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1. Euler angle [ ]Tf q y=γ represents the orientation of the body-fixed frame(b-frame) 

with respect to the inertial reference frame(n-frame). 

 

1.1. Draw the final orientation of the b-frame after it is rotated by using the ZYX-Euler 

angle [ ]Tf q y , where the angle y  denotes the first rotational angle about the 

z-axis of b-frame. After it has undergone the first rotation, the b-frame is denoted as 

b’-frame. And the b’-frame rotates about the y’-axis of the b’-frame, and the 

rotational angle of the second rotation is denoted q . After the second rotation, the 

b’-frame is denoted as b”-frame.  then the b”-frame rotates about the x”-axis of the 

b”-frame. The rotational angle of the third rotation is denoted f . 
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1.2. Derive the rotational transformation matrix n bR  by using the ZYX-Euler angle. 
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1.3. Explain the relationship between the time derivative of the ZYX-Euler angle 
T

f q yé ù= ë ûγ & && &  and the angular velocity /
n

b nω . The explanation should include the 

equation for calculating the angular velocity using the time derivative of ZYX-Euler 

angle. 
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1.4. The rotation sequence of the Euler angle should be defined to represent the 

orientation of certain frame or rigid body. However, if the rotation angles are very 

small (infinitesimal rotation), the sequence of rotation is commutative. Prove this 

statement by comparison between the rotational transformation matrix n bR  of the 

ZYX-Euler angle and the rotational transformation matrix n bR  of XYZ-Euler angle. 
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1.5. If the rotation angles are very small (infinitesimal rotation), the angular velocity /
n

b nω  

can be considered as the time derivative of the ZYX-Euler angle 
T

f q yé ù= ë ûγ & && & . 

Prove this statement by using the answer of the problem 1.3 
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1.6. Explain the two kinds of gimbal lock, where the ZYX-Euler angle is 90
T

f yé ù= ë ûγ o  
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2. Euler parameter [ ]0 1 2 3
Tq q q q=p represents the orientation of the body-fixed 

frame(b-frame) with respect to the inertial reference frame(n-frame). 

nx

nz

ny
E,O

bx

bz

by

nx

ny

nz

by

bx

bz

2 2 2 1n n n
x y za a a+ + =

f

na

2 2
0 1 1 2 0 3 1 3 0 2

2 2
1 2 0 3 0 2 2 3 0 1

2 2
1 3 0 2 2 3 0 1 0 3

2( ) 1 2( ) 2( )
2( ) 2( ) 1 2( )
2( ) 2( ) 2( ) 1

n
b

q q q q q q q q q q
q q q q q q q q q q
q q q q q q q q q q

é ù- - - +
ê ú= + + - -ê ú
ê ú- + + -ë û

R
0 cos

2
fq = 1, sin

2
n
xa

fq =

2, sin
2

n
ya

fq = 3, sin
2

n
za

fq =

, where

,E O

2

2
,

2

(1 cos ) cos (1 cos ) sin (1 cos ) sin
(1 cos ) sin (1 cos ) cos (1 cos ) sin
(1 cos ) sin (1 cos ) sin (1 cos ) cos

n n n n n n n
x x y z z x y

n n n n n n n
x y z y y z x

n n n n n n n
z x y y z x z

a a a a a a a
a a a a a a a
a a a a a a a

f

f f f f f f
f f f f f f
f f f f f f

é ù- + - - - +
ê ú= - + - + - -ê ú
ê ú- - - + - +ë û

aR

 
 

2.1. Derive the rotational transformation matrix n bR  by using the Euler parameter. 
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2.2. Explain that how to calculate the Euler parameter [ ]0 1 2 3
Tq q q q=p  by using the 

rotational transformation matrix n bR . 
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2.3. Using the answer of the problem 2.2, explain the reason that why the gimbal lock 

can be prevented by using the Euler parameter instead of the Euler angle. 
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2.4. Explain the relationship between the time derivative of the Euler parameter 

0 1 2 3

T
q q q qé ù= ë ûp & & & &&  and the angular velocity /

n
b nω . The explanation should include 

the equation for calculating the angular velocity using the time derivative of Euler 

parameter. 
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3. There is a vehicle constrained to move along the straight track. The external force 

exerted on the vehicle and the track is gravitational force. Answer the following 

questions. 

n frame- : Inertial reference frame.

/
n
O Er : Position vector of the point    with respect to the point E decomposed in n-frame.

O : Center of mass of the vehicle.

O

0/
n
O Or : Position vector of the point      with respect to the point    decomposed in n-frame.

0 /
n
O Er : Initial position vector of the center of mass O0 with respect to the point E decomposed in n-frame.

is constant.0 /
n
O Er

0O O
q : Angle of inclination of the track. 

0O : Center of mass of the track, hinge joint.

vm : Mass of the vehicle tm : Mass of the track

tI : Mass moment of inertia of the vehicle about zb-axis.

E nx

ny 0 /
n
O Er

/
n
O Er

O

0/
n
O Or

0O
2qq =

1q

nz

bz bx

by

 
 

3.1. Derive the equations of motion of the vehicle and the track represented by q1, q2 

using embedding formulation. 

( ), , ,T T E e T E e= = =M J MJ k J MJq F J F% % & %&

à Embedding Formulation
E e+ =Mq k F% % %&&
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3.2. Show that k%  term, which is in the equations of motion derived by embedding 

formulation, represents Coriolis and centrifugal acceleration using the answer of the 

problem 3.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3. Derive the equations of motion of the vehicle and the track represented by 

0 0/ / / /, , , ,O E O E O E O Ex y x y q  using augmented formulation. 

/
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0=C : Constraint equation

λ : Lagrange Multiplier

e
OF : External force

M : Mass matrix

à Augmented Formulation
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4. There is a 3-link arm moving in the 3-dimensional space. The coordinates of this system 

are defined in the following figure.  

 

n-frame: Inertial reference frame
b1-frame: body fixed frame attached to the link 1
b2-frame: body fixed frame attached to the link 2
b3-frame: body fixed frame attached to the link 3
1

2 1/
b

O Or : Position vector of the point O2 with respect to the point O1 decomposed in b1-frame
2

3 2/
b

O Or : Position vector of the point O3 with respect to the point O2 decomposed in b2-frame
3

4 3/
b

O Or : Position vector of the point O4 with respect to the point O3 decomposed in b3-frame

1 /b ny : Rotation angle of the b1-frame with respect to n-frame about zb1-axis

2 1/b bq

3 2/b bf
: Rotation angle of the b2-frame with respect to b1-frame about yb2-axis

: Rotation angle of the b3-frame with respect to b2-frame about xb3-axis
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b
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Answer the following questions. 
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4.1. Calculate the position of the point O4 with respect to the origin of the n-frame E, 

which is denoted 
4 /

n
O Er . 
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4.2. Calculate the velocity of the point O4 with respect to the origin of the n-frame E, 

which is denoted 
4 /
/n

O Ed dtr . 
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5. There is a 2-link arm moving in the xy-plane. The coordinates of this system are defined 

in the following figure. Only gravitational force is exerted on this system. 
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1b frame- : body(link 1)fixed frame

2b frame- : body(link 2)fixed frame
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Mass and mass moment of inertia about zG1-axis through point G1 of link 1:
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Mass and mass moment of inertia about zG2-axis through point G2 of link 2:
 

 

Answer the following questions. 
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5.1. The equations of motion of the link 2 derived by recursive formulation are as follows. 

Drive the equation (1) and the equation (3). 
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(7) Torque exerted on the
joint of link 2 
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5.2. The equations of motion of the 2-link arm derived by recursive formulation are as follows.  

1) Explain the reason that 1 1

1 1
ˆˆ ,b b

b bv a
 
are not given, but ˆˆ ,n n

n nv a
 
are given in this problem. 

2) Explain the reason that 2

2

ˆb
Of  

is not given, but 3

3

ˆb
Of  

is given in this problem. 

3) Describe the detail sequence for calculating 1t  
and 2t . 

4) Explain the reason that this formulation is called as recursive formulation. 

 

1 1
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2) 2)

1) 1)

1) 1)

 



2010 Fall, Topics in ship design automation  

 23

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


