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* Material Conventions

¢ Constitutive Properties for Common Materials
* Single Axis Cases and Coupling Coefficient

* Property Rotation

e Reduction to Plane Strain/Stress
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Material Conventions

e IEEE Standard (5td-176-1978) defines properties
relative to the poling axis:
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* Material poled with high electric field to align
dipoles in 3 direction

Application of electric field in same polarity produces
extension (primary actuation) in 3 direction

Transverse piezoelectric effect produces shortening in
1 and 2 directions

¢ Poling produces anisotropy.

3 direction exhibits higher compliance, dielectric, and
piezoelectricity
Isotropy exists in plane defined by 1 and 2 directions
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Linear Piezoelectricity

* Assumptions of small deformations allows linear
forms of constitutive equations to be used

* Constitutive equations couple mechanical and
electrical fields within each material

In tensor form:
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g®>  dielectric at constant strain condition (clamped)

ct ;Efnegg_at constant electric field (shorted)

Superscript denotes property found at constant field

for independent variable
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Alternate Forms I

* Four field variables allows four alternate forms of
constitutive equations, each with different pairs of
independent and dependent fields:

e Form 1:
In tensor form:
B
o E
Tij =—e E +ci}.leH

In matrix form:
D) (& e][E
Tl =e; 2|8
e Form 2:

In tensor form:
T
D, = EikEk T dilek]
2 E
Sij - dkijEk + Si}lekI

In matrix form:
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Alternate Forms II

e Form 3:

In tensor form:
_ AT
E,=pD, —8mlu
S, =guD, + SEHTH

In matrix form:

E 2 BT -gl|(D
il g, 513& i
:-‘u,m tfﬂuff
e Form 4: “’\

In tensor form:
E = ﬁika —h,,Sy
Ty=—h,D. +::§:j’k15ikl

In matrix form:
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Description of Symbols

£ free dielectric constant
clamped dielectric constant
k,;  longitudinal coupling constant
k,,  transverse coupling constant
k,;  shear coupling constant
d

piezoelectric constant (strain/field)

ey piezoelectric constant (stress/field)
s*  compliance at constant field (short circuit)
s” compliance at constant electrical

displacement (open circuit)
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Typical Properties

PZT-4 PZT-5A PZT-5H
1300 1700 3400
635 830 '\142/9;55
289 374 593
-123 A71 -274
496 584 741
15.5 188/ 20.7
7.90 9.46 8.99

) 12.3 16.4 1 65
10.9 144 141
-4.05 -5.74 -4.78
-5.42 71 7.27
700 705 752
-334 -.344 -388
710 685 675

* Designations of Morgan-Matroc Piezoceramics

PZT 4-NAVYI

PZT 5A - NAVY Il PZT 5H - NAVY V
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Form Relationships

 Simple matrix algebra provides relationships
between various material properties

example 1:

=(s")"S—(s")"d,E
Substitute into equation for D:
D=d(s*)"'S-d(s*)"'d,E+¢'E

Compare to f-:)rm 1

From form 2, P 2

LYA | e

(Thus, clamped dlelectrl_c_ ;g__s_maller than free
Hlelectrlc)

example 2

From form 2 again,
=(e")'D-(e")'dT
Substitute into equation for S:
S=s"T+d,(e")"'D-d(e")'dT

Compare to form 3:

(Thus materlaI is less compliant in open circuit)
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Active Material Types 1

 Various crystal system types are available as
active materials:

Poled ferroelectrics: Hexagonal Crystal - Class 6mm

wn
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Active Material Types II

Rochelle Salt: Orthorhombic Crystal - Class 2

S 185 s; 0 sz 0] [0 dy 0]
se, 82, S, 0 s O 0 d;. 0| -
S; Sy S, 0 si 0 0 d, O
G 00 B, OB AL W0
Si; Si Sk 0 sh 0 0 dy 0] °
|0 0 0 s 0:.sgl id; 0. dy.
Quartz: Trigonal Crystal - Class 3m
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Modes of Operation I

* Various one dimensional modes of operation are
possible depending on:

Electric field direction

Poling direction
Application of loads

¢ Three most common modes of operation are:

Longitudinal Mode:
Load and electric field applied along direction of
poling

Transverse Mode:
Load applied transverse to poling direction, electric
field applied along poling direction

Shear Mode:
Shear load and poling direction in plane of
structure, electric field applied perpendicular to
plane
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Longitudinal Mode

* Longitudinal mode of operation utilizes primary
actuation direction

* Mode of operation characterized by:

- Electric field, E,, applied along poling direction
Normal load T, also applied along poling direction

e  With all other stresses zero, constitutive equations
can be written as follows:

S, 5?3 d,, T,
i dI’ZTSH s 593‘5‘_1211'1 V
{Da} {das €5 |LE * /

e Typical applications: extension motors, used in
stacks for accurate positioning control
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Transverse Mode

e Transverse mode utilizes transverse piezoelectric
effects:

]

Voite {E s

¢ Mode of operation characterized by:

Electric field, E,, applied along poling direction
Normal load T, applied perpendicular to poling
direction

With all other stresses zero, constitutive equations
become:

{Sl } { dﬂ{n} il LAl
D, dy &5 JLEs .

e Typical applications: bonded on (or embedded in)
structures for damping/vibration control
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Shear Mode

 Shear mode of operation utilizes in-plane shear
load and perpendicular dipole alignment

W
- ' '1—'—- ;r TS

~y Fi
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* Mode of operation characterized by:

Electric field, E;, applied perpendicular to poling
direction

Shear load T, applied perpendicular to poling
direction

 With all other stresses zero, constitutive equations
become:

S, } [sf_i dlE:HT-} :
- 5 dPZ'I‘::H = ?415_]2111 / V
{Dl dlE E';]:I E1 :

* Typical applications: shear mode motors, shear
type accelerometers
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Coupling Coefficient I

* Definition: ratio of electrical work which may be

SDHI‘CE

e ———

l j T3
5 area A

1 PE S,

* Consider following steps for longitudinal case:

1. Under short circuit conditions (E=0), apply stress T,.
Element is free to expand in other directions so that
T, =T, =0. Then, mechanical energy stored per
unit volume is:

= |T,88,= ; T

333

L
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Coupling Coefficient II

2. Open circuit element (D=0) and remove stress. For
this process, electric field can be related to stress
as:

_Tdy v fovva =
T
€33

E,=

3. Apply electric field to return strain to original state.
Energy delivered to the electrical load is:

1
U: = JD35E3 5 58;3E§

4. Finally, comparing electrical energy done to
mechanical energy stored, replacing E, by the
above relation gives:

T 2
E 33 T _E
Um 833533

i,

e N .

Similar arguments may be used to develop

coupling coefficients for other modes of operation:

2
, _ d
transverse mode: ki =—
€335
2
e,
shear mode: ki; == )
€11Css
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Modeling of Active Materials

e Active elements have been widely used as:

Actuators: on adaptive structures such as beams,
plates, and trusses
Sensors: for modal and waveform control

 Applications require problem-specific
manipulations to the material relations:

Property Rotations:

Material properties are all derived relative to the
material poling direction, which may be different
than the principal structural axes

Rotations can be derived for transforming coupled
material matrices to other axes

Reduction to plane strain/stress problems:

Geometry of certain problems allow simplification
from three-dimensional states of stress and strain

Simplification requires choosing the correct forms
of constitutive relations

Piezoelectric Active Structures Lecture 3/18




Property Rotations I

e Assume fully anisotropic material in coordinates

(X,¥,2):
D| [& e&l][E
T| |-e & |5

Goal is to find effective material properties in axes

(x,y,2). Rotations may be found through tensor
transformations: A osihe betuen  pa & P

< P
o (First order, ex: D, E)

wi

SR

&y =18
R L (Second order, ex: S, T)

* Transformations can also be represented in

matrix form, such that rotations between variables
can be written as:

D=FD E=FE §=BS T=AT
e

Using these relations in the constitutive equations
above yields:

o el elo ol

Thus, the rotated properties are:
e e| [F1.0 & EJF 0
-, | |0 A'|-& |0 B
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Property Rotations II

* For the specialized case of two dimensional
rotation in-plane:

2

v
_,.-,
_,.ff
f.—"‘
o S % 1

II

* Rotations of material properties in the plane
about the 3 (z) direction can be achieved through
the 1st and 2nd order transformation matrices:

D=R,D E=R;E 5=R;S T=(R,)'T

c? Sl |
g e B
0 0 1

Ry=
L 0 0 0
w0 0 | 0
| —2¢s 2¢cs 0O
where: C=C0s 0
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Property Rotations III

* As before, rotate constitutive relations given in
material axes:

D| [ & ellE
T| |-& ¢E||S
*  From first row equation:

D=gE+85 — R.D=&R,E+&RS
D =R, &R.E+R; RS

* From second row equation:

-

T=-8E+& - (R)'T=-8RE+cRS
T=-R;&RE+R RS

Finally, rotated properties are expressed in global

axes.
D] [R.&R; R &R, ](E
T/ |-Rs&R; R &R, ||S
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Plane Stress Problems

* DPlane stress assumptions may be made for many
typical structures: plates, shells, beams

3
(H,J (ﬁ
TR

1

e Assumptions | T=T¢= =0
/ﬁdaterial poled in 3 direction
Thickness of structure small
Stresses through thickness small: T, <<T,, T,

Ignore shear stresses T,, T ; shear strains 5,,5; then
must also be zero (shear problem uncoupled)

e Constitutive equations must be in form with stress
as independent variable for reduction to plane

problem: 4
r e })‘ e ™
D, €5 d_31 dy 0 |[E;
S] - d31 51El E‘lEz 0 : T]
S; dy 5 ijl 0 11T,
1Ss)] [0 0 0 sg|lTs

* Note that inverted properties will not have one-to-
one correspondence to 3 dimensional properties
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Plane Strain Problems

* Plane strain problems may be used to model rods
of infinite length, or finite length with fixed ends

¢ Assumptions: « § =% =% =o-

Material poled along 3 direction
Material infinite along 3 direction, with no variation of
applied loads or properties along this direction
Strains S_,S,,S; zero, thus corresponding stresses

T,, T, also zero (Stress T, may be solved for
separately after initial problem solved)

* Constitutive equations must be in form with strain
as independent variable for reduction to plane

problem:

r ' r 5 Ar =

D, £ €, €; 0 E3
E E

1, =€ Cy € M Sl

4 = E E 5 4
1y € B Q5

E
kTe R 0 0 O Ces SeJ
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