
• N(X + Y ) = N(X) ∩N(Y )

1. N(X + Y ) ⊆ N(X) ∩N(Y )
∀v ∈ N(X +Y ), (X +Y )v = 0, and let the spectral decomposition of X and Y be the
following:
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Then, since (X + Y )v = 0,
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Thus, i, j = 1, ..., n, ‖xT
i v‖2 = ‖yT

j v‖2 = 0 ∈ R ⇒ xT
i v = yT

j v = 0 ∈ Rn,
and we have Xv = Y v = 0, ∀v such that (X + Y )v = 0.

2. N(X) ∩N(Y ) ⊆ N(X + Y ): It is obvious.

• rank(X + Y ) > min{rank(X), rank(Y )}

N(X + Y ) = N(X) ∩N(Y ) ⇒ nullity(X + Y ) 6 min{nullity(X), nullity(Y )}
⇒ n− nullity(X + Y ) > max{n− nullity(X), n− nullity(Y )}
⇒ rank(X + Y ) > max{rank(X), rank(Y )}
⇒ rank(X + Y ) > min{rank(X), rank(Y )}
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