SIGNAL and SYSTEMS June 16, 2008

(Instructor : In-Joong Ha, Professor)

EXAM III

[Problem 1] (20 points) A discrete—time system is implemented as shown in Fig. 1.
The system S shown below is an LTI system with impulse response h [n] which is

relaxed at n=-w.

(a) Show that the overall system is time invariant.
(b) If hy[n] is a low-pass filter, what type of filter does the system in Fig. 1

implement?
S
.
X[n] X > s X > y[n]
(-1)" (-1)"
Fig. 1

<sol> (a) S7F LTI system ©]3L impulse response h,[n] o] relaxed at N=-wo]E&
Aol sl convolution o2 YEbd 4 gla, (-1)"=e" o|==E Fig. 1 ¢

9g vehgw e 2o,
y[n]= (x[nJe’™" xh,[n])e’" (1.1)

U=
2

]

S

dedo] x[n]Y W, =¥ y[n]e & Zo] ekl ¢ g,
y[n]=a[nle’™,  (where a[n]= (x[n]e’™ =h,[n])) (1.2)

a[n] = Fourier transform AlAFH v o] Yepd 4= 9l
AE™) = X ("™ )H, (") (1.3)

#H Fig. 1 oA ¢89S xn-n] = F9< v 2S¢ yn] o2 vehyd, ea
y[n]=b[nle",  (where b[n]= (x[n—n,]e’" h,[n)) (1.4)

b[n] & Fourier transform A|AFH thS3 o] el = AU}
B(e”) = F(x[n—n,Je’™" *h,[n])
= X (" )H, (el”)e Iom (1.5)

= Ae'”)e 1"



1 Ael4 bln]=a[n-n] ¢S & 5 Ak wEbA,
y[n] =b[nJe""

_ (1.6)
=a[n—-n,Je’™"

9L o & Ak H(1.2E ol g

y[n]=yln-n,] (1.7)

(o]

1S & 4 b wEbA A]2ElS time invariant ©] T
(b) A(1.2)9] °kHS 21(1.3)7} frequency shifting property = ©]-83}9 Fourier
transform A|AFH L3 o).

Y(e!”)=H, (" ™)X (") (1.8)

A= AA A2E 9] frequency response = H,p(ej(”_”))gr 2t
ZAAM e bR H(e") 7k low—pass filter o]¥ H (e“™) = 73 shifting ¥
JEjo] =2 high-pass filter ©]t}. (p.498 figure p.6.43 F+al)

[Problem 2] (20 points) In this problem, we explore some of the filtering issues
involved in the commercial version of a typical system that is used in most modern
cassette tape decks to reduce noise. The primary source of noise is the high-
frequency hiss in the tape playback process, which, in some part, is due to the
friction between the tape and the playback head. Let us assume that the noise hiss
that is added to the signal upon playback has the spectrum of Fig. 2 when measured
in decibels, with 0dB equal to the signal level at 100 Hz. The spectrum S(jw) of the

signal has the shape shown in Fig. 3.

The system that we analyze has a filter H,(j®) which conditions the signal s(t)
before it is recorded. Upon playback, the hiss n(t) is added to the signal. The
system is represented schematically in Fig. 4.

Suppose we would like our overall system to have a signal-to—noise ratio of 40dB

over the frequency range 50 Hz< @/ 27 <20 kHz.
(a) Determine the transfer characteristic of the filter H,(jw). Sketch the Bode plot

of H,(jo).

(b) If we were to listen to the signal p(t), assuming that the playback process does
nothing more than add hiss to the signal, how do you think it would sound?

(c) What should the Bode plot and transfer characteristic of the filter H,(jw) be in

order for the signal g(t) to sound similar to S(t)?
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<sol> (a) Fig. 4 & #13}H overall system < U3 2 2oz 3 2 4 u}

S(j®) =(S(jo)H,(jo) + N(jo))H,(jo) (2.1)

50 Hz< @/ 27 <20 kHz HolA overall system ©] SNR(signal-to—noise ratio) <
40dB 7FAoF st =, Ao 2 yehld oy 2o
S(j@)H, (jo)H, (jo)|
N(jo)H,(jo)
S(jo)H,(jo)
N(jo)

SNR = 20log,,

=20log,, (2.2)

=40dB  (for 50< Zﬁ < 20000 (Hz))
T

Fig. 2 & HY frequency 7} 0~5kHz H$o A= -40dB ¢ noise 7} B &% i, 10kHz
ool Mol = -28dB 9 noise 7F YA E AS & 5 St wEhA



0dB, @ < 5kHz
27
2010g,, |H, (j)| = { 40log,, (%jd ., 5kHz s% <10kHz (2.3)
12dB, 10kHz < -2
2

o JHi7t HEF H/(jow) & YAIstH Eth. 3, Frequency 7F bkHz o wije}
10kHz ¢ W} magnitude =}o]7} 12dB o2& 2 =} «QEU} 293hs o & Q.
21(2.3)9] 21& WSS 22 S vhe 3 2ol

( J(O 2
H(jo) =—%
(@+=)
a)l
@, =27-5000 (rad /sec), (2.4)

=27-10000 (rad /sec)

H,(jow) ¢ Bode plot & matlab & o]&3te] 718 tha3 2t

Bode Diagram
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9 293 w2%k el 2 rough 84l 19 Bode plot & Ag o= <14,

(b) 10kHz ©]*+2] high frequency Y= 4&E 2157} 12dB 5o YeElhyE =
ofF & A7t =94 Hrh

N

(©) s(t) ANE7F st) oA vs=dt =79 AE7h Jed thee wEsof i)



20log,,

S(jo)|= 20109, |S(j@)H, (jo)H, (j@) + N(jo)H,(jo)
~20log,, [S(j@)H, (jo)H, (jo)|, (by 2(22), 2.5)
N(jw) is neglectable)
=201log,, [S(jo)|

9 AL wHAE H,(jw) & H(jo) 9 inverse ¢ i, 2(2.4)E Fusd v
o] YEbd 4=
1+ 32y
Hy(jo) =—>—
1+ 12y
Wy
@, =27-5000 (rad /sec), (2.6)

o, =27-10000 (rad /sec)
21(2.6)2 matlab S °] 83} Bode plot &2 18] ol e} 7},

Bode Diagram
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(a) "3} mpR7FA &2 rough Al 213 Bode plot &= AH@o® Q1A



[Problem 3] (10 points) Show that a discrete-time signal X[n] with bandwidth

,, - can be recovered from the sampled sequence X[3k], k=0, £1, +2, --- such
that
) sin(g(n—Bk)j
x[n]= > X[3K] pe (3.1
k=—oo ~—(n-3k
3( )
<sol> X(jw) & 29 =Z Y™ oh2 o] yehd 4 Qo
X(jow)
—2r —-w, o, 2r @
Fig. 2.3
st AEHE s xp[n]% o5 2ol vebd 4 9l
x,[n1= > x[3k]o[n-3K] (3.2)
k=—c0
WA p.546 9 A(7.42)E Fashd Xp(ej‘”)—‘:— o2 2ol YeRd 4
Xp(e"")ZEZX(e‘(“”Z”/”) (3.3)
3
Ao 0= N=3UE ¢ 5 da X,(") & ayem deiE B
Fda= s
a
Fig. 2.4
x[n]< x[n]e=FE Heteid tadt 22 ideal low-pass filter 7} 2 2.8ttt
3, |a)|SZ
H(jo)= (3.4)

0, |a)| >—



-2 ) 1) 27 ()

Fig. 2.5

WA p.549 A(7.44)5 st h[n]= vk 2ol yEkd o

h[n] = 3sinSZ]n/3)

(3.5

A= xn]& g3t 2ol vl 4 9ok
x[n] = x,[n]*h[n]

= x,[n]* 3sin(zn/3)
zn

{ i x[3k]S[n - 3k]} *w (3.6)
T

k=—00

< 3sin(z(n—-3k)/3)
- 2B e




[Problem 4] (10 points) Let x[n] be a causal sequence (i.e. if x[n]=0,n<0).

(a) Derive X[0] and X[1] from its z transform X(z).
(b) If x[0] is a nonzero and finite signal, show that there are no poles or zeros of

X(z) at z=w.
(c) Using the result of (a), determine X[1] from
1—52‘1
X (2) = 3 1z]>2 (4.1)

(1-zH@+2zh

(d) Determine X[1] from (4.1) using the inverse z-transform and compare the result
with that of (c).

(solution)
(a)Signal x[n]<¢] z-transform ¢ Ao+ v Tt}

X(z)2 > xnjz™" (4.2)

N=—oc0

Fo] % signal & causal sequence ©]E 2 A(4.2)+= th&3} o] & & 4 g}

X (z) = ;X[”]Z_n 13)

= x[0]+ X[z " +...+ X[K]z " +...

21(4.3)0l zol digk 53-& FHetd o3
lim X (z) = X[0] (4.4)

21(4.3)e A x[0]E5 WO o|gata FWle] & FobH vha 2
2(X (z) = X[0]) = X[1] +...+ X[K]z ** + X[k +1]z *... (4.5)

21(4.5)° z ol gk =3 Hstd vha3 Zoh
!im 2(X (2) - x[0]) = x[1] (4.6)

x[0] ¢ X[1]& 77 4 (4.4)3 2(4.6)ez ®d "l

(b) =A1e] =714 x[0] 7} nonzero and finite ©] 3L

limX(z2)=0 < zeroat z=w

o (4.7)
limX(z)=0w < pole at z=w

Z—0



olm g 21(4.4)F 2 (4.7)° 2l3&] infinity ol ¥ X3+ pole ¥} zero & $lt}.

(©2(4.3) ol &3t (4.1 x[0]= theat 2t
1—;2l
0]=li
= (4.8)
=1

2(4.6)o (4.2 2(4.7)S dYgste] x[1] S F8td o 2
1—;’2‘1
1] =i -1
X ZEID<>Z[(1—z’1)(1+22’1) |

277 _4 7zt

_li 1.
oo (Lt 22 ) 9
4

3

2

(d)21(4.1)& partial fraction expansion sb'd th&-3} 7t}
7
9

9
X(2) = + lzl>2 (4.10)
(2) 1-z7% 142727 2]

21(4.9)9l Inverse z-transform <& st t}&-3 2t}
x[n]:éu[n]+g(—2)”u[n] (4.1D)
21(4.10)¢] n=1<5 g3t

4
n-_2 4.12
X[1] 3 (4.12)

2(4.8)3 2(4.11)& vus) »d T Ay

rr

Fag=y



[Problem 5] (20 points) The system in Fig. 5 processes continuous—time signals
using a discrete— time filter hy[n]. Suppose that the discrete-time filter h,[n]

satisfies the following equation

yd[n]z_%yd[n_l]—l_xd[n] (5.1)

Suppose that the input signal X (t) is band limited such that X (jw)=0 for
7

|o|>=.
T

(a) Determine the frequency response H_(jw) of equivalent overall system with
input X_(t)and outputy,(t).

(b) Determine the inverse Fourier transform of H_(jw).

He(iw)
‘ %(1) Conversion of [n] yaln] Conversion of | yy(t) ’7*‘1-
i XgLn d p
XC“)}—»@—» Impulse train to » hglnl] sequencetoa |—» >

w a sequence impulse train _r K2
| T T T
p(t)= 3 5(t-nT)
! n=—o

Fig. 5

(solution)

A1(5.1)e) Fo]7 system & Fourier transform 3+ th-&3} 7o},

Y, (ejQ)z—%e‘jQYd (€%)+ X, () (5.2)

jQ
Hoem2Yle) 1 (5.3)

Fig.5 o Fo1x A system ¢ AL stk 1el™ WA pp.
540 9] $=4(7.25)°] &) H, ()¢ H (jo) o A= b3 2.

4
L]
s
\\g/-
o,
)
K

Hy ") Jok—>

H.(jo)= where o, :2T_7z (5.4)

wAe 2A0M X (jo) & T 2 A4S HARR

X, (jo)=0 ,|a)|>$ (5.5)



X.(jw) = band limited signal o]t} Z18]m=2 2)(5.4)2] 3+ A= QJ/F8 DA
B A FeTh
olAl 2(5.4)%F 2(5.5)F o]&3l A A=Y ALg+E oty v 2ok

H (jo)=——— (5.6)

(0)2(5.6)= T3 Zo] & & AUrh
(1+%e-ifﬂ)vc(jw): X, (jo) (5.7)

A1(5.7)% inverse Fourier transform & &t oLy 7t}

y(t)=—%y(t—T)+x(t) 5.8)

[2(5.4) F=34A]
F0%1 signal X (t) ¢ Fourier transform X (jo) & a3 &hal 344}

X (jw)

(8N ]

(a)

Fig. 5.1

971 original continuous time signal X (t) ¢t sampling signal x(t) ¢ ¥A= ta34

.

.

x,(0)= 3 x(nT)5(t-nT) (5.9)

2(5.9)& Fourier transform st X (jo) = w53 2ot

Xp(ja)):% S X, (j(@-ka,)) where o, =2T—” (5.10)
k=-o0



X, (jw)

—|=

= ST R Wy 5
(b)
Fig. 5.2
xs[n] 9] Fourier transform X,(e'?) ¢t X (jw) 9 #HAE th&3) gonz
X, (&) =X, (i) 511

21(5.1007 251Dl o3l X, (e*?) = tha¥ 2ok
xd(eif’)=1 i xc(j(Q—zzrk)l) (5.12)
T& T

:'::j {'E'i“_:'

g —uny T 0 T wel =27 (]
(c)
Fig. 5.3

hy[nle] Fourier transform Hs(€) 2 thes popm e,

H[j {ej“]
\4 F-
—0, 0 O o Q)



Fig. 5.4

Ya[nl ¢ Fourier transform Ya (ejﬂ)% o83 2o
Y, (e') =H, (") X, (e') (5.13)

—tin, I — ﬂc {1 -:,.JMT 2 0

Fig. 5.5
Yy(e'®) ¢y, (t) S Fourier transform Y, (jw) © #A= th&3 govz

Y, (") =Y, (jo) (5.14)

21(5.13)7 A (5.1 <& Y,(j0) = g7 2.
Y, (jo) = Hy (€)X, (") (5.15)

D (e
A HM]‘ x‘g@

1
/o
=y Ty, - %‘ ] % {nyy J/ g

(e)

Fig. 5.6

=

21(5.15)° w, =—2l ideal low pass filter & 299 Y, (jo) = =3 2o}

c

™|

Y (jo) =H, (" )X, (e""), |a)|<% (5.16)

o714 X, (&M o XlO)w o waz wzgne



21(5.16)% 2[(5.17)°l ]3]

jo H Ct)s
X4 (€)= X, (jo), |60|<7

Y.(j0) = Hy @)X, (jo), ok 2>

Hg (i), X {joo)

1= X ()

o~

A H. (jw)

(5.17)

(5.18)

21(5.18)914 X (jo)& #FHoz |7 W H (jo) = 2(6.49 2.

5.7 & Yehy At

TV

Ty = T Y]

(f)

Fig. 5.7

g

o]+ Fig.5.4 ¢} Fig.



[Problem 6] (20 points) Consider the following general Nth-order linear constant-
coefficient difference equation.

N M
> ayln—k]=> bxn-k] (6.1)
ko o

(a) Show that if N and M are positive integers, then the difference equation in
(6.1) always represents a causal system S.
(b) Give the block—-diagram representation of the difference equation in (6.1), in
which only the delay elements of X[n] are not involved
(c) Using the result of (b), find the vector-form representation of the difference
equation in (6.1) as follows.

z[n] = dz[n-1]+I'x[n]

6.2
y[n] = Hz[n] 02

where @ ,I', and H are matrices with appropriate dimensions.

( solution)

(a)F-A z transform & ©| &3l causality & H<Ith

6.1 FoA 2W v 2o
a,y[n]+ay[n-1+...+a,y[n—-N]=bx[n]+bx[n-1]+...+ b, X[n-M] (6.3)

21(6.3)2] <&Mol z transform & & T3k T
aY(z)+az Y (2)+..+a,z Y (2) =b, X (2) +b 2z X (2) +...+ b, 27V X (2) (6.4)

(6.5 deletyd v 2
(@ +az +..+a, 2" )Y (2) = (b, +bz " +..+b,z7V) X (2) (6.5)

2(6.5)¢ ALy TaE o Do
H(Z)é Y(2) _ (b0+b12_1+,_,+bM Z_M)
X(2) (a,+az'+..+a,z")
. (bOZN+M +blzN+M_1+...+bMZN)
(aOZN+M +alzN+M_1+...+aNZM)

(6.6)

N+M)

(by multiplying z



WA pp. 777 o Al o HETF H(z) o EE AT 24

A5nh

AAY 2= W causal Stk 2(6.6)o14 EArel RO Arh govmw A(6.1)2

causal 3}t}.

T gsE wyo
x[n]¢ #A vt Soj7te g 2(6.1)S causal 3t}

21(6.1)S A7F o] 83t causality & Helth 2(6.1)& input &&

(b)2)(6.6)2] FAte} FXEl dummy variable w[n] ¢ z transform W(z) & A<}

R wabd thgd 2
Y(z) (by+bz™"+..+b,z")W(2)
X(z) (a,+az'+..+a,z2 " )W(2)

21(6.7)¢] A} ERE EEE AW ohg Zoh
X(2)=(a, +a,z ' +...+a,2 " )W(2)

Y(z)=(b, +bz "t +..+b, 2™ )W(2)
21(6.8), 21(6.9)2 Z}7} inverse z transform 3t the3} -t}
a,wn]+awn-1]+...+ a,w[n—N]=x[n]

y[n] =bw[n]+bw[n-1]+...+ b, wn—M]

21(6.10), 21(6.11) o]&3al Block diagram —1&]¥ t}&3} 7t}

(6.7)

(6.8)
(6.9)

(6.10)

(6.11)



1 win]
Al () a | b, () vin]
Z—l
win-1j
@)= o] ()
Z—l

®
:
3
i
SR
L
=
~©

7Y Delay -
-M
é a W[n ] bM +
A .
: : 7z
: :
@7 VI | E—
Zfl
T win-N]
—a,|«
Fig. 6

(c) 2)(6.2)¢] vector variable z[n]< Fig.6 ¢ dummy variable wn]#} w[n]¢] delay
win-klE ol&3a] vt o] Ao st
z,[n] win]

2[n] 2 sz”] £ W[n:_ﬂ (6.12)
z,[n] win—N +1]
21(6.10)0]-83HH vector variable z[n] 9] element Atololl= tfg A7} QU
2] |2 zn-10-2z,n-1-2 7 n-1- -2z -1+ xin]
a, a, a, a,

z,[n]

= aln-1l (6.13)
Zgl;:n] B Zz[n_l] .
|z [n]] _ 2 [n-1] _




2(6.13)= 4(6.2)° dei= v vh53 2

B T al a‘2 a3 a'N r T a7

z,[n] -—— ——= ——= .« ——\ z[n-1] 1

zl[n] o & % zl[n ~1]

zzn _| 1 0 0 0 22n1 0 [X[n (6.14)

=l o || %m-1|+|0] .

20l | ) |ain-1) o]

21(6.11)5 2(6.12)& o]&3] xdstH o33 £
[ z[n] ]
z,[n]
ylnl=[b, b - b, 0 - 0] z[n] (6.15)

ENMWA

21(6.14)3F 2)(6.15)° 93] ®,T, and H matrices + t3 2t}
A % & Ay
&G & &
1 0 0 - 0 0
o=| 0 1 0 -0 0 (6.16)
0 0 1 0O O
) 5 ) 0
0 0 0 1 0 |
=100 - 0] (6.17)
H=[b, b ~ b, 0 - 0] (6.18)

7|14 ®,T, and H matrices & z[n] < Aol Wiel wet o gz e &

0]
S



