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(equilibrium) 2IX|0JA 0.5m 9% XHORLE £7| & 20| o|RoM TIs|X &= ¥
F(t)=5cosdt 0 O|s 25 STk SH7k 3710 oJ8t X3 1.22N g W Chn & 1 Chg 8
SO OtAl. (B HESS 9IFS 20| Yo| WHS $rh)

AlSta, Newton’s Second Law £ B E| 0] EH|o] 2SUHAMS &
gh (10H)
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7hEQl 2| 22 X1 EX7t 252 ¥ 0,
gt E2 F7HxQl Heo| M2 Anoj

c 2 (F.) 123 37|03
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ext
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(equilibrium) -.-|7C|01|k| 0.5m §|& X|HoRHE X7| 5k §
3710 olet X 1

F(t)=5cos4t 0| 2|5 252 etCt. M7}

M7t 2= &+ 2 N/m el 2= =0 0iFH 2

Ict. o] EX|7t FE
510 ol20l4 713} <
22Ng e cfa & of ot 8

S0 SHSIA| 2. (B Tt E XL QZE S zo| Y| ISk $iC})

| T

£1) Mass-Spring A|AHIS O8loz
CoiA.(§E ™Y S £

H A5}, Newton’s Second Law £ £E| 0] SX|2] 2SUHAS &
=0l tiet 2% Zg}) (10%H)

LY

ZHIo[M F0f

=>»F
=Mg —ks,—kz —cz' +F,

Of A0ojM S (equilibrium)SE|O|M BAHS O|F =
F g2 422 o5t Zo] Fe|ECt
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0.2kg o HEFS 7I% M7l 228 &4 2 N/m @ A=&of ojEd Ct o] X7} SE
(equilibrium) 2{X|0| M 0.5m #|F XM 28E X7 Sk §{0| 2|50|M 716 X| = &

F(t)=5cos4t 0f 2|3 S%% otCt. M7t S710] 2lst Mg 1.2ZNS &= Ctta & “H CtE =
=0 BolAM L. (T == FIZS 22| Lo YIS siCt)

2) O] 232 Lt ol E PN 2. (AHA] 2+ 252 HHEX| OHA2.) (207H)

0.22"+1.22"+ 27 =5cos 4t

(1) Homogeneous Solution ﬂ, o

" / . E_l% [;I ZE hEm;cEeneous solutiong
0.22"+1.22'+2z2=0 Cheat Ze HElS Zect
—at 5
2"+62'+10z=0 (C, cos St +c, sin fit)
z=¢"
0.27"+1.27'+27=0 .z, =e(c, cost +c,sint)
A°+64+10=0

A=3%i (=a+ Bi)
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0.2kg o] H2k2 71Tl EX|7} A=2] A= 2 N/m Q1 A=2I0 OjEeq QUCt. o] EX|7I =&
(equilibrium) $/X|0|M 0.5m ZF XM= EE X7| { 10| 2IEHM 7lslix| = &
F(t)=5cos4t 0f| o|sff 5= StCt. E M7t 3 7]0f 2t X<

Soll M. (2 ZESS AZS 20| Yol WHE Lt

2) 0] 252 Yt SIE AL, (A4 B8 A2 HIEX| OHA|2.) (207)

0.22"+1.22"+ 27 =5cos 4t

(2) Particular Solution

2"+62"+10z = 25cos 4t

ol & 2|=o| HElS ne{stof CtSat 20| 71d5tn Ao CiUSHH 0| Al+=HS &S}
z, = Acos4t + Bsin 4t
z, =—4Asin4t + 4B cos 4t
z; =—16Acos4t —16Bsin 4t
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0.2kg o| HZF S 7I% M7t 2=8 & 2 N/m 2 2 =30 0iFEe{ ALt o] SH|7| FE
(equilibrium) 2|X|0jjA{ 0.5m |ZF X|Ho2HE X7 -’_-.‘—E 0| 2|5 0AM Z}I6lX|= €l
F(t)=5cos4t of 2|5 8%% otk = M7 S 710f 2| % 22N° wesChn g [[H CtE =
S0l HopAI 2. (2 HESS AZE 20| Yol W

o o

I|l|0
o
m _I_
f

2) 0| 259 ULt S|E FIA| L. (HAA| E4E A4E HFLX| OFA|2.) (20H)

0.22"+1.22"+ 27 =5cos 4t

(2) Particular Solution

2" +62"+10z = 25co0s 4t

LHS: 72"+672'+10z

=—-16Acos4t —16Bsin 4t + 6[-4Asin 4t + 4B cos 4t] +10[ Acos 4t + B sin 4t]
=(—6A+24B)cos4t + (—24A—6B)sin 4t

RH.S: 25c0s4t

_6A+24B =25 , 25 50
_24A-6B =0 . 102 51
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(equilibrium) $/X|0|M 0.5m ZF XM= EE X7| { 10| 2IEHM 7lslix| = &
F(t)=5cos4t 0f| o|sff 5= StCt. E M7t 3 7]0f 2t X<

Soll M. (2 ZESS AZS 20| Yol WHE Lt

2) 0] 59| YUtl S|E TSIA| . (HIAMA| BELE A4E HIREX| OFA|2.) (20%)

0.22"+1.22"+ 27 =5cos 4t

(2) Particular Solution

2" +62"+10z = 25co0s 4t

R A— —écos4t +5—Osin 4t
P 102 51
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0.2kg o HEFS 7I% M7l 228 &4 2 N/m @ A=&of ojEd Ct o] X7} SE
(equilibrium) 2{X|0| M 0.5m #|F XM 28E X7 Sk §{0| 2|50|M 716 X| = &
F(t)=5cos4t 0O 2|5 2= StCh. =M|7F S7]0f 2ot Mg 1.27NS @= it & I ChS =
=0 2ot L. (B Zr=2 #IFS 22| ¥ YIS oirt)

2) 0| 250| Yt SIS FOHAIL. (AAA| E4E A5E HIRX| O 2) (20%)

0.22"+1.22"+ 27 =5co0s 4t

3) £7|=H

. . 25 50 .
z=1,+12,=e"(C,CoSt+C,sint) ———cos4t +—sin 4t
102 51
25 50 1
z(0)=1(c,-1+c,-0)——-1+—-0=—
(0)=1(c, 2)102 TR

_38
51
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0.2kg o| S 71E M7} 253 &= 2 N/m ol 2=&of nfE ] lct. o] = X7} E
(equilibrium) 2{X|0]AM 0.5m 2|Z X|Ho=2LE x7| £& 20| QE0 M 7I8iX| = &

F(t)=5cos4t Of| o|8l| 2&& StCl. EM7 S7]0 ofet X2 1.27NE = Cfn &2 0 g &
=0 ot e. (B 2252 35S 22| 42| $FE oIr

2) 0] 252 Yt SIE AL, (A4 B8 A2 HIEX| OHA|2.) (207)

0.22"+1.22"+ 27 =5co0s 4t

(3) X7|=#

. 25 50 .
z=1,+12, =€ (C,COSt+C,sint) ———cos 4t +—sin 4t
8

. 102 51
1 :a
, o : @ : 25 : 50
2'(t) = (-3)e " (c,cost+c,sint)+e > (—c,sint+c, cost)—lo—z-(—4)-sm4t+—-(4)-cost

38 25 50
2’(0)=(-3):-1-(—-1+c,-0)+1(-c, -0+c,- 1)) ——-(-4)-0+—-(4) -1
()()(51 ,-0)+1(-¢, 2)102() 51()
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0.2kg O WS 7} SH7H AZY A4 2 N/m 9 AZoj D4 QUCt o] EXI7} F2
(equilibrium) 2IX|0J 0.5m 9% XHORLE £7| & 20| o|RoM JFsiX &= ¥
F(t)=5cosdt 0 o5 25 STk SH7k 370 oJ3t X3 1.22 NS W Ok & 1f g 8
SO OtAl. (B HESS 9IFS 20| Yo| WHS $rh)

2) 0| 250| Yt SIS FOHAIL. (AAA| E4E A5E HIRX| O 2) (20%)

0.22"+1.22"+ 27 =5co0s 4t

(4) General Solution

z=e" (ﬁcost —%sint) —écos4t +5—Osin At

ol o)| 102 o1
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0.2kg o| &= 7I% EN 7t 2@ A2 N/m @ AZ20oj 02 QUL o] EXN|7I TE

(equilibrium) ${X|0f|A 0.5m 2|Z X|Ho2RE X£7| £k 80| 2|7 0N 7I5Hx|= €
F(t)=5cos4t 0f 2|5 2SS StCt. E*ﬂﬂ S710] ofet X 1 22' NS &=t & “H CtE =
=0 B L. (T Ztrm2 /AFS 29| Y9 TS otrt)

£3) AjZto| x|'=ofl w2t o] M2l 20| EAH El=X| 2)0M T SHE 7HX|2 EFGIA 2. (107H)

VL= (—8c:ost —%smt) —2—cos4t +5—Osm A
51 51 102 51

.o —3t
Homogeneous solution &

(—Scost—%smt)
51 51

25 50
Particular solution & —E cos 4t + —sin 4t

235 X7|0= homogeneous solution 20| 2|5t SO transient 7L Zt0| LIE(LLT

AlZH0| = 23| X|LH 20f|l= homogeneous solution 20| exponential 0f 2|5l decay £|{
particular solutlon°| St ZH2 F7|XQl 252 SiCt. o|2{st AEfE steady-state2}n StC}.
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Homogeneous solution particular solution
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X
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2 2.2
1228 +%)y:o,pzo,b>o.-.(1)

y +

z=bx%, y(x) = (é)a w(z)---(2)

2 d*w(z) "y dw(z)
dz’ dz

y=x*|¢J,(bx)+c,d_, (bx°) |-+ (4)

+(z° = p*)w=0--(3)

Al ()] =29 udAlo| A2
(2)2| A A= o| 510
(3)1} 22 Bessel Equation
O 2 HiE 5 UL}

Al (3)0j|A{ /2t Bessel Function
= 0|85t Half A(1)e] sHE +

A

St 4 (4)et L}

2.,M

AX*y"—4xy'+(16x*+3)y=0 29| SiE

4) a,b,c,p0]| i Fot= US 44 7oA 2. (10H)

~
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ro
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FOIT EME A (at Zo| HFSI D HmBtCt.
ol '1 B 3'/4 EERR ) sas15a=1
X X
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1 2 2.2

+%)y=0, 0>0,b>0---(1)

”

o A (12| Bo| WHAo| L
T (2)2] 74 0|8 3tod
z =bx®, y(X) :(_j w(z)---(2) (3)1} #2 Bessel Equation &4l
b o= HHE % Qirt.
d2w(z dw(z Al (3)0]|A{ et Bessel Function
7 S DL ptw=0-(3 £ o 2310] 2z A(1)2] HE 7

y=x*|¢J,(bx)+c,d_, (bx°) |-+ (4)

St 4 (4)et L}

o] 2P’dS 0| &7ol¢ AxPy"—4xy'+(16x° +3)y =0 9| s|& Fog{1 $tC}.
ZF
E

2X| 5) ol & 6}x| 57} sine, cosine, x°| A& M&= S1}
TSHA 2. (207)

a=lc=1b=2p =% ol2 2 A(4)2| o] HE: Cheat 2k

y= X[C1J1/2 (2X) + C1~]—1/2 (ZX)]
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2 2.2

- 1- a —p°c B
v P YRRty (o) mo wrae 3
2 \e (2)e] &AM = 0I%3}01
z =bx°, y(x) :(_j w(z)---(2) (3)1} 22 Bessel Equation ¥ A
b o2 HE £ QIrt

2 Al (3)0]|A{ et Bessel Function
2 T8, D (22 pryw=0--3) £ o|gsto] fa) A1) ofE 7

dz dz 3t Al (4)QF ZtC}.
y=x*|¢J,(bx)+c,d_, (bx°) |-+ (4)

o] 2P’dS 0| &7ol¢ AxPy"—4xy'+(16x° +3)y =0 9| s|& Fog{1 $tC}.
=X 5) sl & 1L5Stk| ol 7} sine, cosine, x2| H& H& Si1f 2 elementary function2| HE| =2
TSHA| 2. (207H)
e © 2n+v
'J1/2 = TotH J(x )zz (-1)" (Xj

= nT'l+v+n){2

J (X :Z.o: ( 1) (§j2n+l/2 :Z.o: (_1)n (EJZI‘HUZ _ 0 (_1)n22n+1 E X2n+l
1/2 1 (2n +1)|\/; — (2n+1)!\/; X 22n+1

22n+1n|

_ < ( 1) \/7 2n+1 \/7 ( 1) X2n+1 iSinX
= (2n+1)'\/_ (2n +1)| X7

=0nIl(1+ = +n) n=0




=0] (-.'?'_-Iﬂ 4,5%)

1 2 2.2

+%)y=0, 0>0,b>0---(1)

”

o A (12| Bo| WHAo| L
T (2)2] 74 0|8 3tod
z =bx®, y(X) :(_j w(z)---(2) (3)1} #2 Bessel Equation &4l
b o= HHE % Qirt.
d2w(z dw(z Al (3)0]|A{ et Bessel Function
7 S DL ptw=0-(3 £ o 2310] 2z A(1)2] HE 7

y=x*|¢J,(bx)+c,d_, (bx°) |-+ (4)

St 4 (4)et L}

o] 2P’dS 0| &7ol¢ AxPy"—4xy'+(16x° +3)y =0 9| s|& Fog{1 $tC}.
=8| 5) sl & 15tk| 5l 7} sine, cosine, x2| HE H& Saf &
2SHA| L. (20F)

J, & T J_V(X)=f} (-1)" (Xj S

nNr'(l—v+n)\ 2

~ - ( 1) 1 2n-1/2 - © ( 1) 5 2n-1/2 ~ © (_1)n22n g in
J_1/2(X)_Z 1 ( j _Z (2) _nZ_C;Zn(Zn—l)!\/; X 22"

e~ (2n-1)!
r]I22n—1( 1)|\/;
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- 1- a®—p“c’
o e YE0pR0D0-0 ) g0 waiko)
e (209 A4S 0| 83t0]
z =bx", y(x) Z(—j w(z)---(2) (3)1} 22 Bessel Equation 34!
b o= HIE % QIC}.
i Al (3)0) A 3t Bessel Function
T2, B (2 pryw=0--3 S olgeol s A1l HE 7
- & sh% Al ()9} ZC
y=x[ c,J,(bx°)+¢,d_, (bx°) |-+ (4)

o| u}gS 0|85 4x*y"—4xy'+(16x*+3)y=0 o] sfE Foz{ 1 BtC}.
=Xl 5) s & 5Stk| 5l 7 sine, cosine, x2| H& H& S1I £ elementary function?| YE{ =

TOIA 2. (20H)

Y= X[C Juz (2x) + CJ_yp (2x)] J,,(X) =\/zsinx,J_l,2(x) _ 2 cosx
X7 X7

=X c‘/ sm 2x +c‘/ cos 2x
71 apEat ol ';2 55

20| £21% (213)-23
I-|7H j|_|.Jt-| 0-|0|:|=| 3

—\f[c sm(2x)+c cos(2x) |




=0| (ZH| 6%)

Force Field7} F=(3x—4y+22)i+(4x+2y-32%)j+(2xz-4y* +°)k 2 FTO{X QIC}. O3} Zo|
xy WHAO| Elflo| A2 2 2Xl0|= EX4|0] CisH ForceZ} st L2 FSIA| 2.(157)
f r=Xi+Yy]j
=4costi+3sintj

A
N

xy WHAMO| A2 0|2 & z=0 0|11 dz =0 O|LC}.
F=(3x—-4y)i+(4x+2y)j+(-4y*)k
dr = dxi + dy]

(JS Fedr :cf;[(Bx —4y)i+ (4x+2y)j+ (—4)/2)|<]°(d><i +dyj)
= b (3x—4y)dx+(4x+ 2y)dy
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Force Field7} F=(3x-4y+22)i+(4x+2y-32%)j+(2xz—-4y*+z°)k 2 F0{H QlC}. T 1} Z0|
xy WHAO| ElRIo| A2 =2 2Zl0|= SX4|0of CHoH ForceZ} o Y F15IA| 2.(15H)
f r=Xi+Yy]j

=4 costi+3sintj

e
| S
 Fedr = (3x—4y)dx+(4x + 2y)dy

Efglol D74 ™M X =4cost,y =3sint, 0<t<27r = =™

dx =—4sintdt, dy =3costdt
~.§Fedr :joz” (3-4cost —4-3sint)(=4sint)dt + (4-4cost + 2-3sint)(3cost)dt

— _[02” (48—30sintcost)dt
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Force Field7} F=(3x—4y+22)i+(4x+2y-32%)j+(2xz-4y* +°)k 2 FTO{X QlC}. J 3} Zo|
xy WHAO| Elflo| A2 2 2Xl0|= EX4|0] CisH ForceZ} st L2 FSIA| 2.(157)
f r=Xi+Yy]j
=4 costi+3sintj

A
N

 Fedr = (3x—4y)dx +(4x + 2y)dy

—|27z

27 . 2r ) i 15
<_[> Fedr =_[ (48—30sintcost)dt = j (48—15sin 2t)dt =| 48t + —cos 2t
0 0 2

0

=96




=0| (ZH| 7%)

F[y.2.X] 2 F0{7l MEyRa} 123 20| F0IE curveo chzt Mxz PFedr o ztg
Stokes’ Theorem 0|23}0] £38tA| 2. Surface= z= f(X,Y) =1— (X2 + yz), (z>0)
2 Zo|EL. (15%8)

pFedr = [[(VxF)-ds = [[(VxF)ends

I ] K

VxF = 0 9 9 =—1—]-K
oXx oy oz
y zZ X

surface g(x,y,z):z-1+x°+y°
N =Vg=2xi+2yj+k =[2x,2Y,]1]
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F=[y.2x] 2 0|7l SE[RI T 20| FO{F curved L3 MEE qSF odr o g2
Stokes’ Theorem 0|23}0] 18tA| 2. Surface= z = f (X, y) =1— (X + y*),(z>0)
2 ZolErt. (153)

pFedr =[] (VxF)ds = [[ (VxF)nds

g:z-1+x°+V°
VxF=[-1-1-1]

N=vg=[2x,2yy AT
X
y
- N Vg
N[ vl

‘N‘ Stokes’ theorem & 57




=0| (ZH 77

F=[y.2x] 2 0|7l SE[RI T 20| FO{F curved L3 MEE <]5F odr o g2
Stokes’ Theorem 0|23}0] 18tA| 2. Surface= z = f (X, y) =1— (X + y*),(z>0)
2 golErt. (153)

CJSF-dr= "S(VxF)-ds: "S(VXF)-ndS g:z-1+x +y°

pFedr =[] (VxF)eds = [[ (VxF)s st
o=|7IJ\1 z=f(x,y) 2 FO0{%l surface 42| HAH dSQ} xyH™ 2hof X

GE BN dADte| A OS2t 2oz

ds_\/1+f (x, ¥)+ f,(x,y)dA=|Vg|dA=|N|dA &

§ Fedr = [[ (VxF)nds = | L(wp)ﬁds = [[(V P

IN

“N‘dA:”R(VxF)-NdA

Cﬁ Fedr = HR(V x F )sNdxdy
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F[y.2.X] 2 F0{7l MEyRa} 123 20| F0iE curveo chzt Mxz PFedr o ztg
Stokes’ Theorem 0|23}0] £38tA| 2. Surface= Z= f(X,Yy) =1— (X2 + yz), (z>0)
2 go|ELt (153)

CﬁF'dr /{VXF:[_L_L_]_] , \g:z—1+)(2+y2
= [[ (v xF)-Ndxdy N=Vvg=[2x.2y.]]

= [[_[-1,-1—1]42x, 2y, fdxdy = || (-2x—2y—1)dxdy

X

X2 A £ polar coordinatesE H} ™

X=rcoséd,y=rsing, dxdy =rdrdé
= jOZHJJ(—Zr cosé—2rsind—1rdrdd




=0| (ZH| 7%)

F=[y,z,x] 2 F0{Zl HlE{Zta} O 2} Z+0] =0{Zl curvel] CHst MH 2 CJ‘)F odr o| Zte
Stokes' Theoremg 0| 88}0] F18}A| 2. Surface= Z = f (X, y) =1-(X* +y?),(z > 0)
2 o|ECt (153)

e = [ (vxFpas— [ (P Jowiersr
::_[R(Vx F)-Ndxdy
= .'02”:01(—2r cosé—2rsind—-1rdrdd

27 ? 1 =
=j ~—r’*(cos@+sind)—-=r*| dé
0 3 2

r=0

2z 2 : 1
=j ——(cos@+sinf)—— (d6b
v 3 2

2
= {—E(sin H—COSQ)—EQ} =—7
3 2

0




X =

T A (http://asdal.snu.ac.kr)
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Surface Integrals

Surface Area u=Ax I+ f,(X. Vi) AxK
z1 v=Ay J+ T, (X, Yy )AyKk
surface z = f (X, y)
/ fgg;yk)
I I
| | |
! — '
| | '
|
< | | :
i L FRHT T } y (X, ¥i:0)
I T IAHT T T,
Ax, Rk
X ~A R
(% Yic.0) Ay,
If R, issmall, AT, ~AS, (AT,,AS, :Areaof T, S,)
i k

AT, =[luxv| ;uxv=1Ax, 0 (%, V)Ax|=[- (X, yi)i— T, (%, Y )+ K]AX Ay,
0 Ay, (X, YAy,




Surface Integrals

Surface Area Vv

& u
surface z=f(x,y)

fgéyk)
I |
A =i
I [T
K l I |
" ' |
| — ~ |
| AZAHT 7>, | y
(Xy» Yi,0)
= R
(% ¥i:0)
M/ R,

Ay,

S

u=Ax1+ f (XY, )AxK
v=Ay g+ (X%, Y )Ayk

If R, issmall, AT, = AS,
(AT, AS, :Areaof T, S,)
AT, =[|luxv||

uxv=[-f (X, Y )=, (%, Y )]+ KJAX Ay,

AT, = L f, (%, YOI+, (%, YOI +1 Ax, Ay,

Area of surface ~ Z\/[ f (%o YOI +LF, (%0 Y OIF +1 Ax Ay,
k=1




Surface Integrals

Z/\ V
surface z=1f(x,y) y/

K/ /S,

y
(Xk’yk'o)
R | ?
(X v:.0) M/ Ry

Ay,

Area of surface = Z\/[ f, (X, YOI +[F, (%, YOI +1 Ax Ay,
k=1

E———
| Definition 9,11 ___ Surface Area

Let f be a function for the first partial derivatives f, and f, are continuous on a

closed region R. Then the area of the surface over R is given by

A(S) = [\, O YO + L, (%, YOP +1 dA--(2)

~




Surface Integrals

Differential of Surface Area

dS = 1+, (%, )T +LF, (X, y)I* dA

o

<V

AV IV 7\
L LALAY /T /N

plane be either a Type | or Type Il region

into n rectangles Ry of area AA,

5. Form the sum

4

4. Choose a point (X,, Y, ,Z, ) in each element of surface area

2. G (X, Vi Z)AS,
k=1

1. Let G be defined in a region of 3-space that contains a surface S, which is the

graph of a function Z = f (X, Y). Let the projection R of the surface onto the xy-
2. Divide the surface into n pieces of areas AS, corresponding to a partition P of R

Let || P || be the norm of the partition or the length of the longest diagonal of the R,

R
(

Xer ¥y :0)




Surface Integrals
Surface Integral h

Let G be a function of three variables defined over a region of space containing the

surface S. then the surface integral of G over Sis givenby z4
(X Vi o)

UG(x,y,L)dS—”IPIHmOZG(xk,yk, L)AS, - (4) CB

Method of Evaluation

o

If G, f,f and f, are continuous throughout a region
containing S, we can evaluate (4) by means of a double integral

[[e(xy,2)ds = [[G0xy, f O YIVI+LE, (Y L, (x Y dA--- (5)

when G =1, (5) reduces to formula (2) for surface area
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Surface Integrals

Projection of S into Other Planes

If Yy =09(X, 2) is the equation of a surface S that projects onto
a region R of the xz-plane, then

[[G(x.y,2)ds = [[G(x,g(x,2), 2)y1+[g, (X, ) +[g, (x, 2)]"dA

If X=h(y,z) isthe equation of a surface S that projects onto
a region R of the yz-plane, then

[[e(xy,2)ds = [[G(h(y,2),y,2)L+Ih, (y, 2] +[h, (y, 2)]' dA

S R

Mass of a Surface




Double Integrals in Polar Coordinates

N

y

dA
dS =rdé&
dA = dSdr

dS =rd@dr
dr
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YRR, — P ]




