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NATTOHNAL ADVISCRY COMMITTEE FOR AERONAUTICS
TECENICAL NOTE NO. 1326

ATRFOIL IN SINUSOIDAL MOTTON
IN A PULSATING STREAM

By J. Meyo Creenbsrg
SUMMARY

The forces and moments on a two-dimensional airfoll executing
harmonic motions in a rulsating stream are derived on the basis of
nonstationary incompressitle potential-flow theory, with the
inclusion of the effect of the continuous sheet of vortices shed
frem the trailling edes. An assumption as to the form of the wake
iz mede with & certain degree of approxitation. A comparison
with previous work applicable only to the special case of a
gtaticnary airfoll is made by means of a numerical example and
the excellent agreement obtained shows that the wake approximation
is quite sufficisnt. The results obtained are expected to be
useful in considerations of forced vibrations and flutter of
rotary-wing aircraft for which the 1ifting suwrfaces are in sir
gtreams of veriable velocity.

INTRODUCTION

The prcblem of an airfoil in arbltrary motion in a pulsating
gtream arises in connaction with rotating blades in forward moticn,
Tor exempls, helicopter blades. Use of two-dimesnslonal theory for
this problem leads to deviations from reality with respect to the
positlon of the wake, but, as most of the walke effects arise from
that part near the airfoil, the error should not be seriocus.

Restricted results, applicable to an airfoll at a fixed angle
of attack In a pulsating stream, have been obtained by Isascs
(reference 1). 1In the present paper, under the same linearizing
assumptiona ag are made in the derivation in reference 1 but with

© explicit consideration and simplification of the form of the wake

oxtending from the rear of the airfoil, the methods of Thecdorsen
(reference 2) have been extendsd to obtain the forces on the airfoil
ot only at a fixed angle of attack but also in arbitrery motion.
The result is in closed form as compered with the Fourier series
result of reference 1. Inclusion of the effects of arbitrary moticn
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of the airfoil presente the poesibility of application to forced
vibratione and to flutter of helicopter blades. :

v
lii]

b
kﬂ-::r*
o(k) = F + 1G
8(x)

P

SYMBOLS

position of torsion axis of wing measured from center

nondimensional position of torsion axis of wing
measured from center

half chord of wing

fixed part of angle of attack measured clockwlse
from horizental

verying part of angle of attack

vertical displécamant, poeitive downward
horlzontael coordinate

nondimensional coordinate

time

gtream veloclity

fregquency

circular frequency (2nv)

reduced frequency

¢ function (reference 2)

Direc delta function (reference 3)

locel static pressure

air density

a muber determining magnitude of etream puléationﬁ
ﬁarpanﬁicular foree

pitching moment sbout x = a, positive counter
clockwlps

ar
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incom
gmall
infin




NACA TN No. 1326

P noncirculatory veloclty potential

Pr clirculatory velocity potentiel

U strength of weke discontinuity '
¥ phase angle with respect to stresam pulsations .
AT element of vorticity 'E
Subscripts: r
a fixed pert of angle of attack | l
B varying part of engle of ettack i ;
v gtream velocity f: |
h vertical displacement |

0 with B or h, maximm emplitude; with x, wake [ l

position; with v, steady part Hi

P et e i

IERTIVATION OF FORCES Hi

Method.- In a derivation perallel to that of reference 2, the ,}
forces due to the noncirculatory flow and to the effect of the 'L
vake are treated seperately, the usual assumptions being made: i
incompressibls potential flow, two-dimensional flat-plate airfoil, i El
ﬁll oscillations, and plane wale extending from trailing edge to -

inity.

Noncirculatory forece and momsnt.- Consider an eirfoil of *

Chord 2b at an angle cf attack o + B with respect to a stream
having velocity v directed to the right (fig. 1). Let the
fngls a be constant sc that the only varlation in angle of
&ttack is dus to & variation in the angle B. If the airfoil is i
&llowed to rotete about the point x' = a' with angular velocity
B (the dot over a gymbol denctes differentiation with respect to
the time t) apd to move downward with a velccity h, the velocity
Uormal to the airfoil is .

e(x') = -h - (a + B)v + I'E[a' -x')
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The potential for such a normal welocity function is (see reference 2)

,q:rafib'.r‘l—19+v(ca+ﬁ]'b!|fl-x2+E-‘h2(Eh-)\}1-12 (1)

whers

~b

+ pl & SE

where

P local statle pressurse
Fo] alr denaity

W local veloc_ity

and subatituting

w:‘ﬂ"-&-%

gives the pressure difference at the point x a8

&p = "2"(% - ‘; ﬁ‘) (2) ..

Tntegration of this local pressure d4ifference over the length of the
airfoil gives as the total force 4

P = —:rrp‘bEE-q.- B + (o + B) - 'baﬁ] (3
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5
The nonelrculatory moment about the point xa a 1is
ri /-1 ) 1
M, = e ._/ Ap(x - a) dx = -2pb° (x - a) ?.éd.x 3 2pvd 3P dx -
% ova

LY
which becomes

Mg = -7pb° {-?Efﬂ- + B) - bav(a + B) -vh + he% + &E)F{[ (3a)

irculatory force and 'l;mment.- The velocity potential of an
element of vorticity

-Al' at a poeition in the wake and its
image AI' distributed over the airfoil is

reference 2)

Przo = S tan™ 1) ﬂg (1)

The alement

AT moves to the right relative to the airfoil with a
velocity w. Thus

Py
ot E’rxo

P
Subatituting this expression and “-%- into equation (2) and
integrating the effect of the entlre wmke on the airfoll ylelds
the Torce

P--pv‘hf V_?T'Uﬂ:“
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where U dxy 1es the.element of vorticity AT at the point X,-
The circulatory moment which 1s obtained from

1
M&=‘n2f fp(x - a) dx
-1

iz, similarly,

Mau-nvhf‘if [ V@*l (a+% _l:lUﬂxo (59)

The Kutta condition requiream that at the tr&iling edge of the
plete the inﬂunerl velocity be egual to O; therefore, at the point
X=1

whare

e e ——

Introducing the potential from equation (1) results in

x.g.+l
g,ru P Hiro-h+vfm+a}+ﬂh(12=- ) (6)

The type of stream wvelocity encoumtered by a helicopter blade
gection in forward flight 1s

v m vﬂ(l + uamvt)

(7)
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where f—,: is the period of pulsatien of the atresam, Tha apsumption

iz made that o < 1, because if o > 1 there would occur a reversal
af flow which cannot be treated by exleting methoda. In usual practice
g > 1 only for radial positions near the hub of a helicopter blade.

For harmonic moticne of the alrfoll

1(u>5t + l'ﬁﬁJ
B = Bge
_ (8)
1@;ht + ﬁfhj ]/
-
where £x and E‘-Li- are the periods of varlation in angle of attack

and in vertical displacement, respsctively, and ‘~|'J'B and 1.].rh Bra
phase factors, .

a) Equation () becomes, after substitution of equations (7) and
(8),

1 ,_,Eg+l 1oyt
Eﬂfx{]_l'Udzo=va+vgma

, [;Jﬂ_ﬁ{,hg._- ) + ves

] o)

1 [(ogrmg) b 5, (9)

+ U?DE 0®
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It 1s sufficient to satisfy the Eutta condition separately for each
of the terms on the right-hand side of equation (9); therefore, a

" gheet of discontinuity of the followling form 1z set up:

i(wvt-kvxo}

Uw Pmﬁ(ﬂﬂ - x0)+ U, r’ This B
- e 7
; e [ mdd el :
pady sttt yorltt a0 1{apt-kgxy) 1{oy b=l %) | oo Lot
; 0 o Y g (wpt-kgxy L B apt-ky%o | oo 4)
. . | ’
. |
1 [( )t-
+ Uyype rm‘wﬂ g % (20)

where &(» - Xp) 1s the Dirac delta function (reference 3), and
where

- (wy + )b
v+B = Yo

Justification for assuming this form for the wake 1s given in the
appendizx,

Combining equatione (9) and (10) and equating termas of
corresponding time variation yields
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L e e

or T', = 2nvga (the stationary circulation)

. o + L -llgTy
(10) 1 [ oI -tkgm IR
E-fm'fnﬁg n[imﬂb%-)-!-?uﬁ{!e

o+ I -lgxy 1,
@%fvm—f—l%e " axy = tmghoe

- V[T ORI e, i
| zrdy Yz e SO

Trntroducing these relations and equation (10) into equation (5) gives

| - ol g e ol
| ' lo b "/;ﬁfume

| P = -2npvb | vpa + oVpae =
o ° S R L T NAD
e Ume rl'x.o
1 730:
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The  quotient of intsgrals cccurring in this expression 1 the
¢ function defined in reference 2 as

pe Xg *i}CID
o Vox: i axq
0(k) = —=3 g w
fl I %

The force dus to the wake 1s, therefore,

im +
v

P= -Enpvbjl}gu + ovpaC(ky,)e

+ l:imﬁﬁg'b@- - a) + vﬂﬂﬂ] C{kﬁ}si(%m%)

1(oy t4l5, )
+ imhhoclfkh]a “n wh

! [E%*“’a}t*‘*@}

+ ovoBoC(lky,ale (11) 3

Applying the same methods to equation (5a) as were applied to
equation (5) glves the moment due to the wake as

M, = -npvbe [ﬁ-+ v(a + B) + B'b(% - a)}

. _ &
+ 2npvbe (u. + %) o + ovgat(k,)e

. I__b(% - a)b + vgﬂ] C(kg)

t
+ hC(ky) + uvﬂac(kﬁﬁ}am"}




