (jw,, jw,) = 2@2. Dl 98 o
Rl

11
X (jw,, jw,) = I je"‘l”"?' g ML)t dit, (2.15)
-1-1

W4 t,t, 7F A2 independent stttk ol 9fE 2)(2.12)2 tha ¥ o] & & dth

1 1
X (jw,, jw,) = ([ e™le et )([ e e udt,)
-1 -1

2.1
1_ e—l—jw1 1_ e—1+ w l— e—l—jw2 1_ e—l+jw2 ( 6)
= +

1+ jw, 1-jw, 7 1+ jw, 1-jw,

)

21(2.16)S A7fstA 2(2.2)o F%A signal® 2-Dimensional Fourier Transform& oS3}
2.
(l-eM™)1—e ") - e MY (1—e )
@+ jw) A+ jw,) @- jw)@+ jw,)
. (Ll—e i)t . (L—e )1 ttiv)
@+ jw)(— jw,) d-jw)(A- jw,)

X (Jw, jw,) =




[Problem 3] (10 Points) Find the discrete-time signal whose Fourier transform is given by

. —il 40+Z
X(e""):ej( ZJi 2_ —+ 2_ . (3.1
do 1+1e71(w7) 1+1e71[mﬂ
4 4
<sol>
A 2ES 2here] ah7) 98 S (e'?) < thet 2ol gelshu Table 5.2¢ ©]ahd
sl(eif")é# (3.2)
1.
1+-e
4
o] i, Fourier transform3a}#
1
s,[n]= 2(—2)”u[n] (3.3)
7 Ao} 2(3.2)9F 21(3.3)2 Frequency shifting o wa} o3 o] Yepd 4 o),
Sl(ej(w_f))@ejznsl[n] (3.4)
Sl(ej(wj))@esznsl[n] (3.5)

2(3.1)9] R Lo 29 S(e) oz Aolsta S (e)”) S o] &ate] yEhH

S(e) 2 Sl(ej(ﬁ)) n Sl(ej(mz)) LI gn]= (ern + efj?n)sl[n] = Zcos(% n)s,[n] (3.6)

o ok e 2=—j, S(el*) S Algale] AA AB.DES mASY
X () = —jei* 4 _s(ei) 3.7)
dw

¥ o] xdE 4= 9lal, Table 5.1 9] Differentiation in Frequency propertys ©]-83}¢]
Fourier transform< 3 3}4
x[n]=—-(n—4)s[n—4] (3.8)
I ol vkl 4 vk 2(38.6)% 2 (3.8)= o]-&3std

x[n]=—(n—4)- 2cos(%(n —4))s,[n—4]
—~(n-4)-2c05(% (n-4)) 2(—%)”‘4u[n _4] (3.9)

= —4(n—4) cos(% (n— 4))(—%)”‘4u[n 4]
9ot o] x[n]S 7 & Ytk



[Problem 4] (10 Points) Consider a system built as the cascade interconnection of two LTI
systems with frequency responses

. 2—gle
Hl(eJ ):1—_&) (41)
1+=>e™!
3
and
jo 1
H,(e")= T 1 (4.2)
1-—e oy —gl?
3 9

(a) Find the difference equation describing the overall system.
(b) Determine the impulse response of the overall system.

<sol>
(a) 7 7N Alzwlo] HHR AAF ] Q17| wizo HA Al2=¥e] frequency responses=

H (ejw) = Hl(ejw)Hz(ejw)

2—el
e
(1+e‘mj (1—e””+e‘“”j
3 3 9
_2-e”
1-+—£E—e‘j3”
27
o e Ans dS 4 vk wEbA Input I outpute] Fourier transforms<
jo _plo
Ye) _ 2 - (4.4)
X (e ) 1+7e—]3w
27
o Zu 24.4)E YA 2H
1 -j3w joy _ —jo jo
(1+Ee j JY(eJ )=(2-e7) X (e") (4.5)
o] 11, inverse Fourier transforme #&+H
ym]+£?ym—3]:2ﬂn}—ﬂn—ﬂ (4.6)

¢} Zo] difference equations & 4 At}

(b) 21(4.3)% inverse transform 3t7] $13] E2to] e @S glefFez H(e™) = v



2—e
1+ie’13”
27

H(e") =

B 2—e

= 4.7)
1+Ee—jw 1_Eej606—jw 1_Ee—j60e—jw
3 3 3

5 1+j3J3)  (1-j3V3)
1+le Jo 1—1e"6°e’j“’ 1—le’j5°e"'”
3

I} a1, o] AE 7FA AL inverse Fourier transform< 3t

h[n] = 2( J u[n]+ 1”3[( j u[n]+ 1= ‘N—( -JGOJ u[n] (4.8)

& 9 % vk




[Problem 5] (20 Points) (a) Find the condition under which the formal Fourier transform of
the signal

yinl=>"  x[m] 5.1)

exists. Then, derive its formal Fourier transform.

(b) Show that the Fourier transform of the above signal not satisfying such a condition can be
expressed as follows.

V)= 2,-w X () + 7X (") S 5(w—27k) (5.2
- P2}

(c) In Example 5.8 of the textbook, the Fourier transform X(ej”’) of the unit step
x[n] = u[n] is derived in the following steps.

First, the following facts are used.

g[n]2 o[n]—2>G(e*) =1 (5.3)

uinl= > g[m] 5.4

Then, applying the results in (5.1), (5.2) yields

X (ej“’) :—_.G(ej“’) +7zG(ej°) z O0(w—27Kk)
d-e) et
L . (5.5)
::]-__e*jw 4'77;2g;jé;(0)_‘237k)
Explain which parts in the above arguments are not mathematically logical.
<sol>
(@ X(e'”) 7} &Asta, y[n]el vt 2 248 W5
> |yIn]| <o (5.6)
> |y[n]|2 <o (5.7)
y[n] & Fourier transform< &4 gk}, _
webA 2)(5.1)% difference equation ©& YERNA
y[n]= y[n—-1]+ x[n] (5.8)
I o, o] Ale] oS Fourier transform s the-3 o}
Y(e'®)=eoY () + X (e') (by time shifting property) (5.9)
91 A el Y(el) #e Auor §71x Heetd
_ 1 _
Y(©'"¥)=—"-X(e" (5.10)
€)= gy X )

2]9} 7ol Formal Fourier transform & +& 4 ¢t}
n
3k sn]2 > |yIm]| 2 F3, 46.6)9 20S 7445 s[n] nol FAvlR kel mel of
m=—o0

W S grom el AL om y[n] < oldst wo] E 4 glomw



y[n]=s[n]-s[n-1] (5.11)
ng FIdE 7h7hd
limy[n] =lims[n]—lims[n—-1]
=S-S=0

¥ €S g Avk E=I AGNY 21E ol&dt=: A(G.1D] AHRE dS F Utk °lE ]
ot
lim y[n] = D x[m]= > x[me"" =X (e’°) =0 (5.13)
m=— m=—c0
o] Aystel DC AEol 0¢s & 5 Ut
0]3\% 21(5.2)e1 5™ dwrA <l y[n] ¢ Fourier Transforme @A X(e!°) ¢] 091 #le]
28 B 5 A

n
(b) Z X[m] =u[n]*x[n] & Fourier transforme F3}7] $18] WA unit step function ufn]
M=—

9] Fourier transform< -3 B2},

u[n] = 1+1s n(n) where sgn(n) = -1, n<0 (5.14)
—272% M= 9 nso '
21(5.14)e] <ol Fourier transforme #3171 ¢8] 2(5.14)¢] ¥ A WA 39 Fourier
transform= 7-shd

=¥ 2z5(w-27K) (by (5.18), p.367)

l +00
5{5}: Z 70 (@ —27K) (5.15)
k=—00
= 42 F Qa, 25614 3 F WA &9 Fourier transform$ 7+3Hd

—ajn| F 1 1
e Sgn(n) 4 1_e—(a+jw) + 1_e(a—ja))

) 2
< —
LI_FE J{Sgn(n)} - 1— e—j(u

1 1
F<=sqgn(n) ;= . (5.16)
{2 an( )} 1-e

o
£ 95 F Uk

21(5.14), 21(5.15), 21(5.16)5 °]&3}o] u[n] <l Fourier transfrom< 7-3}4d

fi{u[n]}:1 i‘i” +7 Y 5(w—27k) (5.17)
- k=—o0

o135 ol &3t i XIm]=u[n]*x[n] &1 #AE o]&3}e] Fourier transforme #3HH

m=-ow



fi{ Zn: x[m]} =F{u[n]*x[n]}

= F{uln]}X (™)
_X(e")

o +7 Y X(e")5(w-27k) (5.18)
—€ k=—o0
x(ejm) < j27k
=1 e*iw”z X (7)o (w-27k)  (by (1.69), p.32)
- k=—00
N 1_}.@ X(€")+zX(€°)Y 5(w-27k)
—€
S de 5 ga oA

k=—o0
2(5.2)9F govg F1,

(c) 21(5.2)¢]
(B5.17))E ==4

= A3HH(5.18)F ol&ste] 2(5.2)¢] THAAA 3
s 7HAAL



[Problem 6] (20 Points) Let X[n] be a signal that is O outside the interval 0<n<N, -1.
For N =N,, the N -point DFT(discrete Fourier transform) of X[n] is given by

. N-L _
X[k]:%Zx[n]e"‘(z”’N)”, k=0,1..,N-1 6.1)
n=0
It is convenient to write eq. (6.1) as
~ N-1 '
X[k]:%ZX[n]\NN”k, Wy £ gizniN (6.2)
n=0

Suppose that N is even. Let f[n]=Xx[2n] represent the even-indexed samples of X[n],
and let g[n]=x[2n+1] represent the odd-indexed samples.

(a) Show that f[n] and g[n] are zero outside the interval 0<n<(N/2)-1.

(b) Show that the N -point DFT X[k] of X[N] can be expressed as

—~ 1 (/21 ) 1 (N/2)-1
X[k] = W f [n]Wrlez +WWN z g[n]WN/z
n=0 - (6.3)
% [k]+ W G[k] k=0,1.. N-1
Where
~ N 2 (N/2)-1
F[k]:W z f[n]\NN,z,
"0 (6.4)
2 2
G[k] = W g[n]WN/z
(c) Show that, for all k,
Flk+ 2= F[K]
2 (6.5)

Glk +%] = G[k].

Note that F[k], k=0,1,...,(N/2)=1, and G[k], k=0,1,...,(N/2)-1, are the (N/2) -
point DFTs of f[n] and g[n], respectively. Thus, eq. (6.3) indicates that the length—- N
DFT of X[n] can be calculated in terms of two DFTs of length N /2.

(d) Determine the number of complex multiplications required to compute

X[k], k=0,12,..,N -1, from eq. (6.3) by first computing E[k] and (N3[k] (Assume that
X[n] is complex and that the required values of W,\Tk have been pre-computed and stored in
a table. For simplicity, do not exploit the fact that, for certain values of N and K, W,\Tk is

equal to *1 or %] and hence does not, strictly speaking, require a full complex
multiplication. Also, ignore the multiplications by the quantity 1/2 in (6.3)).

<sol>
(@) x[n]el 0<n<N,-199 wollA= zeroghts 7HAEE 0<Sn<N-19% WX % zerodh
< 7Fd f[n]=x[2n] ol==2 f[0]=X[0], f[l]=x[2], ..., f[(N/2)-1]=x[N—-2] °]a,

OSnS(N/Z)—l g WelA  zero #E THAA, PR g[n]=x[2n+1] oln=



g[0]=x[1], g[=x[3], ..., g[(N/2)-1=x[N] oz, 0<n<(N/2)-1 ¢ A zero
@& Jhack 23 0<n<(N/2)-1 welx= fn], gln]el zero @& 7Hde & 4 Ank

(b) 2(6.1)& F FEoz A oA 2d

1 (N/2)-1 - ) 1 (N/2)-1 -
X[k]== Z; x[2n]wW,2" +WNW Z; x[2n +1wW>2" (6.6)
7 o] & 4= 9lar, W™ =WN“,k2 f[n]=x[2n] . g[n]=x[2n+1] ol == 2(6.6)< ThA] 2+
1 (N/2)-1 ) ) 1 (N/2)-1
X[k]— N z f[n]Wr\T/z +WNW Z g[n]Wle (6.7)
n=0 n=0
g gol & S daL, A6.4H)F olgatu
X[k] =%ﬁ[k] +%WN"(N3[k] (6.8)
7 o] yehd 4 gl
(c) 21(6.2)2] o] =3 ¥
W2 =e %" =1 (6.9)
e o 5 9lrk 2(6.5)F thAl Hfstd
. 2 (N/2)-1 ) /2
F[k+N /Z]ZW Z f[n]Wr\T/zwr\T'/\lz
n=0
2 (N/2)-1
=N > fINW, (by 2](6.9)) (6.10)
n=0
= FIK]
S de Y3, N Yo
2 n n
GIk+N/2]=— 2 ol
2 (N/ ;
=N 2 o] () WA (by 21(6.9)) (6.11)
=é[k]

o (e} I~
S 95§ Uk

() Flk]E & w, 27kl kol wate] 46.4)9 wek N/2 7He] complex multiplications
o] deastx, 2654 we k o AMFE7F N/2 Helmz F N°/4 A9 complex
multiplications 7} B eattl. stz = GK] = & wew 3 N*/4 709 complex
multiplications ©] Ze3s}tl g, 2(6.8)S Frarshd W,\Tva[k] o)A K vhgh kA el
complex multiplication®] F7}= d@d =2 N 71¢] complex multiplications®] 2 &3&fth. 2=

;(J[k] 2 787 9adE & N?/2+ N 709 complex multiplications7} 2 2.8t}
- END -



