860 Systemns of Particles

*14.10. VARIABLE SYSTEMS OF PARTICLES

All the systems of particles considered so far consisted of well-defing
pdltldes These svstems did not gain or lose any particles during thei
motion. In a lal(fe number of engineering de]ICdtl()IlS howo\'m iti
necessary to consider cariable sz/stcms <)fpam( les, i.e., systems whid
are contmually gaining or losing particles, or dom<r both at the samy
time. Consider, f01 L,\amplc, a hydmul]c turbine. Its analysis involve
the determination of the forces exerted by a stream of water on rotat
ing blades, and we note that the particles of water in contact with thy
bleu form an everchanging system which continually acquires am
loses particles. Rockets fmmsl another example of variable systems
since their propulsion depends npon the continual cjection of fue
particles.

We recall that all the kinetics principles established so far wen
derived for constant systems of particles, which neither gain nor los
particles. We must therefore find a way to reduce the andl\m of

variable system of particles to that of an auxiliary constant system

The ploccdme to follow is indicated in Sces. 14.11 and 14.12 f01 bt
broad categories of applications: a steady stream of particles and
system that is gaining or losing mass.

*14.11. STEADY STREAM OF PARTICLES

Consider a steady stream of particles, such as a stream of water di
verted by a fixed vane or a flow of air through a duct or through:
blower. In order to determine the resultant of the forces meﬂed 01
the particles in contact with the vane, duct, or blower, we isolat
these particles and denote by S the system thus defined (Fig. 149
We observe that S is a variable system of particles, since it L(mtmuau‘
gains particles flowing in and loses an equal number of particles flow
ing out. Therefore, the kinetics principles that have been establishe
so far cannot be directly applied to S.

However, we can uml\« define an auxiliary svstem of particle
which does remain constant for a short interval of time At. Conside
at time ¢ the system S plus the particles which will enter S during th
interval at time At (Fig. 14.104). Next, consider at time ¢ + A th
svstem S plus the particles which have left S during the interval A
(Fig. 14.10¢). Clearly, the same particles are involved in both cases
and we can apply to those particles the principle of impulse an
momentum. Since the total mass m of the system S remains constant
the particles entering the system and those leaving the system in th
time At must have the same mass Am. Denotinv l)v Va and V3, TESPeC
tively, the velocities of the particles entering S at A and leaving S at b
we represent the momentum of the PclltlL](‘S entering S by (_\m)
(Fig. 14.10¢) and the momentum of the particles leavmg S b} (Am)v
(Fig. 14.10c). We also represent by appropriate vectors the moment
myv; of the particles forming S and the impulses of the forces exerte
on S and indicate by blue plus and equals signs that the system of th
momenta and 1mpulsu in parts @ and b of Fl(r 14.10 1s (\qmp()llent t
the system of the momenta in part ¢ of the same figure.
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Fig. 14.10

The resultant Zm,v; of the momenta of the particles of S is found
on both sides of the equals sign and can thus be omitted. We con-
clude that the system formed by the momentum (Am)vy of the parti-
cles entering S in the time At and the impulses of the forces exerted on
S during that time is equipollent to the momentum (Am)vy of the
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particles leaving S in the same time At. We can therefore write

(Am)vy + 2F At = (Am)vy (14.38)

A similar equation can be obtained by taking the moments of the
vectors involved (see Sample Prob. 14.5). Dividing all terms of Eq.
(14.38) by At and letting At approach zero, we obtain at the limit

dm

SF=—
dt

(vp — va) (14.39)

where v — v, represents the difference between the vector vi; and
the vector v .

When SI units are used, dni/dt is expressed in kg/s and the ve-
locities in m/s; we check that both members of Eq. (14.39) are ex-
pressed in the same units (newtons).

The principle we have established can be used to analyze a large
number of engineering applications. Some of the more common of
these applications will be considered next.

It is often convenient to express the mass rate of flow dm/dt as the product pQ,
where p is the density of the stream (inass per unit volume) and Q its volume rate of flow
(volume per unit time). When ST units are used, p is expressed in 1<g/n'|"3 {for instance, p =
1000 kg/m? for water) and Q in /s,

14.11. Steady Stream of Particles
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