e N(X+Y)=N(X)NN(Y)

1. N(X+Y)C NX)NN(Y)
Yo € N(X+Y),(X+Y)v =0, and let the spectral decomposition of X and Y be the
following:

X =Y Nzal Y =Y Myy/
i=1 j=1
Then, since (X +Y)v =0,

(X +Y)o=0

o (S Afaa] v + o (3 My;y) v
= YA (o) (] v) + N (yf o) (y] v)

Thus, 4,7 = 1,...,n, ||z vz = ||yJTv||2 =0eR=2lv= yJTv =0¢eR",
and we have Xv = Yv = 0, Vv such that (X +Y)v =0.

2. NX)NNY)C N(X +Y): It is obvious.

e rank(X +Y) = min{rank(X), rank(Y)}
NX+Y)=NX)NN(Y) nullity(X +Y) < min{nullity(X), nullity(Y)}

n —nullity(X +Y) = maz{n — nullity(X),n — nullity(Y)}

rank(X +Y) = mazx{rank(X),rank(Y)}

rank(X +Y) > min{rank(X), rank(Y)}
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