[Problem 1] (20points)Consider the system S shown in Fig. 1, with the following input

X(t) —isin icos£ (1.1
it 8 8 '
The impulse response of the channel is
h.(t)=0o(t-4) (1.2)
and the impulse response of the ideal low pass filter is
sint
h,(t) =—. (1.3
mt

(a) Sketch the Fourier transform of the output Y(t) .

(b) Find the impulse response h(t) of the system S and its Fourier transform.
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39 the ideal low pass filter?] 12 w(t) & vy #x

w(t) = ((x(t) cost)*5(t —4) ) cost

= x(t—4)(cos’ tcos 4+ costsintsin 4) (1.6)

0S4+

=x(t—4)(1+0052tc sin 2tsin4j

W(t) ¢ Fourier transform W (jw) = 2(1.6) 2]t vt} 7t}
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:clHlp(ja))X(ja))+C2Hlp(ja))X(j(a)—Z)) (1.10)
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[Problem 2] (20points) Suppose that a discrete-time system H can be described by the following discrete-time
state vector difference equation.

gln+1] = Aq[n]+ Bx[n]
y[n]=Cdq[n]+ Dx[n]

where q[n]eR", X[n]eR, y[n]eR , while A,B,C,D are constant matrices with appropriate
dimensions.
(a) Assume that the Fourier transforms of the input X[N] and the impulse response of the system H exist.
Then, show that

.1)

H(e!”)= F{h[n]}=C(e”1-A)'B+D (2.2)
(b) Suppose that the constant matrices A, B, C, D are given by
1y .
A=l 2 B- { J,
o 1 2.3)
4
C=[1 0], D=[1]

Then, determine specifically the impulse and frequency responses of the system H. Further, find the
difference equation in terms of X[n], Y[N], which has the same frequency response of the system H.

Sol.)

@ Q(e*)2 F{q[n]}2 @ Time shifting propertyl ]3] (2.1)] Fourier transform th& 3} 72t}
e’Q(e”) = AQ(e/) + BX (')
Y (e”) =CQ(e!”) + DX (™)
ol% Q") ol wall Felakw st gol 2 & 9tk
Q(e") =(e"1-A)"BX (e") (25)
ol% (24) Uetd thee AL 9rk
Y (e') =CQ(e')+ DX (')

(2.4)

j j i 2.6
=C(e!”1-A)'BX (e!”)+ DX (e'*) (2.6)
upbA] thgo] AdH gt
jo
XE) @.7)

=C(e™1-A)'B+D

(b) (2.3)7F oA S o system®] frequency responset= TF2-3} 22U},



H(e'”)=C(eI-A)'B+D
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(2.10)2] inverse Fourier transform= &3l tF2] difference equations & 4 3l
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[Problem 3] (20points) A particular discrete-time system has input X[N] and output Y[n]. The Fourier
transforms of these signals are related by the equation

XE") j dX (')

Y(e!) = (3.1)
1_ le—j(u da)
2
(@) Is the system linear? Cleary justify your answer.
(b) Is the system time invariant? Cleary justify your answer.
n
(c) Whatis y[n] if x[n] =£%) u[n]?
Sol.)
(a) Systemel] tist 212)e] o8 x[n]& A5 a, bel s th&3 2ol & 4 dvta shAk
x,[n] £ ax,[n]+bx,[n] (3.2)
Fourier transforme]l th3l linearity”} RE¥ D2 thgo] A5 s},
X,(e1”) = aX,(e'*) +bX,(e!) (3.3)

T3 systemel A x,[n], x[n]el oe EHe 27 y[n], vl & @ @l & He

3} go] % & gtk
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Yl(ejw): aXZ(e )1+b)-<3(e )_ ji{axz(ej’”)+bx3(e“”)}
12 @ (35)

=avY,(e') +bY,(e")
whebA] - system-> linear systemo] T}

(b) 29 A8 x[n]el el n, s timeshifting® 98-S x,[n] & b3 go] gt

X,[n] £ x,[n—n,] (3.6)
Time shifting property°] 2]l (3.6)2] Fourier transform-> th-3 72T},
X, (") =e"™ X, (&™) (3.7)

q= x[n] el o &5 vEa 2
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[Problem 4] (20points) Let h,[n] denote the unit sample response of a desired ideal system with frequency
response H (ej"’) ,and let h[n] denote the unit sample response for an FIR system of length N and with
frequency response H (ej”’). In this problem, we show that a rectangular window of length N samples

applied to h,[n] will produce a unit sample response h[N] such that the mean square error
1 V4 : : 2
gzz_j Hy (") =H (") do 4.1)
27 -7
is minimized.

(@) Theerror function E(e')=H,(e'”)—H (') can be expressed as the power series

E(e™) = i e[n]e " 4.2)

N=—o0

Find the coefficients €[n] interms of h,[n] and h[n].
(b) Using Parseval’s relation, express the mean square error &® in terms of the coefficients e[n].

(c) Show that for a unit sample response h[Nn] of length N samples, & is minimized when
h[n] = h[n] 0<n<N-1
0, otherwise

That is, simple truncation gives the best mean square approximation to a desired frequency response for a
fixed value of N .

(4.3)

Sol.)

(@ E(') o Aol od @42 vedt 2ol & 5 Ytk
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(b) Parseval’s relation®ll 28] (4.3) tfa3 o] vebd 4= Utk
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[Problem 5] (20points) Consider a band pass filter whose frequency response is specified as

1 a)—ﬂ<|a)|<a) W
H(jo)=4 """ 277~ 7° 2. (5.1)

0, otherwise

(@) Find the impulse response of equation (5.1).

(b) An ideal band-pass filter can be approximated by cascading a first-order low-pass and a first-order
high-pass filter. Sketch the Bode plot for system S as shown in Fig. 2.
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