Introduction to Random Variables and Random Processes, Exam 1, 2008.3.20.

Name Student number

Total 100 points: 1:(1)10, (2)10, 2:(1)10, (2)10, (3)15, (4)15, 3:(1)10, (2)20

1. (1) List the probability axioms. (2) Prove the following statement using only the
axioms, If A € B, then P(4) < P(B).

2. There are four cities, A, B, C, and D, and there are five roads between them: road 1
between A and B, road 2 between B and C, road 3 between C and D, road 4 between
D and A, and road 5 between A and C. When it snows at night, each road has the
probability p of being blocked by snow, independently of any other road. Consider
the probability Pyp that city A is accessible from B. (1) Define an appropriate sample
space and a probability allocation function on it. (2) Determine the event that A is
accessible from B. (3] Find P.p. (4) Are the event that A is accessible from B and
the event that C is accessible from D independent? Explain why.

3. Consider a simplified baseball game where the pitcher throws a "strike” and *ball®
with equal probability. The batter swings at the hall with probability 0.5. If he
swings at a “strike” ball, he has the equal probability of hit and miss, but if he
swings at a "ball” ball, he always misses. To make the problem simpler, let the out
count be two "strikes” (ie, if the hatter gets two "strikes”, then he is out of the
game), and let the batter walk to the first base at three "balls”. If the batter swings
at a ball and misses, then it is counted as a "strike”. There are three cases for the
hatter to stop batting: (a) he makes a hit, (b) he gets two "strikes”, or (¢) he gets
three "balls”. (1) Find the probability that the batter gets a "strike”. (2) Find the
pmf of the number of balls the pitcher pitches for one batter.



LEd L & U
EOUL MAT A, NIVERSIT
SAN S | SHIMNLIM DONG, EWANAR GU - L]
SEOUL KidER L -
L] L]

Lo bo ywracd 1p, Zxaw 1 Solcbing, 2008, 3.20.

4, U} foiom 1. for oty et A, PlA) 20, Axiomz: PrS)=4.
fxiom 3. /:Wdu7 covbable collechion A1, A, - off mecchreally exelivtiin
ooy, PUAUAU-) = Pra)s Fih)t . [r) B AcE, we cam
Lrpresi B as AUVCE-A). Siee AML’/?-#/MMMX excletivie ,
PCB)= PLA)+ Pi-A) by Akiom 3. P Axiom 1, FUBA)Z 0, adl
Hemee FA)E PCB).

. £h) _4( e Sat 0 acd 1 Hevste "blodad "ot "accacc bl respechively
ﬂrcz:«-u‘-’ rpad, an mev"ﬂ:«f“ Suow Wl yeswlt rn a five bt Septiemin.
TRk it, ©ollo Vepraseets Hoat-road 1,2, ad 5 gne bloctecod oot
Yood 3 ad & ace péa?r. A rcasonable Sarple Space (s Mo sef of-
Al five bt binnry Sspoisss: § poo00, cevel, <, 1]

;»* 2

@) § ©jool, orei, ouel, 0o, ontl, awsd (6 S Apoitnmcns b
i of § (T b alloe fom for 21100 5 pHip); for senmple)
) P{/’paaa, tooof, ~--, 11111) = /=P, Ploloetl, areil, 2f10],
o111) = PLIF), ast Plotic) = plp). So Pas =
(1-p)+ plr-p)*+ p 7). (4 /)7/ Sy e sty Fp = Pais .
7/”/9»1’ Hok-bote AB amd CD ane accatsifle = P road { ad 3 ace obay)
+ Ploton, siro1, 00002, 2401, 1001t 110te, 1011) = _(;—;)+5‘7v’zf~,u)+zfa—f)'*
Stnw Fan Pev = [(0) tBCp) Plerp) ] # J
/{07 ane aeaf (o e eilont= Note He Lugfside. s o polynomial of
&ﬁefr-ab 10 while How ryht side vt of dogrec 3.
3. foread ball Homrn, wit can drac KL /??-L%efmm £i) So Mo batlir
<{%’1 ot bkl fo e B anges inlicatnd
by boxas. Ferbiis) ~ Ltbtl =%

ief @ s




A E M o+ 9 g i es00
SEQOUL NATIOMAL UNIVERSITY i b
SAN 56-1 SHINLIM:DONG. KWANSE GU L ] ) {

- -

-

BFOUL EOREA
-

12 By, i d;’«.ﬁmm abrve, te oo fhree mu—fé'/;v.eao{/;ké :a bt
Lot prok 18, a skl ol prob 55 , and a bll "t ok Y. o Mo
Vepeatrd fhirnos of balls, nows, we com diw anotloe bive Aingraim as
ooy thinm h,'s, b densbes hit, shite, bal, rupestivilyy. By letfiy

X b Ho randon varnble mf:usz.ué‘»y Mo dticiombes

A f—"/ ﬂr?‘t&q, e Can Fedl
/
Her) = vz
S L el 2
Talxd = 515 5+55 =7
i BT o ST B
is) e
(e R A (e L 1
t&#ls+s) = ;
L) = 51-1— i ST oo
= e o+ b R
S
/28

A Fait)=e for 24 12,30r 4




@ 2% %

N
Kl

A

Introduction to Random Variables and Random Processes, Exam 2, 2008.4.10.

Total 100 points: 1:(1)11, (2)11, (3)12, 2:(1)9, (2)11, (3)8, 3:(1)13, (2)12, (3)13

1. A student is watching the night sky with a telescope. Let X be a random variable
modeling the number of stars ohservable through the telescope fixed at one position
(1) Find the pmf best suited for X. (2) Find the mean of X. (3) Find the variance
of X,

2. Let the sample space be [0, 1] and the probability allocation funetion be g(s) = as,

where o is a constant and g is the function that assigns probability to each sample
point such that for an event A, P(A) = [, q(s)ds. Let X(s) = 1— 5% (1) Find a.
(2) Find the cdf of X. (3) Find the pdf of X.

3. In & school, the morning classes end between noon and 12:30 pm with uniform

distribution, and the afternoon classes begin at 1 pm. It takes 50 minutes for a
student to eat lunch at the cafeteria, but at 12:50 pm, when they find they cannot
finish it by 1 pm, half of the students stop eating and leave, while the rest continue
until 1 pm, Let X denote the random variable representing the length of the time a
student eats lunch. (1) Find the pdf of X. (2} Find the EX. (3) Find war(X).
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Introduction to Random Variables and Random Processes, Exam 3, 2008.5.6.

Total 100 points: 1:(1)12, (2)8; 2:(1)6, (2)12, (3)12, (4)10; 3:(1)8, (2)12, (3)12, (4)8
1. For a constant ¢ > 0, random variables X and Y have the joint pdf

; 1/a* 0<r<a0<y=<a :
Jxylzy) = { 0’} s . Let W = ma.x(%,%). (1) Find the

cdf of W. (2) Find the pdf of .

2. Suppose you arrive at a bus stop at time 0 and at the end of each minute, with
probability p, a bus arrives, or with probability 1 — p, no bus arrives. Whenever
a bus arrives, you board that bus with probability ¢ and depart. Let T equal the
number of minutes you stand ab a bus stop. Let N be the number of buses that
arrive while you wait at the bus stop. (1) Identify the set of points (n, t) for which
pyr(n,t) > 0. (2) Find the conditional pmfs pryy(t|n). (3) Find pyr(n, {) (4) Find
the marginal pmfs py(n) and pr(t).

3 Random variables X and ¥ have the uniform joint pdf over the region in the figure.
Let Z =min(X,Y). (1) Find fxy(zly). (2) Find B(X|Y). (3) Find Fz(z) and plot
it. (4) Find fz(z) and plot it.

Y

1




i = | O L/
o e
S el s c. c.
Litho b yws ad yps, Erai3, 20 S €
/1) Fagta) = Pl e (% sl Ppas, z”ﬁ“)

= Py 34, yeun) i (@) <(rifor, a3 £
o _--?_'w:r_ @ oMt

PR e ) fute)= e o L

&, Obbtncarfa

3
- 4
2,4 /E€nst (2) Gryen N=4, 21+ brses anrived v =1 minctes Lo
t=n

Fo ()= [(f;f )27 er)7?,
=
2, i fe wZn

Hoe mte brs arnived a//fw T servecles
z[(ii) Pp)EN, tyan
&, Ofhsatsifa (3) ?977\!(1‘/”) = %ﬁﬂéf/m)?g/"'(ﬂ}
) [éﬁi) LA PR
0, ohherwise  (¢) Pyln) T(x-g) e, @=iz,

Pt = (B3, om0 e
o, oHhentu i< ~ %a Canfre Og/'ﬁrﬁljé/mhm?%_ Wm”l_’d

et Bernnosdls A {5 Lol szzc«w;famé ﬁ‘! /ya&- c?./;o Wt

Jbs fMabf‘
Z (33 Prentt3g = Z (3 f‘;”)[f-’f"ﬂ) e
? Where b=t~
aud =
3. L5 ](}rf:;/: }/j‘, -254<e ﬁ”{(;‘/w: 4’ (117)5/4 J
&, oa gy 32, (%4)&B
gl e, (ug)eC
¢ T timcafinmesd , elsevibitna
(2) EX[Y=3) = (~Vf2, -24y<o
/2_, 04?<i ECK{Y}=}V—r/2/ Ahié)»l e
Thats, Fril3) = (o5 3=l Umdefrned , of = ey ¢ e
s Ij'/f‘ﬁ*’/ﬁ- St e
f’ 0/ j_('-’}—
B) (=)= Plxcp o ¥£3) = 1-PCx>3, Y;i) = F PRV
(4) f’-ﬂ;): Ve ~2£3<~/ 5 et 20-3)/5, —I43<e
(;-23)/_;; ~1€3<e /; N = (2-3}0-3)/3'} 04321
(3-23)fr; oi3¢t % o / + > 7
3, e 43 o o P
75

By Ao e |



@) 43 &

A
£l

A

Introduction to Random Variables and Random Processes, Exam 4, 2008.5.27.

Total 100 points: 1:(1)14, (2)11, (3)9; 2:(1)12, (2)10, (3)7; 3:(1)10, (2)10, (3)7, (4)10

1. Let X}, X3, -+, X, denote iid random variables with the common cdf F(z) and pdf
f(x). (1) Find the probability P(X,, = max(Xy,--+,X,)). For the rest, assume that
the random variables are iid Gaussian with mean zero and variance one. (2) Find
the mgf of X,. (3) Find the jpdf in the vector-matrix form of the random vector

(X1, X, ++, X,)!, where the superscript ¢ denotes the transpose.

2. Let X, Xg, - - - denote iid random variables with the common mgf ¢(s), and Iet N be s
non-negative integer-valued random variable with the pmf py(n) that is independent
of Xy, Xy, Let also R = X, + X3+ - -+ Xy in which the number of terms to be
summed is random. (1) Find the mgf of R. For the rest, assume that X7, X, - are
iid Gaussian with mean one and variance one, and N is a geometric random variable
with py(n) = p{l — p)*!, n =1,2,-... (2) Find the mgf of N. (3) Find the mef of
R, where we consider the sum is zero when N = 0. You can use the Gaussian mgf

without derivation.

3. The sample space has four equiprobable sample points that are linked to the four
sample paths, cost, cos{t — 7/2), cos(t — ), and cos(t — 37/2), which defines the
random process X(t). (1) Find the mean function. (2) Find the acf. (3) State it
X(1) is wss, and justify your answer. (4) State if X(¢) is stationary (in strict sense),

and justify your answer,
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Introduction to Random Variables and Random Processes, Exam 5, Final, 2008 6.5.

Total 200 points: 1:40 (4 each); 2:(1)13, (213, (3)13; 3:(1)12, (2)16, (3)13; 4:(1)12,
(2)14, (3)15; 4:13; 5:(1)13, (2)13

1. Classify the following into T for true and F for false.

(a) If X and Y are equal, Fx(u) = Fx(u) for all u.
(b) If X and Y are identical, Fix(u) = Fx(u) for all u.
(¢) If Fx(n) = Fx(u) for all 4, X and ¥ are equal.
(d) I Fx(u) = Fx(u) for all u, X and ¥ are identical
(e) If X and Y are independent, their covariance is zero,
(f) If X and Y are not independent, their covariance is nonzero.
(g) If the covariance of X and Y’ is zero, they are independent.
(h) If the covariance of X and Y is nonzero, they are not independent.
(i) If two events A and B are independent, AN B = .
(j) If AN B =0, the two events A and B are independent.
2 X and ¥ are hinary random variables with values 0 or 1, and P(X = 0) = 1/4. (1)

Find the jedf Fxyv(z,y) when X and Y are equal. (2) Find the jedf when they are
uncorrelated. (3) Find the jedf when they are orthogonal.

3. The jpdf of random variables X and Y is given as
3/2, z20y=0z+y<l ; :
fxy(zy) = 152‘ r< 1,55 1‘=73+f'21 . (1) Find the pdf fx(z). (2) Find
E(X|Y). (3) Find P(X < 3/4|V = 1/4).

4. Given the sample space S with three sample points, s1, s3, and §3 and respective
probability allocation 1/2, 1/4, and 1/4, let forn =---,—1,0,1,--+,
2, 5= 8
X(n,s)={ 1+(-1)", s=s; (1) Find the cdf Fx(q(z), and plot it. (2) State if
1—(=1)", s=4a3
X(t) is wss and why. (3) State if X (t) is sss (strict-sense stationary) and why.

5. Customers arrive at a bank as a Poisson process of rate A per minute. Each arriving
customer is immediately served for two minutes and leaves the bank without’delay.
Find the pmf of the number of customers in the bank.

6. A white noise goes through an ideal bandpass filter with the center frequency fy and
bandwidth W Hertz (W < fo), and the output is called X(t). (1) Find the acf
Ry (7). (2) Find all the properties that the sequence X{n/W), n=---,—=1,0,1,--
has.
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