Topics in Communications (Spring, 2008), Midterm

1. Inner and outer polyhedral approximations. Let ¢ < R" be a closed convex set,

and suppose that zy,---,x, are on the boundary of (. Suppose that for each 1,
al(x—x;)=0 defines a supporting hyperplane for C at z;, Iie.,

cc {xlaiT(xfxi) < 0}. Consider the two polyhedra

Pinner - Conv{xl,-n, LUK}
_ T o
P()Utter - {x|ai (x_ xi> g 0) 1= 172)'“)K}
Show that P,,,. < C< P,,,... Draw a picture illustrating this.

2. Log-convexity of moment functions. Suppose f:R—R is nonnegative with

R* < domf. For z = 0 define
o) = [ " Flu)du
0
Show that is a log-convex function. (If z is a positive integer, and f is a
probability density function, then ¢(z) is the zth moment of the distribution.)

Use this to show that the Gamma function,
1s log—convex for z = 1.

3. Network flow problem. Consider a network of n nodes, with directed links
connecting each pair of nodes. The variables in the problem are the flows on each

link: Ty will denote the flow from node ¢ to node j. The cost of the flow along the

link from node ¢ to node j is given by ¢;x

;i » where ¢; are given constants. The

total cost across the network is

n

= Z CijTij
1

ij=

Each link flow T is also subject to a given lower bound Li; (usually assumed to be
nonnegative) and an upper bound (S The external supply at node i is given by b,
where b, >0 means an external flow enters the network at node ¢, and b, <0
means that at node %, an amount Ib,;jl ows out of the network. We assume that
1’b=0, ie. the total external supply equals total external demand. At each node
we have conservation of flow: the total flow into node ¢ along links and the
external supply, minus the total flow out along the links, equals zero.

The problem is to minimize the total cost of ow through the network, subject to

the constraints described above. Formulate this problem as an LP.



4. Power assignment In a wireless communication system. We consider n

transmitters with powers py,---,p, = 0, transmitting to n receivers. These powers

are the optimization variables in the problem. We let GER"™" denote the matrix of
path gains from the transmitters to the receivers; Gi;; =0 1s the path gain from
transmitter j to receiver i.

The signal power at receiver i is then S, = G,p;, and the interference power at

receiver i is [ = ZGM-,P;C- The signal to interference plus noise ratio, denoted
i=k
SINR, at receiver i, is given by S,/(Z+o;), where o, >0 is the (self-) noise power
in receiver ¢. The objective in the problem is to maximize the minimum SINR ratio,
over all receivers, l.e., to maximize
S,

min,_, . ,————
i=1,--,n ];+O_Z
There are a number of constraints on the powers that must be satisfied, in addition

to the obvious one p, =0. The first is a maximum allowable power for each

transmitter, i.e., p, < P"*, where P"* >0 is given. In addition, the transmitters

1 1
are partitioned into groups, with each group sharing the same power supply, so
there is a total power constraint for each group of transmitter powers. More
precisely, we have subsets Kj,---,K,, of {l,---,n} with KU - UK, ={1,---,n}, and

KNK;=¢ if i=j. For each group K, the total associated transmitter power
cannot exceed Pf¥>0:

Mp = PP l=1,, m
kE K,

Finally, we have a limit P;“> 0 on the total received power at each receiver:
n
Z Gipy, = Pirc’ =151
k=1
(This constraint reflects the fact that the receivers will saturate if the total
received power is too large.)
Formulate the SINR maximization problem as a generalized linear—fractional

program.

5. Hyperbolic constraints as SOC constraints. Verify that xER", y,zER satisfy
xTxéyz, y=0, 2=0
if and only if
2x ]
<y+z,y=0, 220
21 =z

Use this observation to cast the following problems as SOCPs.

(a) maximizing harmonic mean



maximize

—1
m 1
L; al-Tx— b; )

Tis ith row of A.

i

with domain {z|Az > b}, where a

(b) maximizing geometric mean

m

1/m
maximize(H(aiTx—b,;))

i=1
A

with domain {z|Az > b}, where a; is ith row of A.
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