CHAPTER 8. LINEAR ALGEBRA :
MATRIX EIGENVALUE PROBLEMS
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8.1 THE MATRIX EIGENVALUE PROBLEM.

DETERMINING EIGENVALUES AND
EIGENVECTORS
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Eigenvalues, Eigenvectors ?
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Eigenvalues (11 74f), Eigenvectors (1153 E|)

Let A=[a,] be a given matrix n x n matrix and consider the

vector equation
AX = AX

Our task is to determine x’s and A’s that satisfy this equation.
Clearly, the zero vector x =0 is a solution of this equation
for any value A, because A0=0. This is of no interest.

(a) Eigenvalue (ngzh: A value of A for which this equation has
a solution x#0 (= characteristic value (5432, latent root (=

H3))

(b) Eigenvector (xg#e): The corresponding solutions x#0 of
this equation

eou, |
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Eigenvalues, Eigenvectors

Ex) Determination of Eigenvalues and Eigenvectors

Determine eigenvalues and
eigenvectors

— 93X, +2X, = AX,

"k 5" 2X, —2X, = AX,
A =
2 =2 (-5-A)x +2x, =0
(a) Eigenvalues 2%, + (_ 2_ j“)x2 -0
AX = AX This can be written in
matrix notation.
__5 2__X1_ _Xl_ AX—X,X:O
2 —2| X :/1)( AX—AIx =0
- 0 B (A=1)x=0
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D(4) : characteristic determinant

Eigenvalues, EigenVECtorS D(2)=0 : characteristic equation

Ex) Determination of Eigenvalues and Eigenvectors

(A—Al)x=0 (5= )% +2%, = 0--(a)

— homogeneous linear system 2%, +(—2-1)x, =0---(b)
By Cramer’s rule it has a nontrivial X, =0,X, =0 :Trivial solution
solution x#0 if and only if its e
coefficient determinant is zero. To have non-trivial solution
No. of Linearly independent equation < Unknowns
D(A)=det(A-Al1)=0
(rank r <n)

2 _2_1 (-5-A)n=2---(c)
(-5-A) -2-2)-4=0 e

(c)/(d)
N +T72+6=0 \(_5‘/1): 2
2 (2-1)

A =-1 o (-5-2)(-2-2)-4=0
4, =6

|— 5-1 2 | ~0 (a)xn=(b) Linearly dependent, n#0

i a Seoul
H : H : National |
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Eigenvalues, Eigenvectors

Ex) Determination of Eigenvalues and Eigenvectors

(— 5— A)Xl + 2X2 =0 ﬂ’l =-1 What happen if choose x,=something else?"

€
2%, +(=2-2)x, =0 A, =6 (ﬁ?
-Eigenvector of A corresponding to 4,
_ X
A =-1 (x1=1):><1={1
The equation is X,
—4x,+2X, =0
y) -0 (% =2):X = §
X —X, = X,
S X, =2X
2 (x1=3):x1={xl
= This determines eigenvector X,

corresponding to 4, up to a scalar multiple.

= If we choose x,=1, we obtain

L
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Eigenvalues, Eigenvectors

Ex) Determination of Eigenvalues and Eigenvectors

(_ 5— A)Xl + 2X2 =0 ;zi =-1 What happen if choose x,=something else'.g
2%, +(=2-2)x, =0 A, =6 (ﬁ?
-Eigenvector of A corresponding to 4, L
122—6 (x1:2);)(2: % —
The equation is | %2 ]
X1+2X2:O (X1:4)X2: Xl _
2%, +4x, =0 L%
.'.X2=—X1/2 ()(1:6);)(2: )):1 —
|72 _

= This determines eigenvector :
corresponding to 4, up to a scalar multiple.

= |f we choose x,=2, we obtain
X = Xl X . 2 ‘basis’
, = — —
X, -x /2] |-1

Engineering Math, 7. Linear Algebra, Spring 2015 el



General case of Eigenvectors, Eigenvalues

d; A, 4y
dy; dp Gy

AX = AX

X+, X, =A%
Ay X+ F 3, X, = AX,

2n’'n

a, X +--+a X =AX

(ail_ﬂ“)xl+a12xz+"'+alnxn =0
a, % +(a,, —A)X, +---+a, x =0

2n“*n

a X +a X, +-+(@a, —A)x =0

n

In matrix notation,

(A—=Al)x=0

Engineering Math, 7. Linear Algebra, Spring 2015



General case of Eigenvectors, Eigenvalues

D(A)=det(A—-11)=0

Ajy — A
Ay,

an1

(a) Characteristic matrix (%

(c) Characteristic polynomial (5/3LC}
nth degree in 4 by developing D(4)

CP,
a,, —A

an2

A
a2n

a, —A

E -l-
E/dl

(b) Characteristic determinant (& & 4l): D)

2):

J>

: a polynomial of

Engineer

ing Math, 7. Linear
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Eigenvalues, Eigenvectors

Theorem 8.1 Eigenvalues

The eigenvalues of a square matrix A are the roots of the
characteristic equation (S 8% AAl) of A.

D(A)=det(A—A1)=0

Hence an n x n matrix has at least one eigenvalue and at
most n humerically different eigenvalues.

Enginee
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Eigenvalues, Eigenvectors

Ex) Multiple Eigenvalues
Find the eigenvalues and eigenvector of

2 2 -3
A=| 2 1 -6
-1 -2 0]

Sol) For our matrix, the characteristic determinant gives the
characteristic equation

AP —2%+2121+45=0

The roots (eigenvalues of A) are

=5 A ==-3

Seou | |
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Eigenvalues, Eigenvectors LT
Ex) Multiple Eigenvalues A2 3
det(A-Al)=| 2 1-4 -6
. . -1 -2 0-2
(1) 1=5 Choosing if choose . . o
A-Al=A-5I %=1 %=
—7 2 3| we have we have
B I L PP T
__1 ) _5_ _7)(2_7)(3— 7 2 7 3
row reduction SX, =2 S Xy =2
—7 2 -3 ]
0 -24/7 -—-48/7 —7X, +2%, —3%, =0 — X% +2X,—3%, =0
0 0 0 |
X, :[[1 2 —1]1 x,=[-1 -2 1]

=D)L 2 1]
>i<' :/’L/ }

se
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. . A-il=| 2 1-1 -6
Eigenvalues, Eigenvectors 1 204
Ex) Multiple Eigenvalues A2 3
det(A-Al)=| 2 1-1 -6
(2) A=-3 X, +2X, —3%, =0 1 2 0.2
= (5-2)(2+3)*=0
A-Al=A-3I X, = —2X, +3X,
1 2 —3 Choosing i 1 2 —3_ Xl + 2X2 —3)(3 =0
= 2 4 -6 X,=1, X, =0 2 4 —6| £ 12X +4X,—-6%,=0
-1 -2 3 we have -1 -2 3] =X, = 2%, +3%; =0
row reduction: X, =—2
_ _ v
_ x,=|-2 1 o[
12 3 i [ ] X, +2X, —3%;, =0
0 O 0 we have only one equation
Choosing and three variables
_O 0 0_ X, =0, X;=1 N
we have two free variables (X,,X;)
X, =3
x,=[3 0 1]

; a Seoz.//
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AX = AX

Eigenvalues, Eigenvectors

Ex) Real Matrices with Complex Eigenvalues and Eigenvectors

0 1 (1) 1= _ _
A= -i 1
-1 0 A— Al = |
Characteristic Equation: __1 —1
det(A—Al)= A —1X +X, =0
-1 -4
Choosing X, =1
2 —_—
A +1=0 we have X, =1
A =TI

Xy = [1 i]T

Engineering Math, 7. Linear Algebra, Spring 2015



Eigenvalues, Eigenvectors AX = AX

Ex) Real Matrices with Complex Eigenvalues and Eigenvectors

(2) A=-i

A-Al =

IX, + X, =0
Choosing X, =1

we have X2 = —|

Seou | |
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Eigenvalues of the Transpose

Theorem 8.3 Eigenvalues of the Transpose

The transpose AT of a square matrix A has the same
eigenvalues as A.

Proof

Transposition does not change the value of the characteristic
determinant.

Theorem 2. Further Properties of nth-Order Determinants

= (d) Transposition leaves the value of a determinant
unaltered.

(e) A zero row or column renders the value of a determinant
Zero.

(f) Proportional rows or columns render the value of a
determinant zero. In particular, a determinant with two
identical rows or columns has the value zero.

i a Seoz.//
Engineering Math, 7. Linear Algebra, Spring 2015 § Z:Zf"a/ 17



8.2 SOME APPLICATIONS OF
EIGENVALUE PROBLEMS

Py, Seoul
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fan ag
Sum and Multiplication of Eigenvalues A{aﬂ azj

D(A)=det(A—A1)=0

a,, — y) a,, | The sum of these n eigenvalues

det(A-Al) =

equals the sum of the entries on the
main diagonal of A, called trace of A;

Ay a, — A

=(a; —A)(ay —4)—ay, -8y, strace A=) a; =) A4
j=1 k=1

= A - (&, +8y)A+a,8, —a,-ay

The product of the eigenvalues
=1 —(a,+a,)A+detA equals the determinant of A,

=(A-4)A-4,)
=2 —(4+)A+ A4, =0

LAy +a,, =4+ A4
cdetA=4,-4,

detA=AA, A

E]"\‘ Seou
. . . . National |
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Markov Matrix

We need the hundredth power A%,

0.8 0.3 0.70 0.45 0.650 0.525 0.6000 0.6000
0.2 0.7 0.30 0.55 0.350 0.475 0.4000 0.4000
A AZ A3 AlOO

Al was found by using the eigenvalues of A, not by multiplying 100 matrices.

Engineering Mat{ Strang G., Introduction to Linear Algebra, Third edition, Wellesley-Cambridge Press, 2003, Ch.6.1, p274



need the hundredth power A% 0.8 0.3
Markov Matrix A :i 0.2 0,7}

Almost all vectors change direction, when they are multiplied by A.
Certain exceptional vectors x are in the same direction as Ax — “eigenvectors”

Multiply an eigenvector by A, and the vector Ax is a nhumber A times the original x.
The basic equation is Ax = Jx.

¢ |
06 08 03 06 06 Eigenvector
X, = and Ax, = = :B@
0.4 02 0.7]04]| |04 soA =1
/ |
1 08 03| 1 0.5 [1)Fecmes 1
X, = and AX = = = X ﬂ, = —
2 {—1} i {0.2 0.7}{—1} {—0.5} ?Q 42

i “
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need the hundredth power A1

Markov Matrix

0.8 0.3
A =
{o.z 0.7}

AX, =X,
U
A®Xx, = A(AX,) = AX, =X,

N

The eigenvalues of A% are 110 =1 and % 1% = very small number.

y

1
AX, ==X,
2
AZX@—A(AX )=A Lo leiax =11y —sz
2 27 22_2 2_22 2_2 2
{0.6}
X, =
0.4
{0.6}
AX, =X, =
0.4
: . [06
Ax =@ XIZ{O-AJ X

Engineering Math, 7. Linear Algebra, Spring 2015



need the hundredth power Al® A 0.8 0.3}
Markov Matrix “lo2| 0.7

= Other vectors do change direction. But all other vectors are combinations of the two
eigenvectors.

= The first column of Ais th&’combination x; + 0.2x, :

0.8 0.6 0.2
=X, +0.2x, = +
0.4 —0.2
Multiplying by A gives the first column of A?. Do it separately for x, and 0.2x,.
0.8 ~ [os6] [ o1
A02 = A(X, +0.2x,) = AX; +0.2AX, =X, +0.2: 2 X, = 04 + o1
Eigenvalue Eigenvalie
ﬂi =1 ] ] A, = E
Vvery
99 08 199 06
A =X, +0.2-57 X, = +| small
0.2 0.4
_VECtOF_

i a Seoul
i i i i National | |
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need the hundredth power A% 108103 « :{0-6} « :{ 1} A”)(1 =Xy,
0.2 |0.7] - A

Markov Matrix A=

The second column of Ais the combination x; - 0.3x, :

0.3 0.6 0.3
=X, —0.3%, = +
0.7 04| |-0.3

Multiplying by A gives the first column of A?. Do it separately for x, and 0.3x,.

0.3 . 0.6 0.15
A 0.7 = A(X;, —0.3%x,) = AX;, —0.3AX, =X, —0.3-3 X, = 04 + 015

very

0.3 0.6
A% =x,-0.3-1"x, = +| small
0.7 0.4

vector

Seou | |
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need the hundredth power A0 A_{OB 0.3} y :{0.6} y :{ 1} A"X, =X,
Markov Matrix “lo2 07] 04 7 11 Ang _any
2 2 2
0.8 0.6 very
Ag{o'z} =%, +0.2-17x, = {0'4} +| small
' ' | vector | : 0.8 0.3 B 0.6 0.6
very | N 02 07| |04 04
[0.3 o [06
A =X, —03-57X, = —| small
0.7 0.4
vector |

L AL0 _ 799 0.8 0.3 _ 06 0.6
B 02 07| (04 04
The eigenvector x, is a “steady state” that doesn’t change (because ., = 1).

The eigenvector x, is a “decaying mode” that virtually disappears (because 1, = 0.5).

The higher power of A, the closer its columns approach the steady state.

Markov matrix

= Its entries are positive and every column adds to 1 = largest eigenvalue is A = 1.

= |ts eigenvector x, = (0.6, 0.4) is the steady state - which all columns of Ak will approach.

€0
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A_{o.s 0.3} § {o.e} y :{ 1} A"X, =X,
Markov Matrix 02 07/ 04 7 L Ay _any
2 2

Q?
find :Aloo{ 3'8}

—0.8

E]). Seo.
i i i i National | |
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Markov Matrix always 4, =1, |4,|<1

Given : Markov matrix A

— 2 _(1+a-b)A+1-(a—b)

a b
A=L_a 1_b} =(A-D)(1-(a-b)
(A1-1)(A—-(a—Db))=0

0<a, b<l
Find : The eigenvalues of A .-.}_1:]_, ﬁzza_b
a—A b
det(A—Al) = O<ax<l
l1-a 1-b-4 O<b<1
=(@-4)1-b-4)-b(l-a) 0-1=-1<1,=a-b<1=1-0
— 2% _ _ _ah_
=" -(1+a-b)A+a—ab-b+ab 321=L\ZJ<1

=2 —(l+a-b)A+a-b

%, Seou
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Matrix as a Transformation

Solving linear systems Z :input
— y= Az Y : output
Xp+2X,+ X3=1 w1 M1 2 172 A
O 'Xl+ X2 +3X3 — 5 y2 =10 1 3 22
0-x,+2X, +6X5 =10 Y.| |0 2 6z
(1 2 1[x] [1]
0 1 3|x |= _
2 Ax =B AX = AX
0 2 6] x| [10
1 2 11
0 1 35 [A|B]
0 2 6|10

Yo | cosg —sing || Yp
Zo | |sing cos¢ || z,

A ol 3 W |

Seou | |
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Z;a"a/ 28



Stretching of an Elastic Membrane (EHd2to| @)

An elastic membrane on the x;x,-plane with boundary circle x,+x,°=1 is
stretched so that a point P(x,, X,) goes over into the point Q(y,, y,) given

by

_____

.>
o Q:.v.)
x| y

X Y1

continues...

Seq |
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Stretching of an Elastic Membrane

Find the principle directions (92}):

.-
-
-
-
-
/ -
5 -
S~ -
-
-
-
-
g
-’

.....

the directions of the position vector x of P for which the directions of
the position vector y of Q is the same or exactly opposite.

What shape does the boundary circle take under this deformation?

A y2

~———
~~
~<

-~
-
~
~~——
~~

QY1 ¥2)

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

AY, Q(Y1, Y,)

\/ 2 / Vi

Given: Transformed:
Yy, =5X% +3X,
1 2 1 2
Yy, = 3%, +5X, E(5Y1—3Yz) +E(—3Y1+5Yz) =1
2 2
X, +X, =1 > 1 o s o
% =15 (5% -3Y.) 34y2 —60y,y, +34y? = 256
<

i Seoul | |
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Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector

- ——
el —_——
- ~——

-

Y1

Se
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Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector (1) 1=4,=8

when AX=AX. — 3%, +3X, =0
The direction of x after the stretch 3X1 N 3X2 =0
= the same direction before the stretch. Xl — X2
(A - Al )X =0 For instance, X, = X, = 1
Characteristic Equation: .
det(A—A1)=0 x,=[1 1]
s, 1 A)(1:531:8
3 5.4 0 3 5(1| |8
2 a2 1
A2 —10A4+25-9=1?—101+16 :8{ }%Xl
=(1-8)(1-2)=0 1

A =8 A,=2

=
s
Pty
2
w
W

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector (2) 2=2,=2

when AX=4X. 3%, +3%X, =0
The direction of x after the stretch 3Xl + 3X2 =0
= the same direction before the stretch. SO =X,
(A — Al )X =0 For instance, X, = 1, X, = -1
Ch teristic Equation:
aracteristic Equation X, = [1 _1]T
det(A—Al1)=0
5 3| 1 2
5-2 3|, AX, = =
3 54" 3 5|-1] |-2
A°-104+25-9=1°-101+16 :2{ 1}212)(2
=(1-8)(1-2)=0 N
A =8 A,=2

Seoul
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Transformation and Trivial Solution

v aels 2

Find the principle directions:

the directions of the position vector x of P for which the directions of
the position vector y of Q is the same or exactly opposite.

What shape does the boundary circle take under this deformation?
A X2

AX = AX Y2

X = O :Trivial solution

Y1

a)‘\‘ eoul
Engineering Math, 7. Linear Algebra, Spring 2015 'ona



Transformation and Trivial Solution

Y1 _ X
Y, 3 5| X%

Find the principle directions:

y

122 AX = AX ty
.
f— .
‘0’ 2 o
o o
S . — ¢
. - (A—2Dx=0 . -
- . 8 o
- o *e -
E - det(A-Al)=0 ’ ¢
Q’ o* e - - "‘ o
S . .
% “‘ . . . ”‘ 0"
“, < X X :Nontrivial many solutions . o
* ‘0’ "’ "‘ ﬂ/x
- .
* e’ o ‘0 e“ o
>
’¢’ *e O I g
o* . Z o *.
. * 1 o* e 1
o - . S
. R . *
- ¢ *
. ® * -
- . * -
. . o -
o *e * *
o - 03¢ %
‘0 " ’0 Q‘
- .
o . ¢
o* o*
. .
. o*
) " Seoul
4
National = 36
E'J\ Univ.
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Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector 1) A, =8
When AX=}1X. AX1:A1X1:8|::1:|:8|:);11:|
2
The direction of x after the stretch
= the same direction before the stretch. (16,16)
2) AX = AX tY,

when, x, =1
when, x, =2
when, x, =-1

Y1

(_1’ _1)

(-8,-8

Seo
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Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector 1) A,=2
X X
When AX=ZX. AX, = 1,X, ZZ{X }22{_)(1}
2
The direction of x after the stretch
= the same direction before the stretch.
t X, AX = AX tY,
when, x, =1
(-1,2) when, x, =2 (=2.2)
when, x, =-1
X
X
(L-1) '

(2’ _2)

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector AX, = X, =8 X1 8{&}
| %5 X
when AX=AX. X, X,
AX, =A1X, =2 =2
The direction of x after the stretch | X2 =X
= the same direction before the stretch.
AX = AX
y 3 X a
2 Y>
X - AX
principle directions
Xy Ya
Engineering Math, 7. Linear Algebra, Spring 2015 | Lﬂj: .5/%;?”5/ 39



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector AX, = X, =8
when AX=AX.
AX, =A1X, =2
The direction of x after the stretch
= the same direction before the stretch.
AX = AX

Stretching
by 8 times

Engineering Math, 7. Linear Algebra, Spring 2015




Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector AX, = X, =8 :1
| 2
when AX=AX. [ X,
AX, =A1X, =2
The direction of x after the stretch R
= the same direction before the stretch.
AX = AX
Stretching
4 X by 2 times
2

v

Stretching
by 8 times

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector AX, = X, =8
when AX=AX.
AX, =A1X, =2
The direction of x after the stretch
= the same direction before the stretch.
AX = AX

S X2
X

-
%
N
N o
\ e
. e
", -
\, -
. -
. -
. e
. s
\, -
S, -
\, -
\. -
\, -
\, -
\, -
N e
\, e
. P
, P
-
N ,
.. -
\. -
\. -
N 2
\, e
N 5
-
AN
- .
- .
e ",
- .
™,
S,
\,
.
.
.
.
\,
\,
.
.

v

Stretching
by 2 times

Stretching
by 8 times

Engineering Math, 7. Linear Algebra, Spring 2015




Stretching of an Elastic Membrane

© a=8ix = 1

= stretching by 8(= 4,) times to the
direction of x,=[1 1]'.

= stretching by 2(= 4,) times to the
direction of x,=[1 -1]".

Principal directions.

these eigenvectors of a symmetric matrix
corresponding to different eigenvalues are
orthogonal

A real square matrix is orthogonal

if and only if column vectors a, ..., a,
form an orthonormal system,

-, {o if jzk

1 if j=k

This vector make 45° and 135° angles <
with the positive x,-direction.

X, X, =[1 1] 0

Stretching
Stretching by 8 times

by 2 times

:0
*
*
*
*

Engineering Math, 7. Linear Algebra, Spring 2015
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Stretching of an Elastic Membrane

AX = AX

Lz ol
Y, 13 5| X

A, =8, x1='1 1

Arbitrary vector can be
— expressed by linear
combination of eigenvectors.

X

Denoting the corresponding eigenvalues of the
matrix A by 4,, ..., 4,, we have Ax; = /x;, so that

we simply obtain
y =Ax=A(CX +C,X, +--+CX,)

= C,AX; +C,AX, +---+C AX,
=CAX, +CoAX, +---+C A X,

Engineering Math, 7. Linear Algebra, Spring 2015

B a8



Stretching of an Elastic Membrane AX = AX

X=aX, + X,

AX=A(aXx,+ BX,)

= aA X, + [ AX,

__________________________________________________ X1, X, iS
eigenvector of A

=8a X, + 26X,

AX 8a X, + 24X,
- AX=8a X +2 IB X complicated action decompose ¢ im of simple actions
- ! 2 —>

of A on an arbitrary (multiplication by scalars)
vector x on the eigenvectors of A

Kpjpe, Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 Lj\ Z:/{Ivo”a/ 45



Stretching of an Elastic Membrane AX = AX

L=2 %=1 -1

S Xy
— / v
X=aX, + [X, K
//
/
/
//
/
AX=8a X, +20X, ’
'I ///
I .7
| P
\ e
\ PR

- b, seoul
. . . . 4 LT o National | |
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Stretching of an Elastic Membrane

=2 %=1 -1

X=aX, +[X,

S AX=8a X, +26X,

Engineering Math, 7. Linear Algebra, Spring 2015

E],;;‘ Seoul |
4 . National |
E"j]\ Univ. !



Stretching of an Elastic Membrane AX = AX

L _ /),\’
S0
e 1
- _T .
ﬂ’l — 8, Xl — _1 1_ e Il'
/I
T /
2/2 — 2, X2 — [1 _1] ///
//
/
S AX=8a X, +28X,
Engineering Math, 7. Linear Algebra, Spring 2015 // Ejj; -/g\f:;:'lalna/ 48
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8-3. SYMMETRIC, SKEW-SYMMETRIC, AND
ORTHOGONAL MATRICES

Py, Seoul
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Symmetric, Skew-Symmetric, and Orthogonal Matrices

A real square matrix A = [a,] is called

symmetric if transposition leaves it unchanged
(CHE) T
A - A1 thUS akJ - aJk

skew-symmetric if transposition gives the negative of A

H}CH Xl
(Kt ) A" =-A,  thus &g = ~ A

orthogonal if transposition gives the inverse of A
(Iﬂll_-ll-gl) AT _ A—l

(A

| By

7 My
2

Engineering Math, 7. Linear Algebra, Spring 2015



Example 8.3-1 (1)

(Symmetric, Skew-Symmetric, and Orthogonal Matrices)

The matrices

-3 1 5 0 9 -12] | 2 L 2
1 0 -2|[-9 0 2/ |-2 2z 1
i 5 -2 4_ _12 —20 O_ I % % —%_
[symmetric] [skew-symmetric] [orthogonal]

Every skew-symmetric matrix has all main diagonal entries
Zero.

E"“ SEOL.I/
Engineering Math, 7. Linear Algebra, Spring 2015 National 1



Example 8.3-1 (2)

(Symmetric, Skew-Symmetric, and Orthogonal Matrices)

-3

1
0
—2

—20

T

5
—2
A

—-12
20

T

-3

1
1 0
5 -2
0
9
12
9
0
20

5
—2

A

-9
0
20

—-12
20

—20

Symmetric: AT=A
Skew-symmetric: AT=-A
Orthogonal: AT=A"!

=» symmetric
12
O —
= skew-symmetric



Example 8.3-1 (3) Symmetric: AT=A

Skew-symmetric: AT=-A

(Symmetric, Skew-Symmetric, and Orthogonal Matrices) Orthogonal: AT=A"L
(2 _2 1] -2 1 27" T2 _2 1]
3 3 3 3 3 3 3 3 3
A = 1 2 2 AT — |2 2 1 —| 1 2 2
3 3 3| _ 3 3 3 3 3 3
2 i _2 1 2 _2 2 1 _2
| 3 3 3_ 3 3 3_ K 3 3_
2 1 202 _2 1] [ )
3 3 3 3 3 3 1 O O
T_|_2 2 1 L 2 2
A A o 3 3 3 3 3 3 o O 1 O
1 2 _ 2|2 1 _2
3 3 313 3 3_| _O O 1_

- A" = A™' = orthogonal

¥
Engineering Math, 7. Linear Algebra, Spring 2015 ot |



Example 8.3-1 (4) Symmetric: AT=A

. . ] Skew-symmetric: AT=-A
(Symmetric, Skew-Symmetric, and Orthogonal Matrices) Orthogonal; AT=A"L

From definitions skew-symmetric matrix is

T
A — _A1 thUS a.kJ - - ajk

\Q? Prove all main diagonal entries zero.

Engineering Math, 7. Linear Algebra, Spring 2015 / @J\ I_ﬁma



Example 8.3-2 (1)

Any real square matrix A may be written as the sum of a
symmetric matrix R and a skew-symmetric matrix S, where

Engineer

ing Math, 7. Linear Algebra, Spring 2015

R=Z(A+AT)  S=1(A-AT)
2 2

9 5 2] 90 35 35]
A=l2 3 _g R=%(A+AT) -[35 30 -20
5 4 3 35 —20 30
_9 2 5 0 15 -15]

T S=2(A-AT) =|-15 0 -60

A E ‘ 15 60 0
2 -8 3 L —



Example 8.3-2 (2) RZE(A+AT) s-L(a_a")
> |

90 35 35 0 15 -15
=135 30 -20|+|-15 0 -6.0
35 =20 3.0 1.5 6.0 O

eoul I
Engineering Math, 7. Linear Algebra, Spring 2015 L_\ /l\j/;{:;ana/ i



Eigenvalues of Symmetric and Skew-Symmetric Matrices

Theorem 8.1 Eigenvalues of Symmetric and Skew-Symmetric
Matrices

(@) The eigenvalues of a symmetric matrix are real

(b) The eigenvalues of a skew-symmetric matrix are pure
imaginary or zero.

a} Seoz.// |
Engineering Math, 7. Linear Algebra, Spring 2015 ot | ZZZ,O"EI 57



Example 8.3-3

(Eigenvalues of Symmetric and Skew-Symmetric Matrices)

From example 8.2-1 From example 8.3-1 )
5 3 0 9 -12
A=l ¢ A=|-9 0 20
) > ;ymmetric 12 =20 0
Characteristic Equation: -4 9 -12
5_7 3 det(A-Al)=-9 -4 20/=0
det(A—-Al)= =0 _ _
( ) 3 5 12 -20 -2

— (2% +400)-9(94 — 240)
~12(180+121)=0
A +6254=0
S A=0, £251 =» imaginary

(5-1)-3=0
soA=2,8 = real



Orthogonal Transformations and Orthogonal Matrices

Orthogonal Transformations &ia &g are transformations

Y= AX where A is an orthogonal matrix & #s).

With each vector x in R" such a transformation assigns a
vector y in R",
For instance, the plane rotation through an angle 6.

y, | [cos@ —sind| x,

& Y, :_sinH Cosd || X,

is an orthogonal transformation.

Any orthogonal transformation in the plane or in three-
dimensional space is a rotation.

Engineering Math, 7. Linear Algebra, Spring 2015 Lj\ U:I{ﬁ’"a 59




Orthogonal Transformations and Orthogonal Matrices

A__cosH —sing AT _| cosO sing
|sin@ cos@| |-sin@ cosd
. |cos@® —sin@]|| cos® sing| [1 O
AAT =| | —
' sInf  cosd||—-sinfd cosd| |0 1
LA =AT

Bji+, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 \E-J\ ZZZ,U"EI 60



Invariance of Inner Product (L}Z=2]| EH)

Theorem 8.3.2 Invariance of Inner Product

An orthogonal transformation preserves the value of the
inner product of vectors a and b in R", defined by

a-b=a"b=[a, - a]:

That is, for any a and b in R", orthogonal n x n matrix A, and
u = Aa, v = Ab we have u-v=a-b.

Hence the transformation also preserves the length or norm
of any vector a in R" given by

la|=va-a=+a'a




Invariance of Inner Product (Proof)

Let A be orthogonal. Let u = Aa and v = Ab. We must show
that u-v = a-b.

(Aa)" =a’AT 9 by (10d) in Sec. 7.2

A'A=A"A=1 = Aisorthogonal.

u-v=u'v=_(Aa) Ab =a"ATAD
=a'lb
=a'b
=a-b

Bjs", Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Zzgf”a/ 62



Orthonormality (‘1% 11/d) of Column and Row Vectors

Theorem 8.3.3 Orthonormality of Column and Row Vectors

A real square matrix is orthogonal if and only if column vectors a,, ..., a

ey Ay
(and also its row vectors) form an orthonormal system, that is,
orthogonal (orthonomal) vectors T
x,=[1 1]
s - -
aj°ak:aj ak:< ] . 2
1 1f J=Kk 1
- T
X, X, =[1 1] =0
-1
Let A be orthogonal. Then A'A = ATA = |, in terms of column vector a,, ..., a,,
orthogonal matrix i alT_ i alTal alTaz alTan 1 7 o ... 0
I=ASA=ATA =| | [a, -~ a]= . _
a' a'a a'a, a,’a,| |0 0 1]

Engineering Math, 7. Linear Algebra, Spring 2015




Orthonormality of Column and Row Vectors (Proof)

(a) Let A be orthogonal. Then A'A = ATA = |, in terms of

column vector a, ...

) a'n’

c.f.) Expression of a matrix-transpose in terms

of column vectors

AT o
A, Ay Ay 18

o [t R

A=, Ay A=,
SEEEEEEEEEEEEEEEEEEEEEa T
(s s Aggi] | dy

A= a21 a22 azs. :[al a, a3]

of7|M #H A= EHE|(column vector)| =0| Ol HiEO| B2

A2 transposed I 1 =AM7} HFYX| &S

Engineering Math, 7. Linear Algebra, Spring 2015



Orthonormality of Column and Row Vectors

\Q: Prove the Orthonormality of Column and Row Vector A.

- cos@d -sind Theorem 8.3.3 orthonormal
|sind  cosé system _ 0 if j=k
- aj'ak:aj ak:< i i
=la, a,] 1 if j=Kk
cos@ | —sind
al — ] : a2 =
sing | cosd

a,'a, =[cosé sin 6’]{(:08 9}

—sing
. =1, 'a, =[-sin@ cos@ ~1
sin@ a, 8, =~ | !

cosd

. _ —Sind
a,'a, =[cos@ sind] =0,
cosd

- Seou | |
Engineering Math, 7. Linear Algebra, Spring 2015 \.E.JJ\ ZZZ,O"E/ 65



Determinant of an Orthogonal Matrix

Theorem 8.3.4 Determinant of an Orthogonal Matrix
The determinant of an orthogonal matrix has the value +1 or -1.

Proof

From det AB = det A-det B (Sec. 7.8, Theorem 4) and

det AT = det A (Sec. 7.7, Theorem 2d), we get for an orthogonal
matrix

1=detl =det(AA™) =det(AAT)

—det A-detA’
=det A-det A

= (det A)°

E]"\‘ Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ ZZZ/"”"/ 66




Example 8.3-4

From example 1 From example 3

2 1 2 A coséd —-sind

A=-2 2 1 sind  cos@
1 2 _2 = orthogonal

3 3 3_
= orthogonal det A = cos® @ +sin“ @
detA:E(—ﬂ—gj— =1
309 9

E"\‘ Seoul
Engineering Math, 7. Linear Algebra, Spring 2015



Eigenvalues of an Orthogonal Matrix

Theorem 8.3.5 Eigenvalues of an Orthogonal Matrix
The eigenvalues of an orthogonal matrix A are real or
complex conjugated in pairs and have absolute value 1.

Proof

The first part of the statement holds for any real matrix A
because its characteristic polynomial has real coefficients.
|A|=1 =» proved in Sec. 8.5.

b a )‘f Seoul
. . . . ; National |
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Example 8.3.5 (1)

From example 1

A —

wl— Wl

det(A-Al)=| -2 22

Wl W wlN
wlNd wiN W

W Wk wN

=» orthogonal

546455355




Example 8.3.5 (2)

—l3+§ﬂ,2 +§/1—1:0

(z+1)(ﬂf—gz+1j=o

Engineering Math, 7. Linear Algebra, Spring 2015 L_\ /l\j/;{:;ana/ 3



Problem Set 8.3-16 (Orthogonality) §K2“£‘§$L‘,ine’§?? AT=-A

Orthogonal: AT=A"1

Prove that eigenvectors of a symmetric matrix
corresponding to different eigenvalues are orthogonal. Give
an example.

Let AX=AX, Ay = 1y
where X =0,y =0 We need to prove x'y =0
Thus Ax' =(AX)' =x'A" =x"A (- AT = A)
AX'Y=x"Ay =x" 1wy = ux'y.
X'y=0, (A% u)

It proves orthogonality (2 ul4).

Bji+, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Z,a"a/ n



Problem Set 8.3-16 (Orthogonality) §K2“£‘§$L‘,ine’§?? AT=-A

Orthogonal: AT=A"1

Prove that eigenvectors of a symmetric matrix
corresponding to different eigenvalues are orthogonal. Give
an example.

example 8.2-1 , = - X x =L 1T
g
A = ,

11:81 X =
=2 %=1 -1

1
Ll
_|

Bji+, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Z,a"a/ 72



Symmetric: AT=A

Problem Set 8.3-17 (Skew-Symmetric matrix) Skew-symmetric: AT=-A
Orthogonal: AT=A"1

Show that the inverse of a skew-symmetric matrix is skew-
symmetric matrix.

Let A is a skew-symmetric matrix, and B = Al then,
Q?

1
Engineering Math, 7. Linear Algebra, Spring 2015 ) ZI.:;



8.4 EIGENBASES. DIAGONALIZATION.
QUADRATIC FORMS
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EIGENBASES

*: Seoul
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Eigenbasis (4 E9| 7|X, 1{7|X)
y = Az : a transformation

= If we are interested in a transformationy = Az,

= “eigenbasis” (basis of eigenvectors) is of great advantage because
any z in R" uniquely is represented as a linear combination of the

eigenvectors X, ... , X, say,

Z=CX,+C,X,++--+C X,

And denoting the corresponding eigenvalues of the matrix Aby /1, ..., 4,

we have Ax; = 4X;, so that we simply obtain

y=Az =A(C1X1—I—C2X2 +-~—|—Can)
= C,AX, +C,AX, +---+C AX, Z,
=C,AX, +C,AX, +---+C A X,

A

Ll

Engineering Math, 7. Linear Algebra, Spring 2015 ,’/ A LJ\ :




Basis of Eigenvectors

Theorem 8.4.1 Basis of Eigenvectors

If an n X n matrix A has n distinct eigenvalues, then

A has a basis of eigenvectors x,, ... , X, for R",

Proof

All we have to show is that x,, ..., X, are linearly independent.

Suppose they are not linearly independent.

1 to r : independent
r is the largest integer that is a linearly independent (r<n)

I? CXy+-+C Xy = 0

(not all scalars are zero)

$ {xl, e xr} : independent
{xl, R le} : dependent

Seou
Engineering Math, 7. Linear Algebra, Spring 2015 4 @J\ ZZZ;O"EI 77



Basis of Eigenvectors (Proof)

cX, +--+C. X ., =0 s 40) All the eigenvalues are
(not all scalars are zero) diStinCt.
Multiply both sides by A
PY 4 Sy =y #0
C,AX, +---+C, ,AX =0 ;
Use Ax; = 4X; A=A, 70
CAX ++C A X =0 D@ nG==e =0
With this, ® reduces to

@ = ir+1x @:

Cr+1Xr+1 — O
Cl(ﬂ’l_ﬂ'r+l)xl+“°+cr(/1r _;l’r+1)xr =0 ‘e =0

*Mr4l T

Xy, -, X, iS linearly independent. This contradicts the fact

c,(4,-A.,)=--=c(4—-2,)=0 that not all scalars in @
are zero.

D)y Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 Ed Z:Zf"a/ 78




Basis of Eigenvectors

Example (Eigenbasis. Nondistinct Eigenvalues. Nonexistence)

],

Characteristic Equation:

det(A-Al)= A 5: =(5-1) -9=0
A, =8 1,=2
(1) 2=4,=8 (2) 4=4,=2
— 3%, +3X, =0 3% +3%, =0
3X, —3x, =0 3%, +3X, =0
X =X, X, = —X,
X, =X, =1 x =1 x,=-1
x,=[1 1] x, =1 -1

= eigenbasis for R"

S

Characteristic Equation:

— 1
det(A-a1)=| " 1=(-2)' =0

(A-ADx=0 ,4A=0

o ol A

Matrix A may not have enough
linearly independent eigenvectors
: to make up a basis.

Engineering Math, 7. Linear Algebra, Spring 2015



Symmetric Matrices

Theorem 8.4.2 Symmetric Matrices

A symmetric matrix has an orthonormal basis of eigenvectors
for R,

From example 8.4.1

Xl’Xzlesz
5 3 - -
A{ } ) {142
3 5 SING 1/\5___1/\5_
A4 =8, X1:[1 1]T =0

normalize —> X, = [1/\/5 1/\/§]T So Xy, X, is an orthonormal
basis of eigenvectors.
=2 x,=[1 -1

normalize — X, = [1/\/5 —1/\/§]r

) ;5 Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Zf”a/ 80




SIMILAR MATRICES

E] e Seoul
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Similar Matrices. Similarity Transformation (&Aj#Hzh

Definition. Similar Matrices (gAr#®). Similarity Transformation
(FAlHEDH
An n x n matrix A is called similar to an n x n matrix A if

N

A=PAP

for some (nonsingular!) n x n matrix P. This transformation,
which gives A from A, is called a similarity transformation.

* Nonsingular matrix C3&d3): A matrix that has an inverse.

Engineering Math, 7. Linear Algebra, Spring 2015



Eigenvalues and Eigenvectors of Similar Matrice§™ = 4

Theorem 8.4.3 Eigenvalues and Eigenvectors of Similar
Matrices

If A is similar to A, then A has the same eigenvalues as A.
Furthermore, if x is an eigenvector of A, then y = P-'x is an
eigenvector of A corresponding to the same eigenvalue.

Proof If y = P-1x, then
PAX=P(AX)=APX & @ Ay = 2y
Use | = PP-1 = y is an eigenvector of A

P AX =P Alx= P‘lA(PP‘l)X Indeed, P-x = 0 would give
_APx A 3@ X=Ix=PP'x=P.0=0
From @, ® =» contradicting x=0
AP x = AP x ~y=Px=0



Example 8.4-3 (1)

(Eigenvalues and Vectors of Similar Matrices)

_3}

1

1|1 37 [ 4
11 4] |41

Get similar matrix A.

Vo

A =P AP
4 -376
{—1 4}{4
3 0
o 2

1 3
A

-3
-1

So A and A has the same

Engineering Math, 7. Linear Algebra, Spring 2015

eigenvalue.

E

det(A—/II):|6_l -3
4  -1-2
_3} 6-4)-1-1)+12=0
1 2 =3

2 -51+6=0 =2
A 3-1 0
}{1 3} e( ) | 0 2_/1|
1 4
o) AT
(3-1)2-4)=0 h=2



Example 8.4-3 (2)

(Eigenvalues and Vectors of Similar Matrices)

6 -3 1 3
A = P=
4 -1 1 4
. [3 0 =3
A= , A
0 é} A, =2
(1) 1=4,=3
A &L_s -3
|14 -4
3% —3X, =0

Letx, =1, . % =[1 1]

(2) A=21,=2

4%, —3%X, =0
Let x, =3, .. X, = [3 4]T

Eigenvectors of A is

e 4

Engineering Math, 7. Linear Algebra, Spring 2015



DIAGONALIZATION

E] e Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 L National 86

= Univ.




Diagonalization of a Matrix (2 29| cjzts})

Theorem 8.4.4 Diagonalization of Matrix

If an n X n matrix A has a basis of eigenvectors, then
D=X"AX

is diagonal matrix yz#sg), with the eigenvalues of A as the
entries on the main diagonal.

Here X is the matrix with these eigenvectors as column
vectors.

Also D" = X1A™X

i ar' Seo.
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Zf"a/ 87



Diagonalization of a Matrix (Proof) (1)

Let X, ... , X, constitute a
basis of eigenvectors of A
for R".

Let the corresponding

eigenvalues of Abe 4, ..., 4.

AX; = A%
AX, =X,
Then X =[ x; ... x,]has

rank n, by Theorem 3 in Sec.

7.4. Hence X! exists.
AX=Alx, - X ]

=[Ax, -+ Ax]

Engineering Math, 7. Linear Algebra, Spring 2015

= [ﬂ’lxl ﬂ“nxn]

_ O O —

0 A, 0

— [Xl Xn_ .

0 0 .

D
= XD
AX = XD
-.D=X"AX

D? = DD = X *AXX*AX
= XAIAX = X*A*X



Diagonalization of a Matrix (Proof) (2)

AX=A[X1 Xn] :[Axl Axn]
Let n=2.
=g x| X=X X, ]
AX=A[x, X,]
23
EEM R
_ Ay Xy +8,X,,  AyX, + alzxzz}

_a21X11 + a22 X21 a'21)(12 + a'22 X22

= :Axl sz]

Seou | |
Engineering Math, 7. Linear Algebra, Spring 2015 \EJ\ ZZZ;""EI 89




Diagonalization of a Matrix (Proof) (3) X=[x, - x]

AX, = 1 X, AX, =X, - B+X,-0 +x, O
AX, = A,X, AX, =X, O +X, 4 + X, O
AX, = 1.X, AX, =X, - O +Xx,-0 +x, @

AlX, X, X]
=[x, A +X,-0 +X;-0 | X,-0 +X,- 4, +%X,-0 [ X,-0 +%X,-0 +X;-A4]

9 0 G S.AX=XD
= [Xl X, Xs] 0 4, O = XD D — XLAX
. ‘ ‘_ C. D=
D A = XDX™

: Seou I
Engineering Math, 7. Linear Algebra, Spring 2015 \-LJ\ Z:Z;a”a/ |



Example 8.4-4 (1)

(Diagonalization)

A =

Diagonalize

7.3
-11.5
17.7

02 -3.7
10 55
18 -93

Characteristic Equation:
det(A—Al)=0

13-4

17.7

(7.3-1)1.0-1)-9.3-1)-5.5-1.8]

0.2

-115 1.0-4

1.8

—-3.7
5.5
-93-41

=0

~0.2[-11.5(-9.3-1)-5.5-17.7]
-3.7[-115-1.8—-(1.0-A)17.7]=0

~ A -1 +124=0

x,=[-1 3 -1f

|i> x,=[1 -1 3]

0.3
0.7
—-0.2




Example 8.4-4 (2)

(Diagonalization)

D= X"1AX
—-0.7 02 03] 73 02 -37|]-1 1

=|-13 -02 07|-115 1.0 55| 3 -1
08 02 -02| 177 18 -93|-1 3

3 0 0] [4 0 O
=0 -4 0|=/0 4, O
0 0 0| |0 0 4

D has the same eigenvalues as A because D
IS a kind of a similar matrix of A.

" E] ) Seoz.//
Engineering Math, 7. Linear Algebra, Spring 2015 National Q2
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Example

Q: Find an eigenbasis and diagonalize

S

Answer

1/5 2/5A1—2_5o
~2/5 1/5] 12 1| |0 O

VR Seoul
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QUADRATIC FORMS
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Quadratic Forms

Definition: a quadratic form Q in the components x;, ..., X,
of a vector x is a sum of n? terms, namely,

Q=x"Ax= ZZaka X,

j=1 k=1

2
=ap X Fap XX, Tt A X X,
8, X, X, + 8y Xs +oe-+a, X, X

+a X X, +ad X X, +---+a X

= [a,] is called of the coefficient matrix of the form.

We may assume that A is symmetric, because we can take off-diagonal
terms together in pairs and write the result as a sum of two equal terms.

1
Engineering Math, 7. Linear Algebra, Spring 2015 ) :I.:;



Example 8.4-5

(Quadratic Form. Symmetric Coefficient Matrix)

C1S 2XIHAI@ x"CxQl YHE UEIHAIR.

= X, (3%, +4X,) + X, (6%, + 2X,)

B 3X, +4X, 3 47 x
_[Xl XZ]{6X1+2XJ XTAXZ[Xl XZ]LS Z}L(j

3 4| X =xCx
[%, xz]{6 Z}Lﬂzx CX
2

2 - . 2 3 5 Xl
Q =3X] £5X X, +0X, X i+ 2X; = %]
e ° 5 2 X2 S Seoul

Engineering Math, 7. Linear Algebra, Spring 2015 L_\ Univ.

—

Symmetric matrix




— XTAX D= X_lAX

.. Q
Principal Axes Theorem (FF’E2l) _ rypxry « y=Xx=
d

XX

=vy'Dy v =(X"X)" =x"X

Theorem 8.4.5 Principal Axes Theorem

The substitution x = Xy transforms a quadratic form

n n
Q=Xx"AX=2 > a,X;X (akj = ajk)

j=1 k=1
to the principal axes form (==a4) or canonical form BZY)

Q=y'Dy =AY, + A4y, +--+ A4y,

of the symmetric matrix A, and X is an orthogonal matrix
with corresponding eigenvectors x,, ... , X, respectively, as
column vectors.

where 4, ..., 4, are the (not necessarily distinct) eigenvalues

Seou
Engineering Math, 7. Linear Algebra, Spring 2015 \EJ\ Z:Zf"a/



Theorem 8.4.2 Symmetric Matrices

P ri n Ci pa I Axes Th eo re m A symmetric matrix has an orthonormal

basis of eigenvectors for R".

n n
(Quadratic Forms) Q=X'Ax= ZZ a; X X,
(2K &@4)) j=1 k=1
By the Theorem 8.4.2 the symmetric coefficient matrix A has an
orthonormal basis of eigenvectors X, ..., X,. Let X be

X=[x, - x|

X is orthogonal, so that X1=XT, we obtain
D = XAX Chew ey mmatric: AT=A
Orthogonal: AT=A"1
S A=XDX1t=XDX'

Q=x"Ax=x'(XDX")x

i a Seoul
i i i i National | |
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Principal Axes Theorem

Q=x"Ax=x"XDX"x
If we set X™x =y, then, since X' = X1, we get
1

X = (XT) y =Xy
Furthermore, we have

X'X = (XTX)T =y’
So Q becomes simply

Q=x'XDX'x=y'Dy
= 0¥y +4Y, ++ Y,

55t
My

k)", seou
Engineering Math, 7. Linear Algebra, Spring 2015 i f, ZZZ/?"E/ 99
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Principal Axes Theorem

Transformation of Axis
“XZ )/2
Choose y
. 1
j KX P4.3) proper axis 35,0
I 3(1 .
(Coordinate
Transformation)
X =4i +3] y =>I
Simple expression.
Easily recognition of magnitude of vector
Principal Axes Theorem
4 X,
Choose Y2 Y1
/ proper axis
/ %, :D
(Coordinate
Transformation) y2 y2
. X 71 + 22 _ 1
X=AY g? 27
. 2 > Simple expression.
Q _17X1 _30)(1)(2 +17X2 =128 Easily recognition of magnitude of
principal axis of ellipse.

Engineering Math, 7. Linear Algebra, Spring 2015

E] «:‘ Seoul
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Principal Axes Theorem
Ex) Transformation to Principal Axes. Conic Sections

Find out what type of conic section the following quadratic
form represents and transform it to principal axes. (Ex 8.2-1)

Q=17x; —30x,x, +17x; =128

Conic Section ?

Seou |
Engineering Math, 7. Linear Algebra, Spring 2015 \EJ\ ZZZ,""EI 101



Principal Axes Theorem
(Reference: Conic section)

Conic Section (Conic: ¥ &) : curve that results by cutting a double-
napped cone with a plane?

3
e

Circle Ellipse Hyperbola ‘ AaM Parabola | Z2M

wn

tandard form : ax,” +cx,” + f =0 ,(b=d=e=0)

Central conic :  ax,” +2bX,X, +CX,” + f =0 (d=e=0)
. rotated conic in standard position about the origin

Conic section : aX,” +2bX,X, +CX,” +dX, +€X, + f =0 (a~f : constants)

Engineering Matl“ DAnton, Busby, Contemporary Linear Algebra, Wiley, 2003, Ch.8.4, p.502 102




Principal Axes Theorem
(Reference: Conic section)

Standard forms of the central conics (represent a conic in standard position)
ax’+cx,”+f =0

AY BA y A) AV
Y i B K, o
ﬁ ‘ \‘s X 7 < L% .
"""""" e N 1/ ‘\ A B P :// [43 bl
// '\\_ | NS | /
/ \ & g \ x e [ s x
—Q ‘-\ jo ol | o - \& —o ! a
N , \ | \
e | e , / D i N
7 \_| / vl =
\-\‘-1/:, £
-B
2 2 | 2 2 2 2 .’] 2
£ ¥ ‘ X° oy Xe : y-  x“
| — #.=— =] | —+—==1 — == | —_ =
| a? B2 a® B2 o’ B2 B> o?
(@2B>0) | (Bza>0)

(@>0,8>0)| (@>0,8>0)




Q=x"Ax=x'XDX'x=y'Dy
Principal Axes Theorem y=X"%=X"x
Ex) Transformation to Principal Axes. Conic Sections

Find out what type of conic section the following quadratic
form represents and transform it to principal axes. (Ex 8.2-1)

Q=17x; —30x,x, +17x; =128

=17x7 —30%,X, +17X5 = X" AX i
Q 1_ e ’ ; Eigenvectors e e 12
Ik x] ORI 142 142
PO-15 17 | %,
T 17 —15 Q=x"Ax=x"XDX'x=y'Dy
A=
_15 17 2 O yl AY
- B = [yl’ yZ] B
Characteristic Equation: 0 32]| Y, o
17-4 15| —2y2+32y2 =128 |
—-15 17-4 2 2
é/_é-l_%:l \_+\_=1
(17-AF 152 =0 .~ A4 =2, 1,=32 28>0

A . . . . . . . a)‘\‘ Seou
Engineering Math, 7. Linear Algebra, Spring 2015 D is diagonal matrix, with the eigenvalues of A as the entries on the main diagonal Zaf'a""/ 104



Principal Axes Theorem

Ex) Transformation to Principal Axes. Conic Sections

Principal Axes

17 -15
A —
{—15 17}

15 -15

A—Al =
~15 15
15x, —15x, =0

From this we get normalized
eigenvector x;.

x =/v2 1/42]

Q=17x" —30x,X, +17x; =128

Q =x"AX
A=2, A, =32
2) A=1,=32
-15 -15
A-Al =
-15 -15
—15x, —15x, =0

From this we get normalized
eigenvector Xx,.

)(2:[_1/\/E 1/\/§ '

Engineering Math, 7. Linear Algebra, Spring 2015

a)‘\" Seoul
National | |
Ch Mo 105



Principal Axes Theorem

Ex) Transformation to Principal Axes. Conic Sections
X=Xy

X _ X X ] : X is orthogonal matrix (X™=X1) with these
R 2 | eigenvectors as column vectors

X1 = 1/\/_ 1/*/_] Q=17x —30x,x, +17x; =128
[-42 e

REIAE _J/ﬁ‘m *=

R ETNCRETN N 1% < b

c0s45° —sin45° | vy, V¥
| SIn45°  cos45° |y, 8 2*

= This means a 45° rotation (of principal axes)

Xy

=1

N

Y

Engineering Math, 7. Linear Algebra, Spring 2015



(Ref.) Rotational Transformation

22 7 WIS TP {zl}:{c?sé’ —sin@}{z{}
g7 + > =1 \/15 Z, smg cosé || z,
e Z£=ﬁ(—21+22) {z{}:{cose sin@}{zl}

Z, —sin@ cosé || z,

1 (zl+22)2+(—zl+22)2 _q
2 8° 2° \ &
& z{}_{cos45° sin45°}{zl}

(Zl + 22)2 (_Zl + 22)2 —Sln 450 COS 450 ZZ
+ =2

g? 0? Z!

Mzl +22,2,+22)+64(2F —22,2, +25) =2 - - 2

y g ' 2’
6827 —120z, 7, + 6822 =512 %%45
W

1722 -302,2, +172% =128 \?\% % 7

Engineering Math, 7. Linear Algebra, Spring 2015 Gl :,.K i



Principal Axes Theorem

Ex) Transformation to Principal Axes. Conic Sections

x=Xy

X=[x x] -
x=[1v2 2]

X =[-YN2 V2]
ik V2D
oot shew Xy

(Review) Stretching of Elastic Membrane

Q=17x" —30x,X, +17x5 =128 /

N\VZ Y, Y1
Object Conic Arbitrary shape
Transform Matrix (Circle, Ellipse, Hyperbola, Parabola) (Rectangle in this example)
Symmetrlc matrix Case | Case Il y1 y2 -1
(eigenvalues are orthogonal) 82 2 >
Non-symmetric matrix
(eigenvalues are not Case Il Case IV
orthogonal)

= This example of transformation of principal axes

corresponds to Case |, and magnitude of transformation
matrix is 1.

i a )‘f Seoul
Engineering Math, 7. Linear Algebra, Spring 2015

L4 ot 108



Principal Axes Theorem

Q: What kind of conic section is given by the quadratic form}?
Transform it to principal axes. Express x in terms of y.

7X: +6X, X, +7x5 =200

% a; Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Zf"a/ 109



Quadratic form (Definiteness)

A quadratic form Q(x) = xTAx and its (symmetric!) matrix A
are called

(a) positive definite if Q(x) > O for all x = 0,
(b) negative definite if Q(x) < 0 for all x = 0,

(c) indefinite if Q(x) takes both positive and negative values.

: a)‘\" Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:f"’”a/ 110



Quadratic form (Definiteness: 53 )

A quadratic form Q(x) = xTAx and its (symmetric!) matrix A

are called

(a) positive definite (2o m%z) if Q(x) > 0 for all x # 0,

(b) negative definite g2 mg®) if Q(x) < 0 for all x # 0,

(c) indefinite ga%®) if Q(x) takes both positive and negative

values.

A necessary and sufficient condition for positive definiteness

is that all the “principal minors & 2max)” are positive, that is,

a, >0, d;
dy Ay

Show that the form in Prob. 23 is positive definite, whereas

that in Prob. 19 is indefinite.

>0, ---, detA>0

Bji+, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 E.J\ Z:Z,a"a/ 111



Quadratic form (Definiteness)

A necessary and sufficient condition for positive definiteness
is that all the “principal minors” are positive, that is,

a, >0, %2l 0 L detA>0
a21 a22
1 12
J3 2 12 -6
a,=4>0 a,=1>0
4 /3 2 1 12
:4.2_(ﬁ) =5>0 = 6-122=-150<0
J3 2 12 -6
=» positive definite = indefinite

eou |
Engineering Math, 7. Linear Algebra, Spring 2015 \E-J\ ZZZ?"EI 112



Quadratic form (Definiteness)

the eigenvalues of A are
(a) positive definite: all positive
(b) negative definite: all negative

(c) indefinite: both positive and negative
Q=x"Ax, X=Xy :

SYAY =AY Y e A T
Because y = X1x, if x£0, then y#0.

I Aty
2 AN
SLTEEREAAC S
A

From equation (1), (c) Indefinite form
If all eigenvalues are positive, Q(x) is positive.

If all eigenvalues are negative, Q(x) is negative.

Falt]s®, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 4 E,EJJ Z:f"’”a/ 113



(B1) Taylor Series Expansioni} =28 (1)

2
Given : f(x),d]c , d I -+ at X
dx dx

Find: f(X+ AXx)

Taylor series expansion _
Higher Order Terms

2
af LA™ e HOT

fF(X+AX)=F(X)+—AX+—
( )=1() dx 2 dx*

f ()l F2at& I =US?

f (x) It FO] Bk f (x +ax)H L} 2HAF ZHOLO) &

df 1d°f

f (X+ AX) — f(x)=d—Ax+§ > AX*+H.OT >0
X X

Bjs%, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ ZZZ,U"EI 114



(B1) Taylor Series Expansioni} 528 (2)

2
f (X+AX) — f(x)=ﬂAx+EOI I AX*+H.OT >0
dx  2dx*
If AX <O, <0 >0
If Ax >0, >0 >0
x +Ax I xH O AL A2 A1 TH| §10] S f (x +Ax) It f (x) ECHHOFOIEE,
df

>

. — =O s | e |
R Y e

f(x+Ax) - f(x) 2| CH8 & S0l JHS ak01 2 01 = Bl SAHl 0I=EHI=) 012 =,

d°f
dx® |

% EJ'“;. Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Zf"a/ 115




(B11) Taylor Series Expansioni} 528 (3)

of o°f o8*f O°f
X, O%,OX, X’ OX,’

Find: f(x +AX, X, +AX,)

Given : f (X, X,), e at (X, X,)

Taylor series expansion (&, 3X} 0] &9 X2 LA L)
of of

f (X +AX, X, +AX,) = (X, X2)+8_X1AX1 +a—X2Ax2

2 2 2
+£Ea fo12+2 ot Axl-Ax2+ﬂAx22j
2

OX; OX, 0%, OX:

f(x, x))hS2at&@ I ZH27

T (xg, %) TH TG SR T (x, +AXy, X, +Ax,) SCH 4} ZHOLOF S

7

Engineering Math, 7. Linear Algebra, Spring 2015

| By
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(A1) Taylor Series Expansioni} =47 (4)

f (X +AX, X, +AX,) — (X, X,)

2 2 2
:ﬂAx L Ax2+1 0 IAX12+2 o't AX, - AX, i foz2 >0
OX, OX, 2\ OX OX,0X, OX:

(X1, X2) Tk (x; +Axy, X, +Ax,) AT HLE &2 At A 8101 S  (x,, x,) I}
f (x, +AXq, X, +Ax,) HCF HOF OI2 =,

of _of
S— =0.
OX, . 8x2 .,
f (X, +AXy, X, +AX,) — f(x;, X,) 8 OIE & S0l JHS a0l 2 201 2| QIZAH+24
BEE gl
o° f o° f o° f
o AX + 2 AX, - AX, +—— AX,” >0
ox, 0%, o
Engineering Math, 7. Linear Algebra, Spring 2015 [, ational 117



(B1) Taylor Series Expansioni} 528 (5)

f (X% %) (x*, ) FH S St S %010k e
2 2 2
0 :Ax12+2 o1 AX, - AX, AL fo22
OX, OX,0X, OX5

(Xy, %) Ik (x,*, x,*) BT} EJ'ILI 2 A A 8101 S 201
JEOMIIol= ot ot ot Ol THEt =& &0 IOF &
ox; ' Ox,0x, 8x
A2 WES 0I20A BHOIE OIS0 &3
o° f o° f o° f

>0

2 2
~AX,” +2 AX, - AX, +— AX,
OX; OX%,0X, OX5
o f o f
OX;  OXOX, | AX
- [Axl AX, ] ), D .
Engineering Math, 7. Linear Algebra, Spring 2015 | OX:LOXZ OXE _ \[;_E]j: -/Z%:":a/”f’/ 118




(1) Taylor Series Expansion} =24

H (6)

&AM T (x, x,) 7t

2 2 2
2 Z AX” +2 ot AX, - AX, +8—2Ax22
OX{ OX,0X, OX;
o Ot ]
OX;  OX0X, || A% T
A A 1 1~7%2
[ Xl XZ] 521: 821: AX2:| X HX > O
XX,  OX; |
X' H X
MM x0fl SO WA xTHxI |t B STt ElE HOjl TS 221 S &,
SAUS AEX S = US
HO| R E I/ XIJt 201, xTHxI| &t 2+ X YA LEUA )

Engineer

ing Math, 7. Linear

Algebra, Spring 2015



Reference

Point Transformation and
Coordinate System
Transformation

Engineering Math, 7. Linear Al

gebra, Spring 2015



Point Transformation and

Coordinate System Transformation (1)

v DI™E ZEA M X2 2H v Zt®A 21d

Given: OYZ O|A H™o|=l H po| =& Z} Given: 0y'Z" Of|A Ho|&l H po| XtuZ}
Find : § P2oyz O Chall ¢ T+3 $|MA|Z| Find: OY 2 Of CH3H —¢ THF S|HSt 22
H Qs ZtEA oyz of|lM2| po| ZHE ;
T
ZA
P

Yo | /|COS¢ —sing | Y; Yp | /|COS§ —sing
Zo | |sing cos¢ || z, z, | '|sing cos¢
Fo| 3| eigl | r s 31H e |

0 — [

N <

|

oy'z' :Body fixed coordinate
oyz : Global coordinate

) ;5 Seoul |
Engineering Math, 7. Linear Algebra, Spring 2015 ) National 121
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Point Transformation and

Coordinate System Transformation (2)
Given: ol M FolE N pPo| =&k
Find: & P2 0YyzZ of thell ¢ T2 2[HAMZ H Q751

2y ® M Q0| HES M40 AFASE MY,

Yo = ‘rQ‘cos(a + )
=|ry|cosa cos g —|ro|sinasing
= QrP\COSa)cos¢—Qrp\sin a)sing (re|= ‘rQ‘)

=Y, COS@—Z,SINg

2o =|ro|sin(a + )

=|ry|sina cos ¢ +ro|cos arsin g

® ® PQ2l ZIEE Ztoz BHsY, = (ro[siner)cos g +(ry cosar)sing »re| =[re)
Ve =|rs|cosa Yo = |Fo|cos(a + ) =7, COS¢+Y,Sing
Zp =|rp[sine Z, :‘rQ‘sin(a+¢) @ YBz THSH,

@ MZEs BB

sin(a + @) = sin & cos ¢ + Cos & Sin ¢ [VQ} _ {COS(? —sin ﬂ{yp}

CoS(ax + @) = COS a COS ¢ —Sin arsin ¢ Zq sing  cos¢

Engineering Math, 7. Linear Algebra, Spring 2015 7;\ :I.:/



Point Transformation and

Coordinate sttem Transformation (3)

Given: 0Yy'z' O|A Ho|E H po| Zt® 4L
Find: oy'z' O CH3ll — ¢ 2HE 2Tt MZ22 ZtEA 0yZ o|Ae| pe| ==}

® ™ POl AEE MBSO AIBASE MW,

Yo =|rs|cos(a + @)
=|r,|cosa cosg—|r.|sinasing
— qrp\cosa)cow—(jrp\sin a)sin¢

=Yy',Cco0S¢—12',sing

Z, =|r,[sin(a + )

=|r,|sinacosg+|r,|cosasing
= (|ro|sina)cos g+ (|| cosa )sin g

=2',C0Sp+Yy',Sing

Y’ =|rp|cos Yp =|rs|COS(cx + @)
' i . siadig [was

2’ =|re[sina Z, =|rp|sin(a + ¢) @ P22 ®oloEH,

ALZESEA SEILAI
@ -I=l—||:|'l' =|-o =1 - yp COS¢ —Sin¢ ylp

sin(a + @) =sina cos ¢ +cosasin g _|- |

' i Zp sing CoS¢ 5
COS(x + @) = COS a COS ¢ —Sin a sin ¢ E

Engineering Math, 7. Linear Algebra, Spring 2015



