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/7.1 M ATRICES , V ECTORS

ADDITION AND SCALAR
MULTIPLICATION




Matrices

Matrix : a rectangular array of numbers (or functions)
enclosed in brackets.

Examples)

&0 -02 16 H:
< )
™ 2x°0
€ 6 u
_EE i 4XLb

square matrices

rows

(no. of rows =no. of columns)

Entries ( )
(or sometimes the elements (

)

2! 13y
T
NG

-—— -——

columns
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Matrices

We shall denote matrices by capital boldface letters A, B, C,

AAA , or

the general entry in brackets ; thus A=[a], and so on. By an mx n matrix (read
m by n matrix) we mean a matrix with mrows and n columns T rows come

always first!

m X n is called the size of the matrix. Thus an mx n matrix is of the form

A

A2
&

Az

w W w Ww

4, 9

5
%l ().

y
a"an
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: e 3 . gl
Matrices éa“ %2 % U
— — éa21 Ay, 3 Ay, u
A=[q,]=% % y .
eO O 3 Oou
é u
éaml a'mZ 3 a'an,J
If m=n,wecall Aan nxnsquare matrix ( )
\eaﬂ & 3  a, ﬂ
_ @i 8" 3 B
o B 3 N Ou
e ~LU
&y Ay 3 s @l
\\/
main diagonal
If m— n,we call A arectangular matrix ( ).
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Vectors

Matrix : arectangular array of numbers (or
functions) enclosed Iin brackets.

Vector : a matrix with only one row or column.

We shall denote vectors by lowercase boldface

lettersa, br,by ifsAéneral component in
brackets, a=[a] , and so on.
Examples) oW vector column vector

éjl\

N
E*e

- \\ r- \\ "
a=(a (3, (a)
a_:L/I \a_Z/I \a_S/ b @)
Components (entries) é:% N

\
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Matrices

Ex 1) Linear Systems, a Major Application of Matrices

In a system of linear equations, briefly called a Ilnear system, such as

4x, +6X, +9X, |6
6X%, - 2X, '20|
5X, - 8%, + X, = I10'

the coefficients of the unknowns X1, Xo, X5 are the entries of the coefficient
matrix ( _ Y wn), callit A,

% 6 90 6 9 16
A:gG 0] -2[\] The matrix '& 0 _2:

& -8 1y

Is called augmented matrix ( MW 1 ) of the system.

-8 1 10

BoP X

We shall discuss this in great detail, beginning in Sec. 7.3
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Matrices

Ex 2) Sales Figures in Matrix Form

Sales Figures for Three products I, II, lll in a store on Monday (M),
Tuesday (T), AAA may for each week

M T W Th F S
§400 330 810 0 210 470y
:go 120 780 500 500 960 |
g00 0 O 270 430 780yl

If the company has ten stores, we can set up ten such matrices, on for
each store. Then by adding corresponding entries of these matrices we
can get a matrix showing the total sales of each product on each day.

ational
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Matrix Addition and Scalar  Multiplication

Equality of Matrices

Two matrices A=[a,] and B=[b,] are equal, written A=B, if and only if they have

the same size and the corresponding entries are equal, that is, a;;=by;, a;,=b;,,
and so on. Matrices that are not equal are called different. Thus, matrices of
different sizes are always different.

Ex3) Equality of Matrices

: M0
let A=gH 3128 and -y g
&2, A0 8 -1

a; =4 a,=0

Then A =B if andonlyif
&, =3 a,=-1
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Matrix Addition and Scalar  Multiplication

Addition of Matrices

The sum of two matrices A=[a,] and B=[b,] of the same size is written A+B and
has the entries &, + b, obtained by adding the corresponding entries of A and B.
Matrices of different sizes cannot be added.

Ex4) Addition of Matrices and Vectors

>4 6 3 5 -1 Og 5 3
If :g gand B:QS u,then A+B—el 3
&0 1 2 s 1 0 8B 2 20
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Matrix Addition and Scalar  Multiplication

Scalar Multiplication (Multiplication by a Number)

The product of any m x n matrix A=[a,] and any scalar c (number c) is written cA
and is the m x n matrix cA=[ca,] obtained by multiplying each entry of A by c.

Ex5) Scalar Multiplication

2.7 -18g & 27 18¢
I A:go 09“ then -A_‘?o -0.93
0.0 - 4.5g @ 00 45p  zeromatix
é,3 - 2@ ’50_ _O_ﬂ.
%OA = go 15 OGS eo o“'
&40 -5y \g)_ (

Engineering Math, 7. Linear Algebra



0: zero matrix (of size m x n matrix)

Rules for Matrix Addition and Scalar Multiplication

?(a) A+B=B+A
; i(b) (A+B)+C:A+(B+C) (WrittenA+B+C)
()}@) A+0=A

N\

[(d) A+(-A)=0

§(a) c(A+B)=cA+cB
L)  (c+K)A =cA +kA
(4) | j |
+(©)  c(kA)=(ck)A (writtenckA)

f(d) 1A = A




7.2 M ATRIX MULTIPLICATION




o . | ('] [n? r] S [ 1]
Multiplication of a Matrix by a Matrix

. _ J=13 ,m
Ci = ,a=1 B = aby +a,b, +3 +a;b,3 (1) k=13 ,p.
n=3 pr %:2
- e ) &, o, @
2311 A a13‘8\, 1 b12 ,I@ écl C2 ]l\g
M= 4< e 9 sy, b, l'E(l’=3):gCil 022 m =
?31 a32 8333 é)g,l b32 {ﬁ é 1 C32 ’I{\J
\éa41 A Sy3(] v &l
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o . | ('] [n? r] S [ 1]
Multiplication of a Matrix by a Matrix

Ex 1) Matrix Multiplication
e3 S5 -lg& -2 3 1g e22 -2 43 42g

_é Ul € 0_é 0
AB=24 O 2025 0 7 ag_ézes -16 14 6g
&6 -3 29 -4 1 1y 9 4 -37 -28

s =3@+5G+(-1)O@=22

o =4@+00+20Q=14

The product BA is not defined.




A B = C
Multiplication of a Matrix by a Matrix (m i [n° r] = [m? r]

Ex 1) Matrix Multiplication
¢4 208p_eAQ3+2Ge_ &2
&8sy elB+8Gy &3y
Sged 29

s N\ s IS not defined.

Saal 8y

Ex3) Products of Row and Column Vectors

Slo elg e3 6 1o
3 6 1] 223=[19] 2003 6 1=26 12 2
ey & g2 24 4y
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Multiplication of a Matrix by a Matrix [ (n? r] S (¥ 1

Ex 4) CAUTION! Matrix Multiplication is Not ~ Commutative ( W E- ),
ABI BA in General

Commutative rule ( |, L A)
el 1g
&oo 1odj &1 Y
lgel 1g_€0 Og
Stoo 10jg1 -1 & of
&1 1gel 1g_ €99 99g
BA=¢ = é 0
€1 -19%00 100 & 99 - 9o¥

\ AB BA

It is interesting that this also shows that AB=0 does not necessarily imply BA=0 or A=0 or B=0.

% a};‘ Seoy/
L3 jaer 18
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Properties of Matrix

Multiplication

&)

(KA)B = k(AB) A (IB)

A(BC) =(AB)C

7(c) (A+B)C AC BC
f(d) C(A+B) €A GB

(2b) is called the associative law (

(2c) and (2d) is called the distributive law (

)

(written kAB or AkB)

(written ABC)

Engineering Math, 7. Linear Algebra



A B = C

Properties of Matrix Multiplication [m* nf [n®r]=[m*r]
Cik = a a,b, =a;b, +a;,b, +3 +a,b,3 (I
| =1

Since matrix multiplication is a multiplication of rows into columns, we can write the
defining formula (1) more compactly as

c, =ab3 (3| J=13 .m k=13 ,p.

where a] . the jth row vector of A
b, : the kth column vector of B, so that in agreement with (1),

B

k

4

M~ D~

a.bk:[ajl a, 3 ajn]

j = ajlblk T aj2b2k +3 + ajnbnk

« Cwl el e N

C@'\
S
~

S ! ;
2 Wational 20
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Properties of Matrix Multiplication

Ex 5) Product in Terms of Row and Column Vectors

If A=[a,] is of size 3x3 and B=[b,] is of size 3x4, then

eab, ab, ab; ab, g o0
_é U _EN o
AB=z,b, ab, ab, ab,(4). A=gy B=b b, b, bl]
, \ &l
@301 aSOZ a3b3 a3b4 H

Parallel processing of products on the computer is facilitated by a variant of (3)
for computing C=AB, which is used by standard algorithms.

In this method, A is used as given, B is taken in terms of its column vectors,
and the product is computed columnwise; thus,

AB=A@, b, - b, g=Ag, Ab, - Ab  --(B).

Engineering Math, 7. Linear Algebra Mo



Ci =a;b,

Properties of Matrix Multiplication

Ex 5) Product in Terms of Row and Column Vectors

N\

ea, b, a,b, a,b, apb, 9

_€ u
AB =a,b, ab, ab, ap, 5 (4).

é@301 a302 a3b3 a3b4 H

AB=A@, b, - b, g=Ag, Ab, - Ab  --(B).

Columns of B are then assigned to different processors (individually or
several to each processor), which simultaneously compute the
columns of the product matrix Ab,, Ab,, etc.

ational
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Properties of Matrix Multiplication

Ex 6) Computing Products Columnwise by (5)

AB=A®. b, b, gABAb, —Ab - @)
e4 1lge3 0 7g_ell 4 34g
€5 Y81 4 6¥ §£17 8 - 23

To obtain AB from (5), calculate the columns

e4 lgedg €llg ed4 1olg e4z ed4 lgelg €34 g
Q52UQ]_HQ]_7U’Q52e4U U’QSZU%U 9233

of AB and then write them as a single matrix, as shown in the second equation
on the right.

Engineering Math, 7. Linear Algebra



Applications of Matrix Multiplication

Ex 11) Computer Production. Matrix Times Matrix
Supercomp Ltd produces two computer models PC1086 and PC1186.

Matrix A : the cost per computer (in thousands of dollars)
Matrix B _: the production figures for the year 2010 (in multiples of 10,000 units)

Find a matrix C that shows the shareholders the cost per quarter (in millions of
dollars) for raw material, labor, and miscellaneous.

PC1086 PC1186 Quarter
gél.2 1.6 Raw Components 1 2 3 4
A= %3 0.4 Labor _ a3 8 6 9gPC1086
e B = 0
@.5 0.6 miscellaneous % 2 4 3uPC1186

ationa
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Applications of Matrix Multiplication

Ex 11) Computer Production. Matrix Times Matrix

PC1086 PC1186 Quarter
1 2 3 4
@l.2 1.6 Raw Components

é() 63 8 6 9gPC1086
A = é 3 0.4 Labor — & 2 4 3uPC1186
@.5 0.6 Miscellaneous

Q7 Quarter
1 2 3 4

e1_32 128 136 15. 6ﬂRaW Components
C=AB = 33 3.2 3.4 39\Labor
@5.1 52 54 6.3 H Miscellaneous

Engineering Math, 7. Linear Algebra



Applications of Matrix Multiplication

Ex 12) Weight Watching. Matrix Times Vector

A weight-watching program

A person of 185Ilbburns 350cal/hr in walking (3 mph)
500cal/hr in bicycling (13 mph)
950cal/hr in jogging (5.5 mph)

Bill, weighing 185Ib, plans to exercise according to the matrix shown.

Verify the calculations (W = Walking, B = Bicycling, J=Jogging).
W B J
MON élO 0 0. é825ﬂ MON

5;5
, 63 (b ,
wED 2.0 1.0 u 3.3253 WED
FRI él5 O 05ue . U €1000U FRI
570 15 100E°H Gaodisar

*11lb( <i)=0.453592 kg ; a)‘»" Seoul
ationa
Engineering Math, 7. Linear Algebra i




Applications of Matrix Multiplication

Ex 13) Markov Process. Powers of a Matrix. Stochastic Matrix

Suppose that the 2004state of land use in a city of 60 mi¢ of built-up area is
C : Commercially Used 25 %,
| : Industrially Used 20%,
R : Residentially Used 55%.

Transition probabilities for 5-year intervals : A and remain practically the same
over the time considered.

Find the states 2009, 20142019

FromC Froml|l FromR

e €0.7 0.1 O
A Tol 20.2 0.9 0.2
TR&.1 O 0.8

*MarkovProcess: Cn O " ' « U FlYveqr -0 / 1 Ar " syolei () seou
ationa
Engineering Math, 7. Linear Algebra S Univ.




Applications of Matrix Multiplication

Ex 13) Markov Process. Powers of a Matrix. Stochastic Matrix

A : stochastic matrix ( ) : asquare matrix
all entries nonnegative
all column sums equal to 1

Markov process : the probability of entering a certain state depends only on the
last state occupied (and the matrix A), not on any earlier state.

FromC Froml|l FromR

e €0.7 0.1 O

solution. A To | 20.2 0.9 0.2

area R&a.1 O 0.8

c 0.7Q25+01Q20+ 0G5y &7 01 0 @255 &95¢
e02C25+09C20+02C55 eoz 09 0.2Y%0U= %40“

ue u e
R g).lczs+ OC20+O.8(55E| @0.1 0 0.8y55) @4659

at/ona
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area

C gO7C25+01C20+ 0G5g
| et)2<25+09(:20+02(55“
R g).lCZS+ OC20+O.8C55@|

FromC From| FromR

roc €0.7 0.1

o

A Tol go.z 0.9 0.2

Applications of Matrix Multiplication e

Ex 13) Markov Process. Powers of a Matrix. Stochastic Matrix

e0.7 0.1 0 @259 ¢él95g
e02 0.9 0.2%0l= e340u

ue u e€

@0.1 0 0.855) @46.59

We see that the 2009 state vector (y) is the column vector

€l9.5g €25g
y 934 Ou =—AX=A eZO The vector (x) is the given 2004 state

@46.5[;] @5[;]

The sum of the entries of y is 100%.

Similarly, you may verify that for 2014 and 2019 we get the state vectors. | Q 7

z=Ay =A(AX) =A’x =[17.05 4380 3915

u=Az=A(Ay)=Ax=|

vector

16315 50660 33.025"

0.8

Engineering Math, 7. Linear Algebra
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e, a, 3 a,d

Transposition ( ¥ A ) Ao B 3 3
e u
Transposition of Matrices and Vectors By 8 3 Ay

The transposition of an m x n matrix A=[g,] is the n x m matrix AT (read A
transpose)

- the first row of A as its first column
the second row of A as its second column, and so on.

Thus the transpose of Ain (2) is AT:[akj] , Written out

As a special case, transposition converts row vectors to column vectors and
conversely

gall a 3 ayg
B, &y 3 s
AT =[a 1=€12 = 203 (9
[ay] 60 03 O 9)
e u
&, &, 3 a0

atio,
Engineering Math, 7. Linear Algebra Ed niv.



Transposition

Ex 7) Transposition of Matrices and Vectors

ed5 4g

lg
o“’ then A' —68 Ou

@1 OH

Comparing this A little more compactly, we can write

5 -8
|1:A:§5i1

eb 4g

6 -8 1g &, 0

¢ o =g8 Oy

# 0 oy € u

gl Oy

é6z

6 2 3" =225

&3

Engineering Math, 7. Linear Algebra
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Rules for transposition

Caution! Note that in (d) the transposed matrices are in reversed order.

&(a)
i (b)

(AT =A
(A+B)" AT

10 (AT)=a\
[(d) (AB)' =B'A’

B_T

Engineering Math, 7. Linear Algebra



Special Matrices

Symmetric matrix ( )
A' =A, (thusa,=a,)
Skew-symmetric matrix ( )

A' =-A, (thusa, =-a,,hencea, =0).

Ex 8) Symmetric and Skew-symmetric Matrices

820 120 200z ¢0 1 -3g

A= gtzo 10 150” B = é10-2u

&00 150 30g 83 2 0Of
Symmetric matrix Skew-symmetric matrix

£ i National
Engineering Math, 7. Linear Algebra L:Jj\ Univ.



Triangular Matrices

Ex 9) Upper and Lower Triangular Matrices

g 4 2 e2 ~0 Oz &3 ~0 0 Oz
€ é J 3 3
‘03 2 8 -1.03 29 30 0y
(O O\6 87 6 8y e 0 2-0J
L 9 3 6
Upper Triangular Matrices Lower Triangular Matrices
Uppqr triangular matrices ( )

A square matrices
A nonzero entries only on and above the main diagonal
A any entry below the diagonal must be zero.

Lower triangular matrices ( )
A nonzero entries only on and below the main diagonal

Engineering Math, 7. Linear Algebra



Diagonal Matrices

Ex 10) Diagonal Matrix D. Scalar Matrix S. Unit Matrix I.

2“0 Og -0 Op  “¢l™0 Og
D=Q"-3-05 S=Q.c™ 0y =g 1"0g

Diagonal Matrices ( )
A square matrices
A nonzero entries only on the main diagonal
A any entry above or below the main diagonal must be zero.

“-’{;{ap eou
atiol
Engineering Math, 7. Linear Algebra ;



Diagonal Matrices

o

e2 0 0o
D = go - 3~ o“ S
€0 0. 0@

S: scalar matrix ( )

AS=SA=cA3 (12.

»
*
I oo,
0' ‘0
* 0’
* IS
\ \ A / s
*
*
*
‘0
* *
* *
* *
* *
* *
* *
* *
0. 0’
ad *
* 0‘
0. ¢
* 0’
*
*
.1
* *
* *
* *
* 0‘
\ \ N /e
%
*
*
*
*
* *
* *
* *
* *
* *
*
*
O = 0O
* *
* *
* *
* *
* *
* *
* *
*
*
'0
N« oY Y el N
* >
0. *
- *
* *

0
0
o -
<O
o O
.
Ne o el )
. o —=
. 0
LR 4
*s

| . unit matrix (or identity matrix) ( )
a scalar matrix whose entries on the main diagonal are all 1

Al =1A =A3 (13.
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REFERENCEVECTORSAND LINEAR EQUATIONS*

*Strang G., Introduction to Linear Algebra, Third edition, Wellesley-Cambridge Press, 2003, Ch.2.1, p21
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Vectors and Linear Equations

The import problem of linear algebra is to solve a system of equations.

X-2y 4
First example) 3x+2y =1

3x+2y=11

Slopes are important in calculus and
this is linear algebra.

The point x=3,y=1lies on both lines.

This is the solution to our system of linear
equations.

o solution of first equation The Ieﬁ flgurg shows two lines meeting
e solution of second equation at a single point.

Engineering Math, 7. Linear Algebra A= univ.



Vectors and Linear Equations

Linear system ( J)canbea Avector Ilyywati o
separate the original system into its columns instead of its rows, you get

This has two column vectors on

elﬂ e Zg el g the left side. The problem is to
gsu ye 2 U SL find the combination of those
vectors that equals the vector on
\ 8By the right.

Z S We are multiplying the first column by x and the second column by vy,
&H and adding. With the right choices x =3,y =1, this produces 3
(column 1) + 1 (column 2)=b

The left figure combines the column vectors on the left
side to produce the vector b on the right side.

W,
3x+2y=11
Y4 —_
X-2y=1
)(~ 1 x-2y=1
A combination of columns produces the right ) - 3X + 2y — 11
side (1, 11). 1 N

Engineering Math, 7. Linear Algebra



_ _ X- 2y =1
Vectors and Linear Equations 3x+2y =11

=& 5=b \ x=3 y=1
&1

The left side of the vector equation is a linear combination of the
columns.

The problem is to find the right coefficients x=3and y=1

We are combining scalar multiplication and vector addition into one
step. :

Linear combination 3Ql -gl ﬁ :€1
&80 2 il

ational
Engineering Math, 7. Linear Algebra == univ,



Vectors and Linear Equations

The three unknowns X, y, z. The linear equations Ax =b are

X+2y 8z 6

2X+5y 2z 4

6x- 3y +z 2

The right figure shows three planes meeting at a single point.
Z L Y4 L
/ 6x- 3y+ z=2 9
X+2y+3z=6 u
u
y &t y
X+3y+2z=4
X X

The third equation gives a third plane. It cuts
the line L at a single point. That point lies on
all three planes and it satisfies all three
equations.

The usual result of two equations in
three unknowns is a intersect line L of
solutions.

5%

|

Seoul
National | 41
Univ. ! |

(58
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. . Xx+2y 8z 6
Vectors and Linear Equations IX+5y 927 4

The left figure starts with the vector form of the equations :

el g 2 23

The left figure combines three columns to

elg produce the vector (6,4,2)
?3: columnl

&4 (x,Vy,z)=(0, 0, 2) because 2(3, 2, 1) = (6, 4, 2) = b.

z L

D e¥o _ .
223 g 53zco|umn2 6x- Sy +@@Sie v
&19) & 3y h . Y
X ) e coefficient we need are —2—— y
€bg x=0,y=0and z=2. This
b = 245=2 times column3 is also the intersection
&y point of the three planes in

the right figure. X

S ! ;
National | 42
Engineering Math, 7. Linear Algebra 7 E'J\ Univ. i |



. . X+2y+3z2=6
Vectors and Linear Equations ox+By+22=4

- | hg Manm Egrm QI Ihg EQ!IQIiQDﬁ 6X- 3y+ z=2 ©)

el 2 3gexg ¢&bg

_ U6 U &0
Ax=2 5 23dy5=dy=b

6 -3 gy e

unknown vector

Matrix equation :

Coefficient matrix

We multiply the matrix A times the unknown vector x to get the right side
b

Multiplication by rows : AX
comes from dot products, each
row times the column x :

@(row 1) x
AX = g(row 2) X
grow 3) 1x

/' /R

Multiplication by columns : Ax is
a combination of column
vectors :

AX = x(column 1)
+ y(column 2) + z(column 3)

Engineering Math, 7. Linear Algebra



I : el 2 3ge €6
Vectors and Linear Equations =& s 2§'§§§g4§’b
| | & -3 1ezy 4

AX = x(column 1) + y(column 2) + z(column 3)

When we substitute the solution x = (0, 0, 2), the multiplication Ax
produces b :

el 2 3edo o0
UEAU_ o _e,u
g’z 5 Zggog—Z tlmescolumnB—é4g
g -3 Iyexy Ay
The first dot product i n row multipl

other dot products are 4 and 2.
Multiplication by columns is simply 2 times column 3.

AX IS a combination of the columns of A.

Engineering Math, 7. Linear Algebra
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ELIMINATION




Linear System, Coefficient Matrix, Augmented Matrix

A linear system ( ) of mequations in n unknowns x,,AAAx, is a set
of equations of the form

(3% HAX, +3 +HayX,
(8% H8,% +3 Hay, T
3333333333

S - ) : 0
(\amj,\xl +(?m2)X2 +3 +(?'m\xn'_ I| (;‘,%1;3 bm -

__________ 'If b=AMg =0, homogeneous system (

- ~ |

|
4 coefficients ) I ), else nonhomogeneous system ( :
““““““ ' ). !

__\

=b,
L,

The system is called linear because each variable x; appears in the first power
only, just as in the equation of a straight line.

¥ a
Engineering Math, 7. Linear Algebra 2R Univ.



Linear System, Coefficient Matrix, Augmented Matrix

8% +3,X, +3 +a,x, =h
A, X +a,X, +3 +a,. X, =b, 3 (1)
3333333333

a'mlxl T a'mZXZ +3 T a'man = bm

A solution of (1) is a set of numbers x,,AAAx, that satisfies all the m equations.

A solution vector of (1) : a vector x whose components form a solution of (1).
If the system (1) is homogeneous Y the trivial solution ( ) X;=0,AAAX,=O0.

Matrix Form of the Linear system (1).

Ax =b3 (2)

Engineering Math, 7. Linear Algebra



Linear System, Coefficient Matrix, Augmented Matrix

3% t3,% +3 +a,X, =b
AX =b3 (2) 8% 8%, +3 +85,X, =h,
3333333333
a‘mlxl-'-a"mZXZ +3 +amnxn:bm

the coefficient matrix A=[a,] : mx n matrix

)
| | ex, @
m€a,; a, 3 %, 2 éc")l] :

By 8y 3 8y o et
A=€7% % "U andx=¢éQ, andb=347,
6 O 3 O € éoa
u A\ m

Ay 3 Al & p

X

A A is not a zero matrix.
A x has ncomponents, whereas b has mcomponents.

ational
Engineering Math, 7. Linear Algebra == univ,



Linear System, Coefficient Matrix, Augmented Matrix

_ 3% ta,% +3 +a, X, =b
Augmented matrix (MW 1) 8% + 8%, +3 +8,%, =b, |4 M

p E 3333333333

ga“ 8, 3 ai” blg 8% + X, +3 +a,X, =b,
A =% G 3 &, Gy

ed O 3 O v

e U

B &, 3 a,ib,g

The dashed vertical line could be  omitted.
The last column of A does not belongto A.

The augmented matrix A determines the system (1) completely because it
contains all the given numbers appearing in (1).
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Linear System, Coefficient Matrix, Augmented Matrix

Ex 1) Geometric Interpretation. Existence and Uniqueness of Solutions

If m=n=2, we have two equations in two
unknowns x;, X,

X% +a,X, =b
a21)(1 + a22)(2 — b2

If we interpret x,, X, as coordinate in the x; X, -

plane,

A each of the two equations represents a
straight line,

A (x4, X,) is a solution if and only if the point P
with coordinates x;, X, lies on both lines.

Hence there are three possible cases :

If the system is homogenous (b,=b,=0), case (c)
cannot happen

X2
) XX =1
2% - X, =0
N X,

(a) precisely one solution if the lines intersect

(b) Infinitely many solutions if the lines coincide

X2 X +Xx, =1
N\ 2%, +2%, =2

I~

X

(c) No solution if the lines are parallel

X2
A\ X +x, =1

\\ X +X,=0

DB

X

Engineering Math, 7. Linear Algebra



Linear System, Coefficient Matrix, Augmented Matrix

Ex 1) Geometric Interpretation. Existence and Uniqueness of Solutions

(b) Infinitely many solutions if the lines : if we choose a value of x,, then the
coincide : corresponding values of x, is uniquely

: determined.

X x +x =1

2)(l '|‘2X2 =2 X, : independent variable
: or design variable,
: X, : dependent variable.

: There would be many solutions,
Changing the form of the equation as : S0 we choose the best solution to obtain proper

: result.
X, =1- X,

Engineering Math, 7. Linear Algebra



Linear System, Coefficient Matrix, Augmented Matrix

Ex 1) Geometric Interpretation. Existence and Uniqueness of Solutions

Three equations in three unknowns interpreted as P a Xt a,% tas%
planes in space Poi 8y X+ 38X +au% B

Pyiay Xt a,% tagX W

Unique solution No solution

No solution

Engineering Math, 7. Linear Algebra



Gauss Elimination and Back Substitution

X Gauss Elimination ( ) and Back Substitution ( )

A A standard elimination method for solving linear systems
Alf a system i s ionweitcrainams@ulvaer iftor
Substitutiono.

Triangular Matrices

el 4 29é2 0 Og
O 3 2ue8 -1 03
g006g@7 6 8y

Upper triangular matrix Lower triangular matrix

ona
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Gauss Elimination and Back Substitution

4 _ o) . R
X+ 2ot %= 1 row2 + el 2 .1 2% @ 91’3
_ _ : role _ 3 ., ------- - -------- : ""[Eje u — .e ----- u
3Xy - X~ X3= 2 SR < I o S i
+ —— 2 3 3
2T S ) & 3 e e
_ 3Xq - Xp- Xg= 2
row2 +
rowlx(- 3) _|_) -3X1-6X,-3X5=-3
- X5 -4X5= -1
_ .................................................... p ~
X1+ 2+ X3 = el 2 leexg élg
“TX, -AX5= -1 go I B 4Jex23 g 1j
Engineering Math, 7. Linear Algebra Lﬂj:% &



Gauss Elimination and Back Substitution

Xi+ 2+ X3=1 el 2 1lgxg elg
X = Xp= X3=2 B -1 -1xi=e2 g
2X; + 3%, - X3 = -3 £ 3 -1lgsh & 3
4 ) a—— R
Xpt 2o* Xg= 1 el 2. .1lexe elp
-TX, -4%,= -1 0 -7 -4 uU-¢€ qu
2 O 7 AT
2X;+3X; - X3 = -3 &2 3 -lgagly & 3y drow3+

L X F3X, - X5 = -3
-X, -3X5= -5

*
g 0
-------------------------------------------------------

4 I 4 . .
X1+ Ao+ X3 = ?1 2 1geX1g @1\
ue, u_e ,u
- 7)(2_ 4)(3: -1 go = 7 = 4L\JéX2L\J— é‘ 10
% 3x.= 5 0 -1 -3 (-5
N 2 3 ) N 3 9

ona
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Gauss Elimination and Back Substitution

X1+2X2+X3:1 é,]_ 2 1@5’)(1@ elg

= Xp= X3=2 S -1 -k =g2y

2X; + 3%, - X3 = -3 £ 3 -1lgsh & 3
4 I 4 I
X+ X+ X3= 1 el 2 1gxe elg
-TXg -4X3= -1 0 -7 4”ex23 glu
Y. Y= - 3° @R@ @3 s-1 - 38 5¢
I 4 I
-X5 -3)(3:_5 go -1 - 3ueX23 g 53
VI 0 -7 -4 1
S 7%, -4%3= -1 | EO et & 5
row 2x( - 1) p ~
X;+ 2+ X3= 1 el 2 1gxp élg
Xy +3X3= 5 20 1 SUGXZH gsu

_ _ - _ P -7 -4

S Xy 4%y =-1 @0 bexs 1 %19
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Gauss Elimination and Back Substitution

Xi+ 2+ X3=1 el 2 1lgxg elg
X = Xp= X3=2 B -1 -1xi=e2 g
2X; + 3%, - X3 = -3 £ 3 -1lgsh & 3
4 N 4 N
X;+ 2+ X;= 1 el 2 1egexo elg
: ué, u_e€eru
Xy tOXq= 7 NP, SR o T
2 +3%3=5 D 1 35%5=eb;
Ty 4= -1 0 -7 - Al 61
3
o N \_ /
row 3+ row 2x7
4 N 4 N
X{+ 22+ X;= 1 el 2 legex,o elg
_ : ué, Uu_éeu
Xo * = L 1 3557¢5;
7%= 34 D 0 17y B4
\_ N /

The last equations and matrix are equal to given original equations.
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Gauss Elimination and Back Substitution

a I
: 1 @ex, o elﬂ

a I

g 2
2013“ex“95
e 0

X+ 2X,+ Xy= 1 > X
X, +3X3=5 X,
17x3= 3§> X,
34 fiBack substitutiono
X =—=2
17
X, +3%X, =X, +3Q@=5

20 ée-u

1 7P,
Hexs 634%

N

\ X, =-1
X 2%+ X% =% +2@ 1) +2=1
\ x =1
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Gauss Elimination and Back Substitution

Since a linear system is completely determined by its augmented matrix,
Gauss elimination can be done by merely considering the matrices.

augmented matrix

< ™
el 2 1lgxg elg
ue U e u
S -1 -1po5= g2y
@2 3 -1eH & 3
"

4
. ™
el 2 leexg elg
ue, u_e-u
P 1 3p%;=g5
0 0 17580 64
N i Y,

=

R
33,1123
k€23-1i-3H/
4
! (‘?12151@\
201353
5 @3017;34{;/
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Elementary Row Operations.
Row-Equivalent ( €741 ) System

Elementary Row Operations for Matrices :

1) Interchange of two rows

2) Addition of a constant multiple ( ) of one row to another row

3) Multiplication of a row by a nonzero constant c

Elementary Operations for Equations :
1) Interchange of two equations
2) Addition of a constant multiple of one equation to another equation

3) Multiplication of an equation by a nonzero constant c

Engineering Math, 7. Linear Algebra



Elementary Row Operations.

Row - Eguivalent g e 2 sttem

—> Solution set of S ;
Row Operations Same
a
a

S, —> Solution setof S ,

ocoa |l ineaB s
is row -equivalent to
a linear system S,0

a 9 Sdkhl!l hAd& sSolationsof S , found A& :|Solution of S ,|found

goal

The interchange, addition, and multiplication of two equations does not alter
the solution set. Because we can undo it by a corresponding subtraction.

A linear system S, is row-equivalent to a linear system S, if S; can be obtained
from S, by row operations.

Because of this theorem, systems having the same solution sets are often
called equivalent systems.

No column operations on the augmented matrix are permitted because they
would generally alter the solution set.

KsSstem

Fel
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Gauss Elimination :

ne Lhree PosSIble Cases Ol OV alemS

case 1: Gauss Elimination if Infinitely Many Solutions Exist

three equations < four unknowns

$0 20 20 -50!80g 3.0+ 2.0 +2.06 5.6 8

06 15 15 -54;27% 0.6x,+1.5¢ +1.5% S4% 2

g2 -03 -03 24 21y 1.2%- 0. +0.3; 2% 2
@ Row2-0.2*Row1 @

B0 20 20 -50,80g 0 3.0x+2.0 2.0 5& 80

é | u

§0 11 11 -44) 11§ 1.0 + 1.0 -4.4 4.1

g0 -11 -11 44 -1 1%, -1, 44 =l
@ Row3+Row2 @

B0 20 20 -50'80g 3.0x +2.0¢ +2.0x, 5. &

é 4 U ,

0 11 11 -44)114 1.1 + 1.1, 4.4 4.

e0 0 O 0 :0¢ 0=0

Engineering Math, 7. Linear Algebra



Gauss Elimination :

N TR O] S O R e 1 ] 1 S —

case 1 : Gauss Elimination if Infinitely Many Solutions Exist

&E8.0 20 20 -50:80¢ 3.0x, + 2.0k, +2.&¢, H5.&, &
é -4 U ,
éO 1.1 11 -44 1'10 1.1, +1.1x, -4.4, ..
e0 0 O 0 '0¢ 0=0
Back substitution.

From the second equatior,:= -k, +x

From the first equationg = 2x,

Since X3 and x, remain arbitrary, we have infinitely
many solutions.

If we choose a value of x5 and a value of x,, then the corresponding values of x,
and x, are uniquely determined.

’33'*{8,, eou)
Y atio,
Engineering Math, 7. Linear Algebra A



Gauss Elimination :
case 2 : Gauss Elimination if no Solution Exists

3321’395 83, +2%x, + % 3

g’z 1 1. OU i2x1+ X, +% 6
6 2 46} b6x, +2%x, #x, 8
3 3
a8 2 1. 39 e3x,+ 2x, + %X 3
A i U Row2-2/3*Row1 ’\|‘
20 i 1/3 1/3 ] 21\1 Row3-2*Row1l ,I\ i 1/3)(2 -H-/a(g :2
O -2 20§ b - 2x, + 4x, ©
v yt
8 2 1i3g e3x+ 2% + % 8
9 -3 v3 -2 e 113, A%, =2
O 0 0 12y .‘ 0=12

The false statement 0=12show that the system has no solution.

National
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Row Echelon Form and Information From It

Row Echelon Form
At the end of the Gauss elimination (before the back substitution)

the row-echelon form ( ) of the augmented matrix will be

e, ap 33 A, b, 9
. o U
Czo 33 Can 5 b, U
6 4+ 4u
Zero o~ U

krr 3 krn bl’ 03 (8)
: b”lg
Zero . 4 0
C ; Em H

(r: no. of equations, n:no.of unknowns, m: no.of rows)

Here,r Omand a, |l , &, , 0 B A A éand all the entries in the blue triangle

as well as in the blue rectangle are zero.
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Row Echelon Form and Information From It

Row Echelon Form
(a) Exactly one solution

(r:no.of equations, n:no

ifr=nand Bb..0,, if present, are zero,

solve the nth equation corresponding to (8) (which is k. x,=b,) for x,, then the (n-1)stequation for X, _,
and so on up the line (back substitution).

(b) Infinitely many solutions

ifr<nand b.,,---h, are zero,

to obtain any of these solutions, choose values of x,,;, A ArBitrary.
Then solve the rth equation for x,, then the (r-1)stequation for x,;, and so on up the line.

(c) No solution

if r <mand one of the entries b..,,--- 0, is not zero, there is no solution.

n=3
Al
4 N\
_a E -1 1, Oz
TX BN\ 25 90”>
40 - 95:- 1900 [ m=4
D 0 0] 04
& X=X X G
106, 30x, 25% 96
Loa, @ x095x 19
fosx, ex00x O

“2{

ni4

.
30 20 20 -5080g
O\N11 11 -44: 11u

0 0 0 O ’o\g m=3

(BD: (D~ D D¢

€3.0x + 2.0, +2.0¢ 5., 8

— ——

0%, *.1x, 1tlx, 44, 1.
0% 6 x00x% ®x +0.C

.of unknowns, m: no. of rows)

n=3
'd A N\
r=2( & 2 1 i 3@
-1/3 1/3! -23
T, m=3
0 0 I_lZ_E]

X+ 2% + X 3
-1/3x, /3 =2
0=12

—— — ) CD:

Engineering Math, 7. Linear Algebra
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.4 LINEAR INDEPENDENCE RANK OF
MATRIX . VECTOR SPACE
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Linearly independent vectors

7 If the point is at the origin, the equation
becomes

=~

clg eOz Og Og
i Y ae0u+b ceOu—O eOu

X  a1x  2ns @EI @EI €ll§l @H
28 28 &0
. =V, The equation above is satisfied if and only if
| =a86] =ad ok = a@o a=b=c0,
0 0 0
B @ @ N
_ _ Then, i, j, k are linearly independent.
We can express the location of the point
with i, |, k.
alo a0g a0Q
20 &0
al +bj +ck = aa@o+ bad o+ Ccado
0 0 0

Engineering Math, 7. Linear Algebra Mo



Linear Independence and Dependence of  Vectors

Given any set of m vectors a, A fa#, (with the same number of components),

a linear combination of these vectors is an expression of the form
Cay +Ca, +3 +Canm

c,, G, A A Aare any scalars. Now consider the equation.
ca, tCa, +3 +¢a, =0 33 (1

when C =C, =- & 0=

ﬁecmr a(l); a(2) "y a(m) vectors linearly independent set or linearly independent.

W,

Function Definition 3.1 Linear Dependence / Independence )
A set of functions T,(X), f,(x),2 , f,(X)issaidtobed | i near |y

d e p e n dom antirierval | if there exist constant C,;,C,,..C,,, not all zero
suchthat ¢ f,(X)+c, f,(X)+3 c,f . (xX) =0

for every Xxin the interval.

If the set of functions is not linearly dependent on the interval, it is said to be
\ dinearly independentd

J
Hm nsgdg vngcr+ ° rds ne etmbshnmr hr Skhm
6 f()+c,f,(x)+3 +¢,f () =0
are C, =G, =3 = C, =0
Engineering Math, 7. Linear Algebra Eji 3&75/;;73/ 69



Linear Independence and Dependence of Vectors

ca, +ca, +3 +ca, =0 33 ()

If (1) also holds with scalars not all zero, we call these vectors linearly dependent, because
then we can express (at least) one of them as a linear combination of the others. For
Instance, if (1) holds with, say, c;, 0, we can solve (1) for a;:

a, =ka,+3 +ka., (wherek =-c /c)

(Some k0 snay be zero. If a,,=0, even all of them may be zero.)

Engineering Math, 7. Linear Algebra



Linear Independence and Dependence of Vectors

Ex 1) Linear Independence and Dependence

Vector

ay=[3 0, 2, 2]
a, =[ 6, 42, 24, 54
ag =[21 -21, 0, 15
6a,, =[18, 0, 12, 12
-%a(z) £3, 21, 12, 27

-a, ¥ 24,21, 0, 15

1
62y - S8 dy [6,0.0,0

The three vectors are
linearly dependent

Linear Systems

ag 3x+08Q Bx 2=
a{ -6x, #2x, 24x, A
J21x- 21, + 0X) £

Ila x2+a
e3x+08Q Bx 2=

1ok 42x, 28 5%
L21x - 21x, +0 X0 &
) Lax-7)+a
63x+08 Bx 2=
%oc'x 42x, 26,

58
0 21k, 1dx, 2
A'é3X1+0Q ox, 2:@ax(o.5)+a
100k 42x, 28x 5¢
108 6x00% ©

The three equations are
linearly dependent

Matrix
@3 0 2! 2 g3 0 2
2-6 42 245 54 2-6 42 24
21 -21 0; -15:g21 -21 O
83 0 21 2 g3 0 2
go 42 28 58 go 42 28
1 -21 0 -15: @1 -21 0
B8 0 2! 2 i@ 0 2
% 42 28: 58|if%0 42 28
M ,
€0 -21 -14; 29)i[@0 -21 -14
&8 0 22 &8 0 2
go 42 285 58 go 42 28
& 0 0,0 € 0 0

The three rows are
linearly dependent

Engineering Math, 7. Linear Algebra
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Rank of a Matrix

Rank ( ) of a Matrix

The rank of a matrix A
the maximum number of linearly independentr o w v e cof A raskoA.

Ex 2) Rank

é,3 O 2 2 2
The =S 6 42 24 549 (2
matrix ? l\J

21 -21 0 -15)

has rank 2, because Example 1 shows that the first two row vectors are linearly
independent, whereas all three row vectors are linearly dependent.

Note further that rank A=0 if and only if A=0 (zero matrix).

Engineering Math, 7. Linear Algebra



Rank of a Matrix

X Example 1 al 1-18 e xrx % 8
: -2 6 8 L 2% - 2%, 6 8
Rank of 3 x 4 Matrix % S o Tamess s
Consider the 3 x 4 matrix ¢ Laxoes
1 1 -1 35 a1 -13 & xurxox @
e 0 _ 100G 4%, 8% 2=
A= -2 6 80 % 54 87 2 } 3x, +5%, -7x, 8
_ 0 - C )
g% 0 7 8 Ilax(-3)+a
With u,=(1 1 -1 3), u,=(2 -2 6 8), and & 1 -13 g xtxox 3
ith u,= - , Uy,=(2 - , an otk 4 2=
U,=(35-78) ¥ 4u-1/2u,+U,=0. D 48 2 0% 4% B
@ 2 _4 1 |OO(1 2X2 4-)% E -
the set u,, uU,, u; is linearly dependent. 4 x(0.5)+ 4
u, i uwY uy, u,is linearly independent. a1 1 -1 3 @ X X% &
Hence by Definition, rank(A) = 2. Z) .4 8 2 i oo(l 4x2" 8%, 2=
8% 0 0 0 §|‘00<1 o x,00%x O
rank@A) = 2 E

Engineering Math, 7. Linear Algebra



Rank and Row-Equivalent Matrices

Theorem 1 : Row-Equivalent Matrices
Row-equivalent matrices have the same rank.

A, is row-equivalent to a matrix A,
A rank is invariant under elementary row operations.

el -1 1 e3.0 20 20 - 50 &3 2 1

gl 1 4 €6 15 15 - 54 '

60 10 25 oa oa o 2 11

, &.2 -03 -03 24 %

é 2 4

&20 10 0

&l -1 1 8.0 20 20- 50 8 2 1
% 10 25 go 1.1 1.1 - 4.4 go -1/3 1/3
€ 0 -95 E0 0 0 O 0 0 O
0 0 0

¥R atio)
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Rank and Row -Equivalent Matrices

X Example 3 Solution) [Q?] |
: - A If we form a matrix A with the given
Llnear Independence vectors as rows,
/Dependence A if we reduce A to a row -echelon
. form B with rank 3, then the set of
Determine whether the set of vectors :  Vvectors s linearly independent.
- A If rank(A) < 3, then the set of vectors
u,= 211> s linearly dependent.
u,= <0,30> :
u,=<312> . N
in R3in linearly dependent or linearly gg 1 18 row
independent. A=59 3 Qg oOperation:
&3 1 29 —

. . . ‘EJ ationa
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Rank in Terms of Column Vectors

Theorem 3 : Rank in Terms of Column Vectors

The rank r of a matrix A equals the maximum number of linearly independent
column vectors of A. Hence A and its transpose A' have the same rank.

Proof) Let A bean mx nmatrix of rank(A) =r
Then by definition of rank, A has r linearly independent rows which we

denote by v, AAA and all the rows ay, A faf of A are linear
combinations of those.
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Rank in Terms of Column Vectors - 3 by 3 matrix

let rankA = &
N N A{ rankw 3LAp 37 { | (a, &, a)w linearly
?ail %, s ? api <'I:| independent  Oy. h

A=gay 8, 8, p=ag
6, a, &, H ag

3 (=rank A) Imearlylndependent rows (basis) : <] *wAap Al I w LeEw' ' 3 3 ] basis
v. =lv ] A w0y (ex: al’az,n3 l|§x)_3\/|-a1"a'2 Eéjﬂ! |' b
1~ L'11 Vio Vi3 : el ©waA] 1 n combination r P
V3 =[Va1 V3 Vg <] a,,3,,3;" Oy basis (v, V,, V)P Oyd 3" | basisv % Oy.
ealg eail a, ai3g éCuV +C,V, +CpV, 0 | b=la, Ma, Ra
,u=¢ FOV, 0,0 | S1CwY, €V, By ) MECy, C¥ , CyH BCE, C% F OW).
&) 6321 A,y azsu e21V CynV, C23V3u 11V1 Ve Y 2 1 Lo¥ 2 L2 1 2 3
@SH @31 a32 aSSH @31\/ +C32V +033 SH =(|C11 e, m(:sl)vl (I'Elz me,, n%%v 2 ( |C13+ mG,+ n®3V+
(I,m,n,c: cons} E)3M- w1 b
| I V., Vo, V Vi p basis V,,V,,V || linear
! 1 V2 3‘” =|= ~ m <:| a,8,,8,' 0y 2 | basisp oyq combination |-|-P3
=la, ta, ra,
=l(c,v, €v,) m(Cy, Cfy ) ey, Cy+ VoV "
:(Icll "mczl mQS])\ll (I'Blz mezz ng%v 2 EXL)I».” | 2<ob!rrpw 3\4'YT
(I,m,n,c: cons}

A ! :
Ei.‘] e%na/ 77
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Rank in Terms of Column Vectors - 3 by 3 matrix

I 6> fiAgs 1 O W App N,

é geéa, a, a; gecy tCY ,+Cy ,
A= Ue ut

_éaz u_éazl Ay Ay u ECV1 O, CX

@3 H@al?l a32 a33 H C31 1 Sy 2+C3¥ 3
O we Hba5|sv-|| ES P of

Ay =Gy T CRVo T CaVyy [a] s(aya)a)) <y, ey, o,
a21 = C21Vll + C22V21 + C23V31 ;1[V11 Vip Vi Gk V | Vyp Vi i i Va1 Va2 3 .
a31 = C31V11 + C32V21 + C33V31

— Column inearly independen asis
81, = CVip ¥ GV, T GiaVap Vector of A %
322 = C21V12 + C22V22 + C23V32 . M ~ .
A, = C3yVy, T C3pVoy T C35Va, Qaik ? Cip, g G @ iﬁl3
- e u e e
_ ) e gV @ W& G2 gV 28
a13 - C11V13 + C12V23 + C13V35 éagk @ C3§ H é &3

Ayz = Cyy Vi3 T CuVys T Co3Vsa,
Qg3 = C39Vj3 T C3)V,5 T C35Va;3

s]1 X 3 4 basis(c{ Es "Yw v| "Yd €F )W .bI. A rankAT=rank A

atl
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Rank in Terms of Column Vectors

- 3 by 3 matrix

B 908, 8, A, BECH O LN . A =
Azéaz u:Za21 Ay Ay 3%%)’1 Cly , CX¥, \ \ \
@3 Héaal 83, g3 ggcsy 1T CY o TCY gaik S Clg ? C12 g ﬁl
L s | O=Z linearly dependent  Oyd ? ) -~V C2 -I'Vu p 3:2
~N— €2k gk 2@ H &
da, G © G, & &G, €, H Y C32 e
o Vi Gg Vg G a¥a UG
8 i C,@ i C. € HCzs > L=5] O3 linearly independent basis
e, 9 I
s & aE X Gz s 1 X 3 4 basis(e] s “vw v ve e
ek g Vik G "(}L‘jzk %Y G, F )W
p 3 p < bl. A rank AT =rank A
e H GE H Cs
LAl A asAbasis] YWY, 00 8, [ @ H VoV
gai pea; &, @ SOV CY Gy T of, e W v SBoy ol )V,
A=R, (G B 8 GECN. O, UG o CF . C+ WV #v), S+ 6l AV,
B HE @, 8, HEGY FCY,Htucy oo o, € ¥v ,v ) Fvi+Cul W,
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7.5 SOLUTIONS OF LINEAR SYSTEMS:
EXISTENCE UNIQUENESS
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Solutions of Linear Systems : Existence, Uniqueness

Theorem 1

(a) Existence (

a11X1+a12X2 +3 +a1n n :bl
a21)(1+a22X2 +3 +a2n n :bz
3333333333

): A linear systems of m equations in n unknowns X;,AAAX,

a'mlxl-l_a'mzxz +3 +amn n =bm

IS consistent (

), that is, has solutions (

),

if and only if

the coefficient matrix A and the augmented matrix A have same rank. Here

¢
A =€
e O

e

A,

A
&

A2

w W w w

A, 9
0
]
ou
u
a'mnlJ

edy;

e
;&:éaZl

é O
é
E3m

CF

Ay
A

Amy

W w w w

A

a,,
O!

B

' bo
A
ou

u
b.g
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Solutions of Linear Systems : Existence, Uniqueness

(b) Uniqueness ( )

The linear system has precisely one solution if and only if this common
rank r of A and A equals n.

(c) Infinitely Many Solutions

If this common rank r is less than n, the system has infinitely many
solutions.

(d) Gauss Elimination

If solutions exist, they can all be obtained by the Gauss elimination.

atl
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Solutions of Linear Systems : Existence, Unigueness

| Theorem | Rank of a Matrix by Row Reduction

If a matrix A is row-equivalent to a row-echelon form B, then
1) the row space of A =the row space of B
i) the nonzero rows of B form a basis for the row space of A, and

S i) ankgAz = the number of nonzero rows in B )
el -1 1 . 0¢ 80 20 20 -50|80g &8 2 1:3g
1 1 -1 | o‘J é u 5 Ry
é } — 06 15 15 - 5.4 ! 2.7, © 1 1:0
g0 10 25 &2 -03 -03 24 21 % o 4. 65
! R I . a =
s Burt 11 a4 in N AR
a O it 'O ,O\ a f0.-1/3 1/3; -2“
: 40 0 0 |12_E|
rank : 2 rank : 3
é X% % G 83.0x +2.0¢, +2.0¢, 5.&, 8.0 & 3+ 2% % 3
f-x 41y R4x 99 P ‘ i
D a3 02 =100 [ 0.3, 0.3% Ot 2. 19X +7x, 2% 5
li o - 2% 2% 6 b15x +1.0t, ¥1.0x, 2.% 4.0 b 3x +2x, #% =9-
iyl < 284
é X% B G 83.0x, + 2.0¢, +2.0¢, 5.&, 8. 83+ 2% + % 3
{00 20¢ 35 96 |00 I, W 4k, L Dy, i3 =2
F00 ®x095%  19¢ T ) ) 1o A3 =
Tok 8x00% O i 0& 6 x00x»x ®x +0.C |

0=12

i a 7 Seoul
E'J National |
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Solutions of Linear Systems : Existence, Unigueness

X+ X% A el 1 g 1e
b-x% =6 = 9 18 F & O A=B
2x - 3x, B £ -3 %XZ >
el 1|1 & 0|1 & 00
[A|B]:g4 -1 6—%20 1| 2 —ego 110 rank(A|B)=3
£ -3]8 @ 0|16 g o1 7
row operation row operation -~ itferent
el 1 el 0 L
A= 24 1 — 20 1 rank(a)=2
g -3 €0 0 el 00 & x+0 8 I
row operation @ 11 0 o soluion case \: 06(1 fx 0
€ 0] 1 T o @ %01

rank(A) I rank(A|B) False statement
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Solutions of Linear Systems : Existence, Unigueness

| Theorem | Consistency of AX=B

A linear system of equations AX=B is consistent if and only if the rank of the

coefficient matrix A is the same as the rank of the augmented matrix of the
system

J
gl -1 1 1 0g &80 20 20 -50;80g B8 2 1:3gp
> : S : 57U 5 )
¢ : 06 15 15 -54 27, 22 1 1 03
> . .2 -03 -03 24 21 5 2 4. 6}
Y @ ' A @
a g0 20 20 -50:80g aeg 2 1.:3g
: a h 11 11 - 4.4;1.13 4 @-1/3 1/3 - 23
: U rank (AJB): 3 €0 0 0 0]y 5 0 0 012
D O 0 |: (0> rank(A):3 rank (A|B) : 2 -
= u (AIB) rank (A|B) : 3
rank (A): 2 rank (A):2.
8 X-% % & }§3,0x1+ 2.0, +2.0x, 5., 80 6 3+ 2% 3
i-xl 11x, 4% 99 1o-x 0.3% 0.3% O, 2 §9x1+7x2 2x 25
T 3%- 3% -92%  =19C b15x +1.0¢, +1.0x, 2.% 4.0 T 3% +2% 4 =9
T 2% - 2%, 2% 6 : Solution I % XN e =9 _
Solution L No Solution

- Many solutions b

e )&'@Xz w e irgnne)solution Te30)(l+ 2.0, +2.06 5., 8y 83+ 20 + x 8
108 10 26 98 10 kI, Ilx 44 L q
P ) 5 , ) . i -1/3x, A/, =2
10& ©x095x  19€ b0 8 x00x% @x +0.C :
fo& 6 x00x O i 0=12

£ a & Seoul |
National I

eI |
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Solutions of Linear Systems : Existence, Uniqueness

Theorem 2

A homogeneous linear system ( )

a, X tayx +3 +a,x, =0
&% +anX, +3 +a, x, =0
3333333333

amlxl-i_amzxz +3 +amn n :O
A A homogeneous linear system of m equations in n unknowns always

has the trivial solution ( ).

A Nontrivial solutions ( ) exist if and only if rank A=r <n.

A If rank A =r <n, these solutions, together with x = 0, form a vector space
of dimension ni r, called the solution space ( ).

A Linear combination of two solution vectors of the homogeneous linear
system, X = C;X() + CXp With any scalars ¢, and c, is a solution vector.

S ! ;
National 86 |
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Solutions of Linear Systems : Existence, Unigueness

X Example if x,=1x,=0Y x,=-1x =0
83 2 2 -50g [X,, %, %, X,] =[O, - 1,1,0]
é ; . ,
6 15 15 -54.0, If X,=0,%X,=1Y X,=4,x =-

g2 -3 -3 24 0§

o [X5 %5, %55 X,] =[- 1,4,0,1]

€8 2 2 -5.:0¢ _ _ _
& 11 11 -44. 0u .\ dimension of solution vectors n(r- F (4-
€ 5
O -11 -11 44 ,oH Xa =[X X % %] 0, 11,0
@ E X :[ y y y :E 174!011]
8 2 2 -5 0g A %o X %o X
% 1 1 -4 Ol:J . (b) Linear combination of solution vectors
é U 5
0 0 0 0 'Of _ _
& e X_C1X(1)+CX(2) —[' Cz,'Cl+4C2,Cl,C2]
a) rank (A[B): 2 Nontrivial -
()rank ((Al):)z ) solution exist! e3 2 2 5259 © ﬁ %ﬁ
(r<n €6 15 15 - 546 GTRG_
(b) Solution space € e ¢ U e
: g2 -3 -3 24He u e u
e ¢ g &

3%, +2X, + 2%, - 5%, =0

X, + X3 - 4X4 =0 4 A(Clx(l) +C2X(2)) = ClAX(l) +C2AX ” =0
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Solutions of Linear Systems : Existence, Uniqueness

Theorem 3 : Homogeneous Linear System with Fewer Equations Than Unknowns

A homogeneous linear system with fewer equations than unknowns has
always nontrivial solutions.

Theorem 4 :Nonh omogeneous Linear System ( )

If a nonhomogeneous linear system (1) is consistent, then all of its solutions are
obtained as a,X +a,X +3 +a, X =h

A, % +a,X, +3 +a, X, =D,
3333333333 (1)

X=Xyt X, Xy + 8npX, ¥3 + 8 X, =D,
X 8%, +3 +aX, =0

8% + 8% +3 8%, =0 | (9
3333333333

By X 8%, 3 +a,X, =0

where X, is any solution of the nonhomogeneous linear system (1) and x, runs
through all the solutions of the corresponding homogeneous system (2).

Proof ) X, = X-X, AX,=A(X-Xy,) =bT b=0

E] r; Seoul

(LR e 88
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Connection between the concept of

rank of a matrix and the solution of linear system

AX =

0

4

Always consistent

v

Unique Solution:
X=0
rank(A) = n

v

Infinity of Solution:
rank(A) < n

Consistent:
rank(A) = rank(A|B)

Unique Solution:
rank(A) = n

Inconsistent:
rank(A) < rank(A|B)

Infinity of Solution:
rank(A) <n

Engineering Math, 7. Linear Algebra




7.6 SECOND- AND THIRD-ORDER
DETERMINANTS
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Determinant (

Determinant of second order

D =detA =def :

Determinant of third order

A
D =a,,
A3,

A
A2
As;

Y.
A3,

n ‘A) of second - and third order

N\

A3
A3
A3

A3
A3

—ay,

a, o
W

A,
A3,

a, a,
&, A

asl |a,
.+.

ay | la,,

AT,

A3
A3

A5




7.7 D ETERMINANTS. CRAMERSS RULE
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Determinant of Order n

Terms

In D we have n®entries g, also nrows and n columns, and a main diagonal on
which a;;, 8;,, @, Sstand.

M, is called the minor ( ) of g, in D, and C the cofactor ( ) of &, in D

For later use we note that D may also be written in terms of minors

D=a (' 1)j+kajijk (J =123, n)
k=

D=3 (1) aM, (k=123 ,n)
j=1

Cy = (' 1)j+kM ik

0.
ationa
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Determinant of Order

n

A determinant of order n is a scalar associated with an n x n matrix A=[a],

which is written

D =detA =

and is defined for n=1 by

Ay
A
O
O

Ay

D =a,

A
LY
O
O
An2

3

w w w Ww

A,
D
O
O
A
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Determinant of Order n

FornO2 by
D=a,C,+a,C,+3 +a,C, (j=123,n)

D=4,C, +a,C, +3 +a,C, (k =123, n)

Cy = (' 1)j+kM ik

M, is a determinant of order n-1, namely, the determinant of the
submatrix of A obtained from A by omitting the row and column of the
entry a,, that is, the jth row and the kth column.

Engineering Math, 7. Linear Algebra



Determinant of Order n
1) n=1
A=la,)] \ detA=a,
2) n=2
A = ea,, alZS
€a21 azzu
detA — all - alz
Ay, dyq

— &9, - 1,0y

Engineering Math, 7. Linear Algebra



Determinant of Order n

3) n=3 .
€d; a, a0
_ € u
A= ay Ay

N\

g, a, a,;}

detA =a, Ay, Gagl = Syy|ay Ays| T A5y By,
dzp a3 A3y A33 dy; Ay

= all(a22a33 § a235‘32) - ap, (321333 - a23331)
+ay5(8,85, - 8,,3y)




Determinant :

" o o Thind .0 nant

B G 80 M=l &
_€ u
A= 8, ay a,, a,
B 3, Al .
1) 15t row : : : C12 (' 1)1 2|V|12 ) M12
M, = a,, a,, Mz =18, ay
a32 a33 a31 aez
C11 - (' 1)1+1M11 = M11 C13 = (' 1)1+3 M13 - M13

Engineering Math, 7. Linear Algebra



Determinant :

: | Cof o Third -0 ant

Find minors and cofactors.
€, 8y, 930
_€ u
A=y 8, Ay
e U
B Sy g3l
2) 2nd row
A, a3
M 21 — )
Az Qg3

C21 = (' 1)2+1M21 =" le

A4 Ay 3
M,, =
dsq dsg
C,, = (' 1)2+2 M,, =M,,
d; dyp
My, =
dj) dg

Engineering Math, 7. Linear Algebra



Determinant : Cy = (- )™ ik

4O ant

Find minors an\d cofactors. a11 a13
€, a, A9 M, =8y, A3
_é u
A — ea21 a22 a23l:J
8, 3 s *
! ° > Css (' 1)3 ‘M 2=~ Mg,
3) 39 row
a12 a13 M —_ a11 a12
M 3 _ a22 323 13 a21 a22

C,, =(- /"M, =M, Css = (- 1My =M,

Engineering Math, 7. Linear Algebra



Determinant : D=3(1"aM, (j=123,n)

(Expansions of a Third -Order Determinant)

Find determinant 1 3 O
detA=|2 6 4
-1 0 2

1) 1strows

=1 6 4 -32 4+02 6
0 2 -1 2 -1 0

=1(12- 0)- 3(4+4)+0(0+6)=-12




Determinant : D=3 ()™ a,M, (j=123,n)

; o o Thid -Quder Determinang

(Expansions of a Third -Order Determinant)
Find determinant.

1 3 0
detA=|2 6 4
-1 0 2

2) 2nd rows

3 0 1 0 1 3

0O 2 |-1 2 -1 0

=-2(6- 0)+6(2+0)- 4(0+3)=-12

Engineering Math, 7. Linear Algebra



Determinant :

(Expansions of a Third -Order Determinant)
Find determinant.

detA =

2) 39 rows

1 3 0
2 6 4
-1 0 2

3 C 1 C
1 6 4+0|2 4 +2

112 9 &4 Q- %8 9 -

D=3 (- 1)j+kajijk (i=12,3,n)

A o o Thid -Quder Determinang

Engineering Math, 7. Linear

Algebra



Determinant : D=3 ()™ a,M, (j=123,n)

ot o Thid -Quder Determinang

(Expansions of a Third -Order Determinant)
Find determinant.

-3 00
detA=|6 4 O
-1 2 5

=-3 4 0 -06 O +0o6 4 )
2 5 -1 5 -1 2

=37 9 __3a8 =- 60
-3} 9 - 306 -

Engineering Math, 7. Linear Algebra



Behavior of an nth-Order Determinant under Elementary
M

Theorem 1. Behavior of an nth-Order Determinant under
Elementary Row Operations ( )

(a) Interchange of two rows multiplies the value of the
determinant by -1.

(b) Addition of a multiple of a row to another row does not
alter the value of the determinant.

(c) Multiplication of arow by a nonzero constant c
multiplies the value of the determinant by c.

L ey | National 105
Engineering Math, 7. Linear Algebra “E'g\ Univ. i |



Behavior of an nth-Order Determinant under Elementary

OO < £ 10—

Proof. (a) Interchange of two rows multiplies the value of the
determinant by -1 by induction.

The statement holds for n=2 because

2 b:ad-bc, ¢ d:bc- ad
c d a b

(a) holds for determinants of order n-1 ( Cahd show that it then holds

determinants of order n.
Let D be of order n. Let E be one of those interchanged. Expand D and E

by arow that is not one of those interchanged, call it the jth row.

D=§ (- 1" a My, E:é(‘ 1) a N,
k=1 =

Engineering Math, 7. Linear Algebra Univ.



Behavior of an nth-Order Determinant under Elementary
M
D=é(‘ 1)j+kajijk’ E= a( )J+k a; N,
k=1 k=1

N, is obtained from the minor M of a, in D by interchange of those two rows
which have been interchanged in D.

Now these minors are of order n-1. a) a, a13 a) a, _3'13
EX) D=la, | a, az E=la,| a, a
C Theinduction hypothesis ( ) Ay | A, | 3 Q| &y &
applies
Njk:-l\/ljk n-1M4 wuAs B O upw EV Opw W)
. j+k X K
— A (. + L jt —_
D_ka( 1) aJkMJk_a.(_ 1) ajk(- Njk) __E
=1 k=1

Engineering Math, 7. Linear Algebra



Behavior of an nth-Order Determinant under Elementary

OO < £ 10—

not alter the value of the determinant.

Proof. (b) Addition of a multiple of a row to another row does

Add ctimes Row i to Row |.

Let D be the new determinant. Its entries in Row j are

Ay TC.
a, &, 3 &, Ay A,
O O3 O O O
8, @, 3 & \ | & ¥

D={O O 3 O I?Dz O O
ajl ajZ 3 ajn ajl'l'C"’h aj2+C6\2
O O3 O O O
a, a, 3 a, 3y 3,

w W W W wWw w w
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Behavior of an nth-Order Determinant under Elementary

M
We can write 5 by the jth row.

A Ay 3 A,
O O 3 O
& a, 3 & | ,
6= 0 6 3 0 Fal)*a.+ca)m,
ajl t Cail aJZ + Caz 3 ajn Can “
......... OO3O
a a, 3 a,
_n K . K _
— a (_ 1)J aJkM jk Ca. (_ 1)J alkM jk T Dl +CD2
k=1 k=1
Dl D2

Engineering Math, 7. Linear Algebra



Behavior of an nth-Order Determinant under Elementary

B 8 =] =10 1 —

a, a, 3 a,

O O 3 O
n a, a, 3 a,

D=4 ()" aM, =0 O 3 O =D

k=1

A A 38

O 63 0

a, a, 3 a,

Engineering Math, 7. Linear Algebra



Behavior of an nth-Order Determinant under Elementary

A0 0] 1 8 —

It has &, in both Row i and Row j.
Interchanging these two rows gives D, back,

a11 a12 3 Ay, A Ay - Gy

. 3113123 ...... A7 mecwors o (8, @, 4

e e e e e e e e e e e e e o e

Dzza('l)jJrkaiijk:..E) ...... O 3 ....... O| - > O O---

oFCRAITAL T e T
O O3 O O O

Ay Gy 3 A dy @y Gy,
D, D,

but on the other hand interchanging these two rows gives i D, by Theorem (a).
Interchanging

D, 64 s - D,

Together D,=7D, & D,=0

"1 ona
Engineering Math, 7. Linear Algebra L;\ V.



Behavior of an nth-Order Determinant under Elementary D.=D
M O

a4 a5 3 a, a, a, 3 a, aﬂ 312" Ay
O O 3 O 9 6063 0O O O--
N A a, 3 A, a, a, 3 a, &, 4, - &
D=| O o) 3 O |2l & 3 0o+ O O--
aj1+ucal a12+__Ca2 3 ajn+ucan a, a, 3 a, a, 8, - g
o) o 3 O 6 63 & |6 O
B, a3 A | o a3 al |a &, - an
=D, +cD,
=D+c@

‘Ej ationa
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Behavior of an nth-Order Determinant under Elementary
Proof. (c) Multiplication of a row by a nonzero constant ¢ multiplies the value of
the determinant by ¢

a, a, 3 &, a, @&, 3 &,
O O3 O O O 3 O
D=la, a, 3 a, fl> D=lca, ca, 3 ca,
O O3 O O O 3 O
ay &, 3 &, a, a, 3 a,

Expand the determinant by the jth row.

D = a( 1) caM; =cq (-1 aM, =cD

k=1

National
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Further Properties of nth-Order Determinants

Theorem 2. Further Properties of  nth -Order Determinants

(d) Transposition leaves the value of a determinant
unaltered.

(e) A zero row or column renders the value of a determinant
Z€ero.

(f) Proportional rows or columns render the value of a
determinant zero. In particular, a determinant with two
identical rows or columns has the value zero.

¢R National
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Further Properties of nth-Order Determinants

Proof.
(d) Transposition leaves the value of a determinant unaltered.

Transposition is defined as for matrices, that is, the jth row becomes the
jth column of the transpose.

Proof.
(e) A zero row or column renders the value of a determinant  zero.

a, a, 3 a,
6 63 ¢
D=0 0 3 O =21(-1)"*ka,klvl,k
6 063 O
a, a, 3 a, -altyroo, =0

Engineering Math, 7. Linear Algebra



Further Properties of

nth -Order Determinants

Proof.
(f) Proportional rows or columns render the value of a determinant  zero.
In particular, a determinant with two identical rows or columns has the
value zero.
d; & 3 A, d, 3 Ay, A; Qp &y
O O 3 O O O3 O O Q-
q A 3 a| gy @, 3 3Vt ja, &, g,
D=0 O 3 O|=c3|O0 063 O =c| O O =c30=0
Ca, €3, 3 €& ¢ ids @, S A 0.0 . 0}
O 6 3 0 Y O30 5 0
a, a, 3 a, a, &, 3 a, dy; QA A

Theorem (1.c) Multiplication of a row by
a nonzero constant ¢ multiplies the value

of the determinant by c

Theorem. (1.b) Addition of a multiple of a
row to another row does not alter the
value of the determinant.

Engineering Math, 7. Linear Algebra



Determinant of a Triangular Matrix

3 O:
D=detA=| O O 3 Ofl> M,
YO 3 6

C Itis also a determinant
of a triangular matrix.

— allcll + afLZC12 +3 + aanC:ln
=a,C, (a,=a,=3 =a,=0)
— afl.lM 11

=a, 3 a, 3.. a}
1 2 n
Engineering Math, 7. Linear Algebra



Rank in Terms of Determinants

Theorem 3. Rank in Terms of Determinants
Consider an m x n matrix A=[a]

1) A has rank rO 1if and only if A has an r x r submatrix with nonzero
determinant.

2) The determinant of any square submatrix with more than r rows,
contained in A (if such a matrix exists!) has a value equal to zero.

3) In particular, if Ais square, nx n, it has rank nif and only if detD , O

et -11 &8 2 1
é :
1) Example ¢+ 1 (3) Example 2 1 1
é
e0 10 25 ;
€0 10 0 g 2 4
o o
et -1 1 8 2 1
: Rank=3 7 _
10 25 20 -1/3 1/3 det D=0
% O~ - 95 O 0 0 Rank=2

go_o_o
National
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Solving linear systems of two equations

Solve the linear systems of two equations
a,% ta,X, =b ¢
2% +a,X, =b, e

1. General Solution

P, 34y, (- ay)+ Cay:
(a2.2 - a2 )% (a2, - a2 )%
— bla22 ) aiZbZ - alle ) b1a21
\ X, = b1a22 ) a12b2 \ X, = a11b2 ) bla21
Ay = A8y Ay ;- A8

(a2, - @8, , 0) (@20, - a8, , 0)




Solving linear systems of two equations

Solve the linear systems of two equations X, = ba,, - a,b,
_ 5 A118y; - Q1,85
A X T apX, = b1 y, = —Cul - By
3 A8y, - A8y,
a21)(1 T anX, = © 0 a
: Us e Crair@s rul e D =detA=| * 2
Ay Ay
= 118y, - Apay,
b, a, &, b
Xl — b2 a22 X = aZl b2
— , =
D D
— bla22 j a12b2 — a:ubz B b1a21
D D
(D, 0) (D, 0)

Engineering Math, 7. Linear Algebra TN Univ.




Solving linear systems of three equations
&% tapX, tagX =0
Ay % F 8xX, + 855X =D,
83, % +85,X, + 853%; =,

Dl D2 D3

:_1 X :_1 -

=D > D S
0, a, ag a, b a, a, a, b
Dl — 02 a22 a23 D2 — a21 O2 a23 D3 — a21 a22 :)2
0, @, ag a, by ag 8, a, b




Solving linear systems of three equations

Note that D,, D,, D; are obtained by replacing Columns 1, 2, 3.

3% +a,X, taX, =h é,ail A, d30EX0D é,bl <
31X T 3yX, T 3% =D, |f‘> 2321 Lo Das ZH: 2323
Ay % T A5,X, T A% = b, g, a, a;HexH é&g
A X b

0 | A A5
A=]Db,| a, A3

0, | Qs %:

7y
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Solving linear systems of three equations

Note that D,, D,, D; are obtained by replacing Columns 1, 2, 3.

A% +a,X, TagX =h €8, &, a,0%0
8%, + 85X, +8,5X; =, ﬁ> By B, A

a5, X, +a5,X, +a,X; = by éael Ay, Az YEXs
X

2311 0, aisg STCT
A= 68.21 0, aggu, b = D, Qs
éa31 % 333@ 5 G

7y
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Solving linear systems of three equations

Note that D,, D,, D; are obtained by replacing Columns 1, 2, 3.

;% ta,X, +8,% =0 €8, 8, a,mXe e
By, X F 85X, T 8y%; =D, |j> gazl Ao A3 232 2323
83,% F 85, X, +853%; = B, 8 A AHRGH é&g

A X b

e, a, |b A O

A= ga21 Ap |0 A D

éa31 Az, | O s B

7y
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Bg | dRuler

Cramer 6s Theorem (Solwution of Linear Sy
(@) If a linear system of n equations in the same number of unknowns x,, &, ,

X% +a,X, +3 +a, X, =b

A, % A%, +3 +a, X, =h,
A

a'nlxl T a'nZXZ +3 T a'nan = bn

has a nonzero coefficient determinant D=det(A), the system has precisely one
solution. This solution is given by the formulas

— Dl — D2 — Dn
%I eTpr? N D
Where D, is the determinant obtained from D by replacing in D the kth column
by the column with the entries b, éb,. ,
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Pal

Bg | dgsr Qt kd

Cramer 6 s T{Jombonehlinear Systems by Determinants)

a, 3 b 3 a, b
replace
D, =bC, +b,C, +3 +b C,

(b) Hence if the system is homogeneous and DI 0 , It has only t
X,=0, &.,=0.If D=0, the homogeneous system also has nontrivial solutions.

b a )‘f Seoul
E' J National | 126
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Example

Q? Rnkud ax Bqg | dgs8r qt kd-

3y-4z =16
2X -2y +(z2 =-27
-X - 9z =9

ational
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Solving linear systems of two equations

_ Solve the linear systems of two equations a, a,
when —22h - b, 9 2ph-b 0 b
i(D:O) D =detA J( 1 21: Tk A O i =
I | 1a21><1+a22x2-—b1 ot A 2 h
. _ _4,a, i |
€8+ 32X, =0 e e @)(200 = oo, 63)(20b|
) =
|,a21X1+ a22X2 :bZ Llnearly independent eci/uatlogl 1 " : False statement
e | :
18X T 8% :aﬁbl F@Xl-l'aizxz :h_ ea21 azz,azzbl eaZl azz:a22b1
I a5 Ay, : L, | S
FapX + 8,X, =D, 0 0 0 €0 0| b
rank(A)=1=rank(A|B) rank(A)=1 | 2=rank(A|B)
) J rank(A)=1<2 unknowns (No solution)
Aea21><1+ 822X2 ___aﬁ bl (Many solutions)
)\
::\ ) ) 21: Homogeneous linear systems ea11)(1_'-312)(2 ol
1{00(1 Q&Oﬁ b, [+ a,% D
2
Ax=0 deta= %2 g AX =0
\ 2, 8y \
A= eail CPE D A= e, ap,
- €
ea21 Ay eO 0

Trivial Solution X =0

Nontrivial many solutions

Engineering Math, 7. Linear Algebra
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Bg | dgsfPrdt k d

Proof
(a) The augmented matrix A is of size nx(n+1). Hence its rank can be at
most n.

fD=detAl 0, t Mem. Thuanark A =rankA . Tke system has
a unique solution.

(b) If kth column is replaced by Ith
column
A By 3 Ay & a, [a,] 3 [a|a,
6 03 0O O ol3 | oo
D=la, a 3 & a, D=la, ;|3 [a;|a,
O O 3 OO O| O3 O O
8, &, 3 &, a; a, |ay| 3 |a,|a;,
D =a,C, +8,Cy +3 +a,C, = a,Cy +a,Cy +3 +8,C, =0

Nationa
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R ~ aXtapX - & X IF
Bg | dgs fPrdt k d BuXt Xt 8 X

auxta,x% +- f,% &
We now multiply the first equation in the linear system by C,, on both sides, the

second by C,, ,the last by C_,and add the resulting equations. This gives

Clk(ailxl + a12)(2 t 3 T ainxn) + 3 T an(anlxl T an2X2 T 3 + a'nan)
= blclk t 3 T annk

Collecting terms with the same X, we can write the left side as

Xl(allclk + a21C2k + 3 + anlan) + 3 + Xn(alnclk + a2nC:2k + 3 t a‘nnan)
Only one term led by x; remains.

X(a,C +a,C, +3 +a,C ) =xD

=a,C, +2,C, +3 +2,C, =0

X(&y;Cy +ayCy +3 +a,Cy ) =0 sincel, k a, 3 bl 3 a,

%(@,Cy +3,Cy +3 +a,C, ) =0 sincel | k ay 3 ;bz 3 &,

D=0 0ipi 6 0

Therefore, 5 d O O. 5 6

xD=bC, +3 +bC, =D,/ \ X :Ek a, 3 bn 3 a,
T



.8 INVERSEOF A MATRIX. GAUSS-JORDAN
E IMINATION
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Notation of Inverse Matrix

In this inverse section, only  square matrices are considered exclusively.

Notation of inverse ofan ~ n n matrix A=[ a,]: A

-1 1 . : )
AA " =A A ¥ ~where listhe 17 £ unit matrix.

Nonsingular matrix () A wn ): Amatrix that has an inverse..
(If a matrix has an inverse, the inverse is unigue)

Singular matrix (= u ): Amatrix thathas no inverse .

Proof of uniqueness of inverse matrix
fBand CareinversesofA (AB =1 & CA =1),

Weobtain B =|B = (CA)B — C(AB) =C| =C

(the unigueness of inverse)

Engineering Math, 7. Linear Algebra



Theoreml. Existence of the Inverse

Theorem 1. Existence of the Inverse

The inverse Al of an n x n matrix A exists if and only if
rank A =n, thus ifand only ifdetA 1. 0

Hence A is nonsingular if rank A =n,
and is singular if rank A<n.

g a};‘ Seoul
LJ National | 133
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Inverse by the Gauss -Jordan Method

For Practical determination of the inverse Al of a nonsingular n nmatrix A,
Gauss elimination can be used.
: This method is called Gauss-Jordan elimination

Step 1. Make augmented matrix. A =[A |]

Step 2. Make Multiplication of AX=I by Al ~
(by applying Gauss elimination to A =[A 1])

_» This gives a matrix of the form [U H] U : upper triangular
Step 3. Reduce U by further elementary row operations to diagonal form.

(Eliminate the entries of U above the main diagonal and making the
diagonal entries all 1 by multiplication. See the example next page.)
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Inverse of a Matrix. Gauss -Jordan elimination

Determine the inverse A1 of

el 1 2¢g
_é u
_éB S
&1 3 4y

Step 1. Make augmented matrix.

&1 12|10 Og
[Al]=¢3 -1 1|0 1 of
&1 3 4|0 0 1

Step 2. Make Multiplication of AX=I by Al by applying Gauss elimination
to

Engineering Math, 7. Linear Algebra Univ.



Inverse of a Matrix. Gauss -Jordan elimination

AX=] B AAX=A1 o |X=A""

¢ ¢ ¢
Al o > [IA™]
Row1l
+0.4Row3
&1 1 2|10 Og gl 1 0]-06-04 0468 o s
&1 3 4|0 0 1 €00 -5f -4 -1
\ £170. 0| 07 -02 -03g
gl 1 2] 10 OgROW2+3ROW1 A I B
, O 2 7 3 1 OL\J Row3 - Rowl e ”‘.," ’*." ' ' l\J
§0 2 2|-1 0 1 B0 Dl b
diagonal matr?x
&1 1 2| 1 0 Op ¢1 0 0[-07 02 03
S02 73 1 ou o 0 10[-13 -02 075 o
, 3 0.5Row?2
§0 0 -5|-4 -1 1 00 1] 08 02-02 ..
Lﬂj; // 3136
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Inverse of a Matrix. Gauss -Jordan elimination

&1 0 0/-07 02 03g
é 0
0 1 0[-13 -02 070
e u
© 0 1| 08 02 -0.2

Al

Check the result.

Let éjll b, blsg

AA1=B e u

:e,bzl b22 bzsL\J

¢ !

g, b, bygl

el 1 2g& 0.7 0.2
e ué

=3 -1 1ue-13 -0.2
e ué

&1 3 4p8 08

w
—~
o
~
~—
+

1) 13 (- 1.3)+23 0.8=1
-1)3 (0 2)+13( 0.2)+230.2=0
-1)3 (0 3)+13 (07)+23( 0.2)=0

)

-07)+ 3)3 (13)+43 (08 0
2

N
w
—
O
v
+
—=
NE)
w
—
—
~
~—
+
AN
w
-/
o
N
~—
I I
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Useful formulas for Inverses cofactor : C =(- )™M,

M, radeterminant of order n- 1

Ao Y= R W

Theorem 2. Inverse of a Matrix by determinant
The inverse of a nonsingular n. nmatrix A=[a,] is given by

& i B
éc . iC,,i 3 b
At=—_[C il = LD s I RO
detA detAe_ i . ©
¢ i i J
. o Gt 3 Gyl
Where C Is the cofactor of g, in detA

CAUTION! Note well that in A, the cofactor C, occupies the same place
as a, (not a,) does in A.)

PI‘OOf) 11 CZl 3 Cnlg
Let B= 1 eC12 C22 3 anu and show that BA=I
detA € . .. .u
€ u
éc:ln C2n 3 C:nn L,J
'-:af eou
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Sec/.7

Useful formulas for Inverses (k=1), D=2,C, +8,C, +3 +2,C.3 (9)
Theorem 2. Inverse of a Matrix (k, ). 8,C,+8,C, +3 +a,C, =03 (10
Let , Hence,
BA=G=[gy] e (5) 1
Ok =
and then show that G = 1. detA
. . L Ok =0
By definition of matrix multiplication
and because of the form of B in (4) Oy are the entries of
1 Cy main diagonal of matrix G.
O = and that means
- detA . —
only entries of main diagonal
1 Is 1
C,+3 + 3 (6) '
= (@Cu+8 +3,Cy)
In Sec 7.7 (9and (10), G=1
B=A1
If I :k ’ afllclk +3 +anIan :detA é,C11 Cyn 3 Cnlfﬁ‘?an a, 3 &, 9
o e u
I, k,8Cy+3 +8,C s S a?“ﬂ
8:1n C2n 3 Cnnueuéam ay 3 annu
E;.Eﬂ o 139
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Inverse of 2 2 Matrix

Ex 2)

1

>

[
B8
cavy e ]

A4

detA =3@-1@2=10

C,=4, Cxu=-1
Cp=-
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Inverse of 3

Q7
el 1 2g
_é u
A_é3 ‘1 1';11
&1 3 4y

3 Matrix

K — (‘ 1)j+kM ik
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Inverse of Diagonal Matrices

A=[a], ay=0when jl k, have an inverse if and only if all a; | 0. Then Ais
diagonal, too, with entries 1/a;,,A A/A ..

Proof) For a diagonal matrix we have in (4)

C11: a‘223 a'nn — 1

= , etc
D &aa,3 a, a
Ex 4) Inverse of Diagonal Matrix
e 1 4]
& 05 0 Og & 0 0y
, ~ 7 05 N~ A 2 O O
A= 0 4 0% ¢ 1 Vg
¢ u \At=f0 = o0UY£o0 025 0
eo 0 1y e 4 ~UE€
e 1 ugd 0 1
60 0 U
e 1y

Engineering Math, 7. Linear Algebra



Inverse of Products

Products can be inverted by taking the inverse of each factor and multiplying
these inverses in reverse order,

Hence for more than two factors,  (AC) *=C*A™*

(AC3 PQ)'=Q P13 C'A!

(AC)c*Al)=ACC A =AIAT =AAT =]
[c*Aa*)ac)=C*AAC =Cc'iCc =CC =I
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Cancellation Laws

Theorem 3. Cancellation Laws ( )

Let A, B, C be n x n matrices. Then

(@)If rank A=nand AB=AC,thenB=C

(b)if rank A=n,thenAB = 0 I mplies B = 0. He n
as B I 0, then rank A < n and r ank

(c)If Ais singular, so are BA and AB

ona
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Determinants of Matrix  Products

Theorem 4. Determinant of a Product of Matrices
For any n x n matrices A and B,

det(AB) = detBA) = detA (letB

If A or Bis singular, so are AB and BA

Now A and B be nonsingular. Then we can reduce A to a diagonal matrix A =
[a,] by Gauss-Jordan steps.

éiail a5 3 ain? @ﬁl 0O 3 0 @ A and A are row-equivalent
e 0 _ dA
A = éa21 Ay, 3 a2nu /E: go @2 0 0 3 matrices
e U & b
Su B 3 ani g0 0 3 &

a
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det(AB) = detBA) = detA (letB

Determinants of Matrix Products

Proof)
éan
A ea21
e O
eam
éaﬂ
AX ea21
e O

eam

A,

)
A

Ay

A and A are row-equivalent matrices.

3 a,0

u
3 aan‘J

3

ou

u
3 an

W oo WwWwwWwwWw W

alnﬂéxlﬂ
a2nue 2u
OueOJ

amuexnu

Ogexlﬂ

ue u
0¢ e2u
OueOJ

ué U
&, uéxn U

&, O 3 Og
é < U
g0 &, O Ou_
€0 0 6 OU
e = U
60 0 3 &,
b g
Dot
eOJ

SD U
[} X:A_lb:/E_llE
e
U_ <
e
e U
R0
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Determinants of Matrix Products

det(AB) = detBA) = detA (letB

A and A are row-equivalent matrices.

Addition of a multiple of a row to another row does not alter the value of the
determinant.

\ det(AB) = det(kB)

%1 9 3 0 @311 b12
EB:?O &, 0 0 b, b,
€0 0 6
0 0 3 ﬁ ﬂ%om by
ﬁlbll ﬁlb.LZ 3 ﬁlb.l.
- b 3 n
det(EB) — @2 21 @2 22 4 @2 2
&by &b, 3 &b,

3 bln g éﬁlbll glblZ

u ée

3 by _g
i é

u e

b.g é
&.&,3 &

3 ﬁlbln?

2b21 @2’322 3 @ZbZnH

4 0

= u

nbnl ﬁn n2 3 ﬁnbnnll,l
b, b, 3 b,
- b21 b22 3 b2n

4

bnl bn2 3 bnn
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det(AB) = detBA) = detA (letB
Determinants of Matrix Products B=3( 1" caM, eD

A and A are row-equivalent matrices.

\ det(AB) = det(kB)

%1*311 %1'312 3 ﬁvlbln b11 b12 3 bln
d etQEB) _ @2b21 @zbzz 34 @2b2n _ £1£23 Em b21 b22 34 b2n
ﬁnbnl ﬁnan 3 Elnbnn bnl bn2 3 bnn

=&.&,3 &, @et@)
= det(k) Glet®) = det(A) Glet®)
\ det(AB) =det(A) @etB)
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