Plasma Electrodynamics 1 April 9, 2009

Selected Solutions

(15 points)

1. If each of the following statements is true, please mark O in the parenthesis.
If false or incorrect, mark X and make corrections of the false statement or
word in the parenthesis.

1) Two vectors are perpendicular to each other if their cross product is zero,
and vice versa. ( X : cross ——> dot or perpendicular ——> parallel )

2) The basic rules of vector dot and cross products are independent of
coordinate system. ( O )

3) In the deductive approach, electromagnetic theorems and laws are developed
from the fundamental postulates for an idealized model, and then verified
with experimental observations. ( O )

4) Maxwell's equations describe the electromagnetic field quantities generated
by distributed space sources in a circuit model. ( X : circuit ——> field )

5) Coulomb C, which is the unit for charge, is a derived unit expressible in
terms of MKSA units as A -s, and its dimensionis 7/. ( O )

6) The gradient of a scalar field is a scalar point function. ( X : scalar point
——> vector point )

7) If i=4, then ;=1 and ¢;,=0. ( O )

8) The divergence theorem transforms the surface integral of the divergence of
a vector field to a closed /ine integral of the vector field, and vice versa.
( X: divergence theorem ——> Stokes's theorem, divergence ——> curl
or surface ——> volume, line ——> surface )

9) Helmholtz's theorem states that a vector field is determined if either its

divergence or its curl is specified everywhere.
( X : either ..... or ... is ——> both ..... and ..... are )

10) If a vector field is curl-free, then it can be expressed as the gradient of a
scalar field. ( O )



(20 points)
2. Answer the following questions briefly.

1) What are the source quantities and four fundamental field quantities in the
electromagnetic model? What are their SI units?
Sources: charges g (C) and currents | (A)
Fields: electric field intensity E (V/m), electric flux density D (C/m°)
magnetic field intensity H (A/m), magnetic flux density B (T)

2) Does A-B= A-C imply B= C ? Explain and show an example.
Does AXB = AXC imply B= C ? Explain and show an example.
In both cases, not necessarily B= C .
(e.q.) A+ B= ABcosh = ACcosh = ACcos(—0)=A - C
But, B= C

AX B= ABsinf = ACsinf = ACsin(r—0) = A< C
>A But, B= C

3) Which of the following four scalar triple products has a different magnitude
from the others? Explain.
(AxB) - C, A-(CxB) , (AxC)- B, B-(ayx<A)

B-(a,<A)=0 while (AXB)-C=-A-(CxB)=-(Ax<C)-B

By using the representations of summation convention and Levi—Civita
symbol, prove that the scalar triple product (Ax B) - C can be calculated

by the following determinant in Cartesian coordinate system.

A, A, A,
(AxB)-C= |B, B, B,
¢ ¢ C
(Proof)
A, A, A,
(AxB) - C = (AX B),C, = ,;AB,C, = €3, A,B,C, < B, B, B,
¢, ¢, C
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4) What are the metric coefficients in cylindrical coordinates?

Write dl, ds,, dv, and V in cylindrical coordinates.

Metric coefficients are conversion factors of differential coordinate variable
changes to differential length changes.
In cylindrical coordinates,

Vector differential length dl:
dl=rdl,+ ¢dl,+zdl,= rhydr+ ¢ hydp + 2 hydz
= rdr+ $ rd¢ + zdz
Then, the metric coefficients in cylindrical coord. are
hi=1, hy=1r, hy=
Vector differential surface area ds,:
ds, = dl,dl, = zrdrdg (r—¢ plane)
Differential volume dv:
dv = dlrdl¢dl2 = rdr d¢ dz

5) What is the physical definition of the curl of a vector field A ? Show that
A is an irrotational field if A = apf(R) = Rf(R) in spherical coordinates,
where f(R) is any function of the radial distance R.

V X A is a vector having the maximum circulation of A per unit area.
R OR  ¢Rsind
a/aR a/ae 8/8¢

VXA=

R%ind

= RO+ QR?&JrgbRsme?& =0 = irrotational

(12 points)
3. Assuming a vector field expressed in cylindrical coordinates to be
A =1 (3cosg)— d2r+ zz.
1) What is the field at the point P(4, 60°, 1)?

At P(4,60°,1), A = r(3cos60”)— ¢(2x4)+ z1 :%%—¢8+z



2) Expressed the field Ap at P in Cartesian coordinates.

Using the transformation of vector from cylindrical to Cartesian coordinates,

A, cos¢ —sing 0 A, cos60° —sin60° 0] [3/2
Ayl = |sing  cos¢ 0} Ayl = |5in60° cos60° 0 l_%
A, 0 0 1A, 0 0 111
1/2 —+/3/2 0][3/2 7.68
=1v3/2 1/2 0 —8} = l—zjﬂ
0 0 101 1

= A, = 27.68— y2.70+ z1

8) The cylindrical coordinates of another point @ are: Q(B, 180°, —1).

Determine the distance between the two points P and Q.
In Cartesian coordinates,

P(4c0s60% 4sin60% 1) = P(2,23,1) ,
Q(3cos180°% 3sin180% —1) = Q(—3,0,—1)

PQ= V(=3-22+(0—2v3)+ (—1—1)2 = v/25+12+4 = /41

(12 points)
4. 1) Express the r-component, A, , of a vector A at the point P,(r, ¢, z,) in
terms of Ap and A, in spherical coordinates.

In spherical coordinates, A = ?AR+5A9+$A¢

A,=1+A=(-RAx+(r-0)+(r- A,
--------------- \A 4 N
cos (90”*91) """" cosf, 0
= sinf,
= Apsinf,+ Aycosb,
AP
el

e P Y N =
= R 9 T
\/r%—i-z? \/r%—i-z?
2) Denote the position vector to a point PQ(x, y, z) by R. Determine

Vv (1/R) in spherical coordinates.

R=RR where R=|R|= Val+y+7

L\_spo(1)_ &1} R
v(f)_RaR(R)_ R(RQ) R®




3) Find the divergence of the radial field, f(R) = R k/R* where k is

constant.
Let f(R) =Rk/R® = B,
_ L 0 pepy L0 [ k)
then v B-—_RQ&R(R By) rQaR(R RQ) 0
(5 points)
ar - 06 - L :
5. Show that % = ¢ and % = — r in cylindrical coordinates.

(These relations state that the differentiation of a base vector may lead to
a new vector in a different direction in a curvilinear coordinate system)
Transformation of unit vectors from Cartesian to cylindrical coordinates:

r = zcos¢+ ysing

ggz i(—sinqb)—#g;cosgb

z=z

Z—; = i(—sinqb)—#g;cosgb = qg
% = i(—cosqb)—g}singb =—7

(16 points)
6. Assume a vector field A=z (2z+y)— yy.

1) Find yg A - dl around the triangular contour shown in the figure below.
C

dl = zdz+ ydy

ngA < dl = yg(Zx—Fy)dx — ygydy

Along C,: y=0, dy=20

2
ﬁ/A-dl=/2xdx=x2
c 0

Along C,: y=2—z, dy= —dx

Ty’
0 0 0
= / A-dlZ/(2x+2—x)dx+/(2—x)dx=/4dx=41:
Cy 2 2 2

=4

2
0

5




Along C,: =0, dx=0

0 y20
= A-dlz—‘/ydy:—? =2
¢ 2 y
ygA-dl:4—8+2:—_2
C
2) Find f (V X A) « ds over the triangular area.
s
T y 2
vxA=|2 9 9 )1=_3; ds = 2dx dy
ox oy 0z

3) Verify the Stokes's theorem by using the results of 1) and 2).
From a) and b),

/S(VXA)-ds: ygA-dl

4) Can A be expressed as the gradient of a scalar? Explan.
From a vector null identity, v xVv V=0 for any scalar function V,

we can express A= VYV if VvxXA=0.

However, VxA= —z = 0 in this case.

Therefore, A cannot be expressed as VV



