Let A € R™ "™ be a real symmetric matrix.

1. All eigenvalues are real.

Proof. Assume that there exists an complex eigenvalue, A + pi, where A\, u € R and pu # 0.
Then, the corresponding eigenvector must be a complex one, and let it x + yi, where
x,y € R™ and y # 0. Otherwise, Az # (A + pi)x if x # 0.
Hence, A(x + yi) = (A + pi)(x + yi), and we have Ax = Az — \y, Ay = Ay + px.

yTAz = Mz — '
2TAy = XeTy+pxTx
0 = —ulyTy+aTa)

Since 72 + yTy # 0, u = 0, which is contradiction to the assumption.

2. Any two eigenvectors obtained from two distinct eigenvalues are orthogonal.

Proof. Let the eigenvalues and the corresponding eigenvectors be A;, A; and z;, ;. Then,

2T Az, = Nix] @
— x?ij = )\jx?xj
0 = alz;(N—N)

Since \; and \; are distinct, z7'z; = 0, or z; and z; are orthogonal.

3. Let X = .’L‘|1 a:‘n , where ||z;||2 = 1,i = 1,...,n. Then, XT = X~! by 2.
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5. Spectral Decomposition: A = A\jz12? + ... + \yzpal

Proof. XTAX = A= A= XAXT since XT = X1,

| | Al 0 — xf —
A=XAXT=| 2y - =z,
| | 0 An — xz —
| e
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= Alxlx? + .+ )\nxnxf



