
Let g : Rk −→ R, h : Rn −→ Rk be continuous functions. Then,

Df(x) = Dg(h(x))Dh(x) = ∇g(h(x))T Dh(x)

=
[
−∇g(h(x))T−

]  −(∇h1(x))T−
...

−(∇hk(x))T−


H(f)(x) = [DiDjf ] = [DjDif ] for i, j = 1, ..., n

= ∇(Df(x)) = D(∇f(x)) = D((Df(x))T )

= D

  | |
∇h1(x) · · · ∇hk(x)

| |

 |
∇g(h(x))

|

 
Let Djh(x) =

[
Djh1(x) · · · Djhk(x)

]
. Then,

H(f)(x) = D


 −D1h(x)−

...
−Dnh(x)−


 |
∇g(h(x))

|


 = D

 D1h(x)∇g(h(x))
...

Dnh(x)∇g(h(x))



The following holds true for general vector functions, a(x) and b(x).

D(a(x))T b(x) = D
∑k

j=1(aj(x)bj(x)) =
∑k

j=1 D(aj(x)bj(x))
=

∑k
j=1(bj(x)(∇aj(x))T + aj(x)(∇bj(x))T )

= (b(x))T

 −(∇a1(x))T−
...

−(∇an(x))T−

 + (a(x))T

 −(∇b1(x))T−
...

−(∇bn(x))T−


= (b(x))T Da(x) + (a(x))T Db(x)

Let a(x)T = Djh(x) and b(x) = ∇g(h(x)). Then,

D(Djh(x)∇g(h(x))) = (∇g(h(x)))T D((Djh(x))T ) + Djh(x)D(∇g(h(x)))
= Dg(h(x))T D((Djh(x))T ) + Djh(x)H(g(h(x)))Dh(x)

Hence,

H(f)(x) =

 Dg(h(x))D((D1h(x))T )
...

Dg(h(x)))D((Dnh(x))T )

 + (Dh(x))T H(g(h(x)))Dh(x)
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