CHAPTER 8. LINEAR ALGEBRA :
MATRIX EIGENVALUE PROBLEMS
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8.1 THE MATRIX EIGENVALUE PROBLEM.

DETERMINING EIGENVALUES AND
EIGENVECTORS

Engineering Math, 7. Linear
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Eigenvalues, Eigenvectors ?

5 2 1 n 3
X .
Ao tol Axl 0
1 1
o M T A X
2 12
2
X5 AX, A
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Eigenvalues (11 74f), Eigenvectors (1153 E|)

Let A=[a,] be a given matrix n x n matrix and consider the
vector equation
AX X

Our task iIsto determine x0 sanda s t hat sat i s.f
Clearly, the zero vector x = 0Is a solution of this equation
for any value R, because A0=0. This is of no interest.

(a) Eigenvalue (zgzh: Avalue of R for which this equation has
a solution x | @& characteristic value (542, latent root (&

M)

(b) Eigenvector (agH#E): The corresponding solutions  x |
this equation

eou, |
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Eigenvalues, Eigenvectors

Ex) Determination of Eigenvalues and Eigenvectors

Determine eigenvalues and
eigenvectors 5X1 2X2 %
5 5 2X, 2X, X,
2 2 5 x 2%, O
(a) Eigenvalues 2X1 2 X, 0
AX X This can be written in
matrix notation.
5 2 x X, Ax x O
2 2 x X, Ax Ix O

eoul I |
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D(9®) : characteristic determinant

Eigenvalues, Eigenvectors D(9)=0: characteristic equation
Ex) Determination of Eigenvalues and Eigenvectors
A |Ix O (5 x 2% 0-(@)
homogeneous linear system 2%, (2 )x O--(b)

ByCramer 0s r wonegivialt has a X, 0,X, 0O :Trivial solution
solution x | i@and only if its

coefficient determinant is zero . To have non-trivial solution
No. of Linearly independent equation < Unknowns
D det A I O (rank r <n)
5 2 O (@ n (b Linearly dependent, n#0
2 2 (5 N 2-(c)
2n (2 )--(d)
5 2 4 0O
(c)/(d)
7 6 0 (5 ) 2
2 (2 )
1 1 5 2 4 0
2 6

i a Seoz.//
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Eigenvalues, Eigenvectors

Ex) Determination of Eigenvalues and Eigenvectors

5 X1 2X2 0 1 1 What happen if choose x,=something els&?

2%, 2 X, 0 > O i

-Eigenvector of A corresponding to 8

I (% 1,
The equation is
4x, 2%, O
2x, x, O (% 2):1x
X, 2
2 h % 3,

A This determines eigenvector
corresponding to & up to a scalar multiple.

A If we choose x,=1, we obtain

% % 1
X, 2%, 2

Xy
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Eigenvalues, Eigenvectors

Ex) Determination of Eigenvalues and Eigenvectors

5 X1 2X2 0 1 1 What happen if choose x,=something els&?

2%, 2 X, 0 > O

-Eigenvector of A corresponding to 8

2 6 (X 2):x,
The equation is
n 2% 0 (% 4):X,
2%, 4%, O
X, X/2 (x, 6):X,

A This determines eigenvector
corresponding to & up to a scalar multlple

A If we choose x,=2, we obtain

X X 2

X2 /2 1
X, X

$OOX XX (XX

‘basis’

x
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General case of Eigenvectors, Eigenvalues

a, &, 3 &,
Aa“zlazzgazn
4 4 6 4
&, a, 3 @&,
AX X

aX 3 aX, X

% 3 X, X
4

Ay 3 A%, X

all Xl a12)(2 3 aln Xn

Xy Ay

AyX A%, 3

A

In matrix notation,

A

| X

0

X

X2 3 aZan

n

0

0
4

0
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General case of Eigenvectors, Eigenvalues

D detA | O

A, 8, 3 Ay,
A Ay 3 A, 0
4 4 6 4
Ay a, 3 &,
(a) Characteristic matrix ( S &): A- o

(b) Characteristic determinant ( S'dd&4AD: D(s)

(c) Characteristic polynomial ( S’dCt&4Al): a polynomial of
nth degree in a-by developing D(a)

Bjs%, Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ ZZZ,U"EI 10



Eigenvalues, Eigenvectors

Theorem 8.1 Eigenvalues

The eigenvalues of a square matrix A are
characteristic equation ( ) of A.

D detA |

most n numerically different  eigenvalues.

the roots of the

0

Hence an n x n matrix has at least one eigenvalue and at

Engineering Math, 7. Linear Algebra, Spring 2015



Eigenvalues, Eigenvectors

Ex) Multiple Eigenvalues
Find the eigenvalues and eigenvector of

2 2 3
A 2 1 6
1 2 0

Sol) For our matrix, the characteristic determinant gives the
characteristic equation

° 221 45 C

The roots ( eigenvalues of A) are

1 5’ 2 3 3

Seou | |
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Eigenvalues, Eigenvectors AR
. . 2 2
Ex) Multiple Eigenvalues e 1) - %
. . 1 2 0
1 5 Choosing If choose 6 N 3F o
A | A 5 X 1 % 1
72 3 wehave we have
2 4 6 24 48 24 48
1 2 5 7% 7 7% 7
row reduction X, 2 X, 2
7 2 3
0 24/7 48/7 7%, 2%, 3x, O 7% 2%, 3%, 0O
0 0 0
% 1 x 1
X, [1 > 11 x, 1 21
\ X, (1) [1 2 11

'basis’

Engineering Math, 7. Linear Algebra, Spring 2015



o ° 6
Eigenvalues, Eigenvectors A
. . 2 2
Ex) Multiple Eigenvalues Gt 1) -
2 3 X, 2% 3% 0 1 20
G ) 3 O
A | A3 . 2% 3
12 3 Choosing 1 2 3 X 2% 3% 0
2 4 6 x, 1 x O 2 4 6 o 2x 4% 6% O
1 2 3 we have 1 2 3 X 2% 3% 0
row reduction: X, 2
1 2 3 X 2 10' ¢
2 X 2X, 3% 0
O 0 O we have only one equation
Choosing and three variables
00 O 0% 1 e
we have two free variables (X, X;)
X 3
X, 3 0 1'

Engineering Math, 7. Linear Algebra, Spring 2015 £



Eigenvalues, Eigenvectors AX X

Ex) Real Matrices with Complex Eigenvalues and Eigenvectors

0 1 1 |
10 L
Characteristic Equation: 1 |
detA | . 1o X, x, O
Choosing X, 1
1 O we have X, |
|

: aﬁ' Seou
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Zf"a/ 15



Eigenvalues, Eigenvectors AX X

Ex) Real Matrices with Complex Eigenvalues and Eigenvectors

2 |

A |

X, X, O
Choosing X 1

we have X2 I

. T
X, 1 1

Seou | |
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Eigenvalues of the Transpose

Theorem 8.3 Eigenvalues of the Transpose

The transpose AT of a square matrix A has the same
eigenvalues as A.

Proof

Transposition does not change the value of the characteristic
determinant.

Theorem 2. Further Properties of  nth-Order Determinants

£ (d) Transposition leaves the value of a determinant
unaltered.

(e) A zero row or column renders the value of a determinant
Zero.

(f) Proportional rows or columns render the value of a
determinant zero. In particular, a determinant with two
identical rows or columns has the value zero.

R, Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 A | Z:Zf”a/ 17



8.2 SOME APPLICATIONS OF
EIGENVALUE PROBLEMS

Py, Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 sy National 18



A,

o ge . . A
Sum and Multiplication of Eigenvalues a, a,
D detA | O
a, a, The sum of these n eigenvalues
detA |) ! ° equals the sum of the entries on the
Ay, d,, main diagonal of A, called trace of A;
n n
(@, Nay ) a, ay traceA a, )
i1 k 1
2
(ail azz) A1, Gy Sy
The product of the eigenvalues
? (c’:lfL1 azz) detA equals the determinant of A,
C 20 2
) detA .3 |
(+ 2) 12 O
d; Ay 1 2
detA | ,

E]"\‘ Seou
Engineering Math, 7. Linear Algebra, Spring 2015 E.J\ ZZ?"’”"/ 19



Markov Matrix

We need the hundredth power A10

08 0.3 0.70 0.45 0.650 0.525 0.6000 0.6000
0.2 0.7 0.30 0.55 0350 0475 s 0.4000 0.4000
A AZ A3 AlOO

Al was found by using the eigenvalues of A, not by multiplying 100 matrices.

Engineering Mat{ Strang G., Introduction to Linear Algebra, Third edition, Wellesley-Cambridge Press, 2003, Ch.6.1, p274



need the hundredth power A0 0.8 0.3
Markov Matrix A 02 07

Almost all vectors change direction, when they are multiplied by A.
Certain exceptional vectors x are in the same direction as Ax_, oOeigenvectors 0

Multiply an eigenvector by A, and the vector AXx is a number atimes the original x.
The basic equation is Ax = ax.

\

06 08 03 06 06 Eigenvector
X, and Ax,

0.4 0.7 04 04 o1

/ |

1 08 03 1 05 1 Eigenvector 1
X and Ax X =
©o1 2 07 1 o5 2% 23

I .
A vector Multiply by A Same direction Eigenvalue

- a Seoz.//
. . . . National | |
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need the hundredth power A0 0.8 0.3
Markov Matrix 02 07
1
AX, X, AX, —X
1 1 2 2 2
5 ¢ , v 1 1 11 1°
Ax, AAXx,) Ax, X, AX, AX,) A DX, DAX, X, X,
The eigenvalues of Al®are 1199= 1 and %299 = very small number.
y . 0.6
0.4
0.6
AX, X,
0.4
' , 06
A X, (@)x, 0.4 X
A%, D%, oo
2 0.25 X,
Ax 0.5
2 2X2 05

Engineering Math, 7. Linear Algebra, Spring 2015
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need the hundredth power  A100 0.8 0.3 0.6 1 A "X X
° A , Xl ,X2 1 17

Markov Matrix 02| 0.7 04 L any oty
2 2

A Other vectors do change direction . But all other vectors are combinations of the two
eigenvectors .

A The first column of A is theCombination X, + 0.2%:

0.8 0.6 0.2
X, 0.2%,
0.4 0.2

Multiplying by A gives the first column of A2. Do it separately for x; and 0.2x,.

0.8 0.6 0.1
A(x, 0.2x,) Ax; 02Ax, x;, 023X,

0.2 0.4 0.1
1 1 2 E
very
I 0.8 99 0.6
X, 0.2 37X, small
0.2 0.4
vector

: a Seoul
i i i i National | |
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need the hundredth power ~ A100 0.8 | 0.3 0.6 1 A'X. X
o A y X]_ ] 1 1’

Markov Matrix 02 |07 0.4 L Any 1y
2 2 2

The second column of A is the combinatieh x; - 0.3x,:

0.3 0.6 0.3
X, 0.3,
0.7 0.4 0.3

Multiplying by A gives the first column of A2. Do it separately for x; and 0.3x,.

0.3 . 0.6 0.15
0.7 AKX, 0.X,) Ax, 0.&x, x, 0.3, 0.4 0.15

very
0.3 .
A% 07 Yo 03 1P, 0g SMal
' ' vector

1
Engineering Math, 7. Linear Algebra, Spring 2015 ) ZI.:;



need the hundredth power A0 0.8 0.3 « 0.6 1 A”xl X1

o A , 1 » Xy
Markov Matrix 02 07 04 L Any 1y
2 2 2
0.8 06 o
A% 0'2 x, 0.2 17x, 0'4 smalll
| "~ vector I 08 03 0.6 0.6
very 0.2 0.7 04 04
09 0-3 199 0.6
A X, 03 37X, small
0.7 0.4
vector

noo 08 03 06 06
02 07 04 04

AlOO

The eigenvector x,i s skadpstated t hat doesndot ehkBa@Ange (
The eigenvector x,i s dacaymgmodeo t hat virtually e&i~8.%.

The higher power of A, the closer its columns approach the steady state.

Markov matrix

A lts entries are positive and every column addsto 1 E largest eigenvalue is &= 1.

A lts eigenvector x, = (0.6, 0.4)is the steady state - which all columns of Ak will approach.

€0
Engineering Math, 7. Linear Algebra, Spring 2015 )y [atona



, 08 03 ., 06 1 A, X,

Markov Matrix 02 07' 04T 1 L ng
2 2

Q?
find : A*®

3.8
0.8

E]). Seo.
i i i i National | |
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Markov Matrix always , 1, ,|

Given : Markov matrix A 2 (1 a b) 1 (a b)
a b
La1lb ( D( (a b))
0 ab 1 ( D( (@ b) O
Find : The eigenvalues of A . 1L , ab
b
detd 1) | | 0 a1
1 a 16b O b 1
(@ )1 b ) b a) 01 1 , ab110
@ ab a ab b ab
( ) . ‘ 2‘ 1

@1 ab ab

© Seoul | |
Engineering Math, 7. Linear Algebra, Spring 2015 Laj\ ZZZ;"”"/ 27



Matrix as a Transformation

Solving linear systems

X+ 2, +X3= 1
0-x,+2X, +6X3= 10

121 x 1
0O 1 3 x 5
2 Ax =B X
026 x 10
1 2 1
0 1 5 [A|B]
0 2 10

Yo ' COS sin | Yp
Z, sin cos 1z

A ol 3 W |

Seou | |
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Stretching of an Elastic Membrane (EHd2to| @)

An elastic membrane on the x;X,-plane with boundary circle x,>+x,’=11is
stretched so that a point  P(Xy, X,) goes over into the point  Q(y,, y,) given

by

v I Ax °© 3 X
'z 3 5 X%
e Y,
fP(xlxz) ””””” o / Ak %)
X y
X V,

cont i nule

Se 1 |
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Stretching of an Elastic Membrane

Find the principle directions ( ):

the directions of the  position vector x of P for which the directions of
the position vector Yy of Q is the same or exactly opposite.

What shape does the boundary circle take under this deformation?

R "
S y Ax T L
e i QY ¥)
_/ P(z, 2) ¢
q yl

Engineering Math, 7. Linear Algebra, Spring 2015 it 3 |



Stretching of an Elastic Membrane

............................ Y, Qi Y»)

-
-
-
-
-
- -
,,,,,
- -
,,,,,
,,,,,,
- ~
,,,,,
s
P
-
-

-

1/ % / "V,

Y 5 3 X
: Y, 3 5 X
Given: Transformed:
i 9% 3%
1 o1 2
Y, 3% 5% 16 oY1 3Y, 1@ 3y, 5y, 1
X % 1 = 1 =N
TR 34y 60yy, 347 25
1
Xz 1_6 3y1 5y2
Engineering Math, 7. Linear Algebra, Spring 2015 o E},f eou



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector

————————
~———
~———
~—

Y1

Se 1 |
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Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector (1) o==8
when AX=8X. 3% 3%, 0
The direction of x after the stretch 3, 3% 0
= the same direction before the stretch . X1 X2
A [|Ix O Forinstance, X, X, 1
Characteristic Equation: .
detA | 0 x 11
. 3 ; Ax, 5 31 8
3 & 351 8
10 25 9 * 10 16
8 1 1X1
( 8 20
1 8, 2 2

Engineering Math, 7. Linear Algebra, Spring 2015 \E;_J\ UZZ;"”"



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector (2) o==2
wWhen AX=8X. 3, 3%, O
The direction of  x after the stretch 3, 3%, 0
= the same direction before the stretch . X1 X2
A |Ix O Forinstance, X, 1, X, 1
Characteristic Equation: T
X, 1 1
detA | O
5 3 1 2
5 3 0 AX,
3 5 3 5 1 2
210 25 9 % 10 16 2 L X,
( 8 2 0 1
. 8 5, 2

Engineering Math, 7. Linear Algebra, Spring 2015 \E;_;\ UZZ;"”"



Transformation and Trivial Solution

5 3
y Yi Ax X
| o Y 3 5 X%
Find the principle directions :

the directions of the  position vector x of P for which the directions of
the position vector Yy of Q is the same or exactly opposite.

What shape does the boundary circle take under this deformation?

1% X AX Y.

X O :Trivial solution

Engineering Math, 7. Linear Algebra, Spring 2015 L Ui 3 |



Transformation and Trivial Solution

Y1
Y,

y

Find the principle directions :

5 3 X
3 5 X

X

(A
det(A

. . . ’
X :Nontrivial many solutions K R

AX

Ix 0

¢ *
*
I) O * .‘

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector 1) , 8

when AX=aX. Ax, X, 8 2 8 2

The direction of x after the stretch

= the same direction before the stretch . (16,16)

2,2) Ax X tY,
when,x,
when,x, 2
when,x, ]

A 4

(L1

(8 8

Engineering Math, 7. Linear Algebra, Spring 2015 \E;_;\ iﬁ’”"



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector 1) , 2

When AXZGX AX, X, 2

The direction of x after the stretch

o, A
% X

= the same direction before the stretch

A X2 AX X A y2
when,x, ]
( 1,2 when,x, 2 (2.2)
when,x; ]
X
@ 1 X
(2, 2)

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector A, x, 8% g™
_ X, X
when AX=X. X, X,
AX, X, 2 2
The direction of x after the stretch X X
= the same direction before the stretch
X AX
y N 2 A y2
principle directions
X Y1

Engineering Math, 7. Linear Algebra, Spring 2015 EQ Nag;a"a/ 39



Stretching of an Elastic Membrane

. . X X
Use Eigenvalue, Eigenvector Ax, X, 8 3
. % X
when AX=8X. X, X,
AX, X, 2 2

The direction of x after the stretch X X
= the same direction before the stretch

X AX by & tmes

Engineering Math, 7. Linear Algebra, Spring 2015



Stretching of an Elastic Membrane

Use Eigenvalue, Eigenvector Ax, x, 8

X
X,
when AX=X. X,
The direction of x after the stretch X
= the same direction before the stretch
Stretchi
X AX by 8 times
Stretching
A by 2 times R
2 Y> ﬂ

/

s
%
%
.
X,
X,
\,
\,
\,
\
\
\
v

V J )‘»" Seoz.// i |
Engineering Math, 7. Linear Algebra, Spring 2015 E.J\ Z:Z,a"a/ M



Stretching of an Elastic Membrane

. . X X
Use Eigenvalue, Eigenvector Ax, X, 8 3
. % X
when AX=8X. X, X,
AX, X, 2 2

The direction of x after the stretch X X
= the same direction before the stretch

X AX by & tmes

Stretching
by 2 times

);' Seoul i
Engineering Math, 7. Linear Algebra, Spring 2015 E.J\ Z:Z,a"a/



Stretching of an Elastic Membrane

So

18X

C stretching by 8(= &) times to the
direction of x,=[1 1T.

these eigenvectors of a symmetric matrix
corresponding to different eigenvalues are
orthogonal

C stretching by 2(= &) times to the
direction of x,=[1 -1]".

Principal directions .

This vector make 45° and 135° angles
with the positive  x,-direction .

. 1
X X, 11 0 0

A real square matrix is  orthogonal

if and only if column vectors a,, éa,
form an orthonormal system,

. 0if | Kk
e e T

J

Stretching
by 8 times

Stretching
by 2 times

:0
*
*
*
*

Engineering Math, 7. Linear Algebra, Spring 2015
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Stretching of an Elastic Membrane AX X

A 5 3 X Arbitrary vector can be
y AX — expressed by linear
Y> 3 5 % | combination of eigenvectors.
T
T AN
2 2, X2 1 1 \\\
AX.
X Xy X, X,

|2<w

Denoting the corresponding eigenvalues of the
matrix A by &, 6o, we have AX; =3, so that
we simply obtain
y AX A cx; CX, - GX,
Clel CZAXZ 3 Cn'A‘Xn
C, X, C X, 3 ¢C, X

e EJ Seoul
. . . . ¥ National | |
Engineering Math, 7. Linear Algebra, Spring 2015 E.J U”i; i 44 |



Stretching of an Elastic Membrane AX X

__________________________________________________ X1, XIS
eigenvector of A

8 X, 2 X,
AX 8 X, 2 X,

Ax 8 X1 2 X 5 complicated action decompose g\ m of simple actions
of A on an arbitrary (multiplication by scalars)
vector X on the eigenvectors of A

N ;5 Seoul |
Engineering Math, 7. Linear Algebra, Spring 2015 ﬁj\ ZZ,{';"Z/ 45



Stretching of an Elastic Membrane AX X

5 3
yylAX X
2 395 X%

., 8 x, 11"

/
/ 7/
/ ,
/ i
y 7
/ 7
/ ,
/ it
AX 8 X, 2 X / g
1 2 d 2
/ .7
7
'I /, 7
I // s
1 ‘ -7
\ /,/ -7
\ ad -
h '<,~ - - ’33';{'8 ';t‘ Seoul | |
Engineering Math, 7. Linear Algebra, Spring 2015 . - L National 46
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Stretching of an Elastic Membrane AX X

5 3
yylAX X
2 395 X%

., 8 x, 11"

T 7 /X
4
2, X, 1 1 T
2 » A2 b
7 N
4 N
/7 \\
/
/ \\ -
’ e
/ ;
/ 1
/ |
X X X / \
1 2 /
/ L
/ ’
/ P
/ d
// //,
Ax 8 2 ' ’
X X ! d
1 2 / 2
I /7
1 ~
1 //, P 4
, -’
I , R
\ e Phg
\ /, - -
N "l_ _—— - EJ Y Seoul |
Engineering Math, 7. Linear Algebra, Spring 2015 . LEQYy National 47
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Stretching of an Elastic Membrane AX X

Y1

AX53
Y 3 5

X
%

y2 _—~\\/,/
SN
S0
T S
it I
1 8, Xl 1 1 ‘ II
,I
2, x, 1 1 "
/
2 4 Xy K
/
/
/
X X X, X,
AX 8 X; 2 X,
) r; Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 ’ LJ © National 48
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8-3. SYMMETRIC, SKEW-SYMMETRIC, AND
ORTHOGONAL MATRICES

Py, Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 sy National 49



Symmetric, Skew-Symmetric, and Orthogonal Matrices

Areal square matrix A =[a,]Is called

symmetric if transposition leaves it unchanged
(CHE) T
A A, thus g, = &

skew-symmetric If transposition gives the negative of A

HICH I
(I_EH S) AT A, thus akj _ a]-k

orthogonal if transposition gives the inverse of A
(Iﬂll_-ll-gl) AT A 1

Engineer

(A

| By

7 My
2

ing Math, 7. Linear Algebra, Spring 2015



Example 8.3-1 (1)

(Symmetric, Skew-Symmetric, and Orthogonal Matrices)

The matrices

3 1.5 0 9 12 21 2
1 0o 2, 9 0 20, 22z 1!
5 2 4 12 20 O 12 2
[symmetric] [skew -symmetric] [orthogonal]

Every skew-symmetric matrix has all main diagonal entries
Zero.

¥
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\



Example 8.3-1 (2) Symmetric: AT=A

Skew-symmetric: AT=-A

(Symmetric, Skew-Symmetric, and Orthogonal Matrices) Orthogonal: AT=A-L
3 1 5 3 1 5
1 0 2 1 0 2 C symmetric
5 2 4 5 2 4
0 9 12' 0 9 12
9 0O 20 9 0 20
12 20 0 12 20 0
0 9 12
9 0 20 € skew-symmetric

12 20 0



Example 8.3-1 (3) Symmetric: AT=A

Skew-symmetric: AT=-A

(Symmetric, Skew-Symmetric, and Orthogonal Matrices) Orthogonal: AT=A-L
2 2 1 2 1 2" 2 2 1
3 3 3 3 3 3 3 3 3
A 1 2 2 AT 2 2 1 1 2 2
3 3 37 3 3 3 3 3 3
2 1 2 1 2 2 2 1 2
3 3 3 3 3 3 3 3 3
2 1 2 2 2 1
3 3 3 3 3 3 1 O O
T 2 2 1 1 2 2
A A 3 3 3 3 3 3 O 1 O
1 2 2 2 1 2
3 3 3 3 3 3 O O 1

AT A 'C orthogonal

€0
Engineering Math, 7. Linear Algebra, Spring 2015 4 Zl.i



_ Symmetric: AT=A
Examploe 8.3-1 (4) . ) Skew-symmetric: AT=-A
(Symmetric, Skew-Symmetric, and Orthogonal Matrices) Orthogonal: AT=A-

From definitions skew -symmetric matrix is

A’ A, thus a; = a

\Q? Prove all main diagonal entries zero.

i a Seoul
i i i i National | |
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Example 8.3-2 (1)

Any real square matrix A may be written as the sum of a
symmetric matrix R and a skew-symmetric matrix S, where

R A AT s A AT
2 2
9 5 2 . 00 35 35
A 2 3 8 R~ A AT 35 30 20
5 4 3 35 20 3.0
9 2 5 . 0 15 15
ZA AT 15 0 60
AT 5 3 4 >3
5 g 13 15 60 O

Engineering Math, 7. Linear Algebra, Spring 2015 E 1 /‘\//ZI{:;ana/ 3



Example 8.3-2 (2) N 1, g TN

2

8 R S
3

>
g1 N ©
~ W O

90 35 35 O 15 15
35 30 20 1.5 0 6.0
35 20 30 1.5 60 O

eoul I
Engineering Math, 7. Linear Algebra, Spring 2015 L_\ /l\j/;{:;ana/ i



Eigenvalues of Symmetric and Skew-Symmetric Matrices

Theorem 8.1 Eigenvalues of Symmetric and Skew -Symmetric
Matrices

(a) The eigenvalues of a symmetric matrix are real

(b) The eigenvalues of a skew-symmetric matrix are pure
Imaginary or zero

a} Seoz.// |
Engineering Math, 7. Linear Algebra, Spring 2015 ot | ZZZ,O"EI 57



Example 8.3-3

(Eigenvalues of Symmetric and Skew-Symmetric Matrices)

From example 8.2 -1 From example 8.3 -1
5 3 0 9 12
3 5 A 9 0 20
C symmetric 1220 0
Characteristic Equation: 9 12
5 3 detA | 9 20 O
det A | 3 5 0 12 20
5 2 3 0 400 99 240
12180 12 O
2, 8 C real 3 625

0, 25 C imaginary



Orthogonal Transformations and Orthogonal Matrices

Orthogonal Transformations ¢ ) are transformations

y AX where A is an orthogonal matrix ¢ ).

With each vector x in R" such a transformation assigns a
vector y in R".
For instance, the plane rotation through an angle d.

Y, COS sSin X

y .
y,  sin COS X,

IS an orthogonal transformation.

Any orthogonal transformation in the plane or in three -
dimensional space is a rotation .

eoul I |
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Orthogonal Transformations and Orthogonal Matrices

COS sin . CosS  SIn
A . , A .
sin COS sin CoS
AAT COS sSin cCos  Sin 1 O
sin COS sin  cos 0 1
Al A7

eoul I |
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Invariance of Inner Product (L}Z=2]| EH)

Theorem 8.3.2 Invariance of Inner Product

An orthogonal transformation preserves the value of the
iInner product of vectors aand b in R", defined by

o
ab a'b a 3 a 4

b

n

That is, forany aand b in R", orthogonal n x n matrix A, and
u=Aa, v=Ab we have uv=ab.

Hence the transformation also preserves the length or norm
of any vector ain R" given by

o Vaa Jaa




Invariance of Inner Product (Proof)

Let A be orthogonal. Let u = Aa and v = Ab. We must show
that uv = ab.

Aa' a'A"T & by (10d)in Sec. 7.2

A'A A'A | & Aisorthogonal.

uv u'v Aa'Ab a'ATAb
a'lb
a'b
ab

Bjs%, Seou
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Orthonormality (‘1% 11/d) of Column and Row Vectors

Theorem 8.3.3 Orthonormality of Column and Row Vectors

A real square matrix is orthogonal if and only if column vectors a,, é ,a,
(and also its row vectors) form an  orthonormal system, thatis |,

orthogonal (orthonomal) vectors

: ) x, 11
O iIf | T
T
1 if J k i 1
X\ X, 11 1 0
Let A be orthogonal. Then A-A = ATA =1, interms of column vector a,, éa,, ,
orthogonal matrix aiT aiTa1 aiTa2 a;Lr a 1 0 --- 0O
| A'A ATA 4 a 3 a,
a,' a'a a'a - g4g 00 - 1

jo: a» eou
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Orthonormality of Column and Row Vectors (Proof)

(a) Let A be orthogonal. Then A-*A = ATA =1, in terms of

column vector a,, éa, ,

| AA A'A

I
c.f.) Expression of a matrix -transpose in terms i
of column vectors :

CHRLERLY i
A Byl i A & &
T Y i
AT B By B 3 i
f?i.’é.’.’.’.’??"széffff?ééi aeT B

T

A
4 a 3 a

Engineering Math, 7. Linear Algebra, Spring 2015



Orthonormality of Column and Row Vectors

\Q: Prove the Orthonormality of Column and Row Vector A.

A COS Sin Theorem 8.3.3 orthonormal
sin  cos system . 0 if j k
a, a, a;a L
a, a, 1 1f J K
COS . sin
% osin T % cos
a'a, cos sin oS 1 a’a sin  cos Sin 1,
sin 272 coS
T _ sin
a a, Cos sin 0,

COS

: i Seoul ] |
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Determinant of an Orthogonal Matrix

Theorem 8.3.4 Determinant of an Orthogonal Matrix
The determinant of an orthogonal matrix has the value +1 or -1.

Proof

From det AB = det Adet B (Sec. 7.8, Theorem 4) and
det AT = det A (Sec. 7.7 Theorem 2d), we get for an orthogonal
matrix

1 detl detAA ' detAAT

detA detA’
detA detA

detA °

Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 = ¢ National




Example 8.3-4

From example 1 From example 3
2 1 2 A COS sin
A 2 2 sin COS
% % % C orthogonal
C orthogonal detA co< sin®
detA 2 4z 1
9 9
141 2 42
39 9 3 9 9
1

Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 = ¢ National



Eigenvalues of an Orthogonal Matrix

Theorem 8.3.5 Eigenvalues of an Orthogonal Matrix
The eigenvalues of an orthogonal matrix A are real or
complex conjugated in pairs and have absolute value 1

Proof

The first part of the statement holds for any real matrix A
because Iits characteristic polynomial has real coefficients
| Rl=1 C proved in Sec. 8.5.

)i seou
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Example 8.3.5 (1)

From example 1

A

Wl Wi wlN
winN wiNd Wl
WIN Wl wN

C orthogonal

2 2
3 3

wIiN

wiN

wln

Wl

wlno
Wl

winN

Wl wlN

wiN




Example 8.3.5 (2)

Engineering Math, 7. Linear Algebra, Spring 2015 L_\ /l\j/;{:;ana/ 3



Problem Set 8.3-16 (Orthogonality) 2@&5%2:.? AT=A

Orthogonal: AT=A"1

Prove that eigenvectors of a symmetric matrix
corresponding to different eigenvalues are orthogonal . Give
an example.

Let AX X, Ay vy
wherex O,y O We need to prove x'y O

Thus x' (Ax)'! x'A" x'A (A" A)
X'y xX'Ay x'y x'y.
Xy 0,7 )

It proves orthogonality ( ).

eoul I |
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Problem Set 8.3-16 (Orthogonality) 2&”&”3?%2:.2’* AT=A

Orthogonal: AT=A"1

Prove that eigenvectors of a symmetric matrix
corresponding to different eigenvalues are orthogonal. Give
an example.

example 8.2 -1 , 1 17 tX x 11
5 3
3 5°
T X,
, 8 x, 11
T
, 2, %X 1 1
T 1
X, X, XX, 11 1 0

eoul I |
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Symmetric: AT=A

Problem Set 8.3-17 (Skew-Symmetric matrix) Skew-symmetric: AT=-A
Orthogonal: AT=A"1

Show that the inverse of a skew -symmetric matrix is skew -
symmetric matrix.

Let A is a skew-symmetric matrix, and B = A-lthen,
Q?

1
Engineering Math, 7. Linear Algebra, Spring 2015 ) :I.:;



8.4 EIGENBASES. DIAGONALIZATION.
QUADRATIC FORMS

Py, Seoul
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EIGENBASES

*: Seoul
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Eigenbasis (1FHE{Q| 7|X, 177|X)
y Az : atransformation

A If we are interested in a transformation y = Az,

A oeigenbasis 0 (basis of eigenvectors) is of great advantage because
any z in R" uniquely is represented as a linear combination of the

eigenvectors X;, &, say,

Z CX GCX, - QX

And denoting the corresponding eigenvalues of the matrix A by &, &, ,
we have Ax; = ax;, so that we simply obtain
Az

y Az A CX; CX, - GX,
Clel CZAXZ 3 Cn'A‘Xn 22.

Cl 1X1 CZ 2X2 3 Cn an

Ex.)

3
5

Az5
y 3

z,
z , 2x, 1 17 -Z

Engineering Math, 7. Linear Algebra, Spring 2015



Basis of Eigenvectors

Theorem 8.4.1 Basis of Eigenvectors

If an n x n matrix A has n distinct eigenvalues, then

A has a basis of eigenvectors x;, &, for R".

Proof

All we have to show is that x,,  éx, are linearly independent

Suppose they are not linearly independent

1 to r : independent
r is the largest integer that is a linearly  independent (r<n)

Cle 3 Cr 1Xr 1 O

(not all scalars are zero)

$ X, 3 , X, :independent

X, 3, X, ;1 dependent

Seou
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Basis of Eigenvectors (Proof)

cX, 3 ¢ X, O C All the eigenvalues are
(not all scalars are zero) dIStlnCt
Multiply both sides by A 0
1 rl
cAXx, 3 ¢ ,Ax,, O 4
Use ij = 3X ‘ r1 0
x 3 ¢ O
Cllxl 3 Crlrlxrl OC Cl '
With this, reduces to
- D4 X
i Cr 1Xr 1 O
Cll rlxl 3 Cr r rer O Crl O
X, & Is linearly independent This contradicts the fact
¢c , ., 3 ¢ . ., O that not all scalars in
are zero .

Seou
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Basis of Eigenvectors

Example (Eigenbasis. Nondistinct Eigenvalues. NoEnexistence) 0 1
5 3 : 0 0
35
Characteristic Equation: . Characteristic Equati](?n:
5 3 2 2
det A | 3 & 5 9 C : detA | 0
1 2 2
(A Ix 0, O
(1) o==8 (2) o=2,=2
3, 3, 0| 3x 3x, O 0 1 X 0
3x, 3x, O 3 3, 0 0 0 x, 0
X% 5% . 0x 1x 0 X 0
X % 1 x Lx, 1:
x, 1 1T x, 1 17 : Matrix A may not have enough

: linearly independent eigenvectors

C eigenbasis for R" . to make up a basis.

= Seou I |
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Symmetric Matrices

Theorem 8.4.2 Symmetric Matrices
A symmetric matrix has an orthonormal basis of eigenvectors
for R".

n
From example 8.4.1 X, X, XX,

5 3
1/V2
3 5 1/V2 1/4/2 n

.8 x, 11 0

normalize X, ]/\/E ]/\/E ' So X1, X, IS @an orthonormal
basis of eigenvectors.

, 2, %, 1 1'
normalize X, ]/\/E ]/\/E

) ;5 Seoul
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Z:Zf”a/ 80




SIMILAR MATRICES
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Similar Matrices. Similarity Transformation (&Aj#Hzh

Definition. Similar Matrices ). Similarity Transformation
( )
An n x n matrix A Is called similarto an n x n matrix A if

A P!AP

for some (nonsingular!) n x n matrix P. This transformation,
which gives A from A, is called a similarity transformation

* Nonsingular matrix C3&d3): A matrix that has an inverse.

Engineering Math, 7. Linear Algebra, Spring 2015 5 :Z/"”a



Eigenvalues and Eigenvectors of Similar Matrice§X X

Theorem 8.4.3 Eigenvalues and Eigenvectors of Similar

Matrices

If A is similarto A, then A has the same eigenvalues as A.

Furthermore, if X is an eigenvector of A, then y = Pxis an

eigenvector of A corresponding to the same eigenvalue.

Proof If y = Px, then

PAXx P! x PX¢ Ay

Usel = PPt C vy is an eigenvector of A

P'Ax P*Alx P'APP'Xx Indeed, P'x = 0 would give
iy K & x Ix PP PO O

From | C contradicting xi 0

kPix P y PXx 0



Example 8.4-3 (1)

(Eigenvalues and Vectors of Similar Matrices)

A 6 3, o 1
4 1 1
. 137 4
1 4 1
Get similar matrix A.
E PIAP
4 3 6
1 4 4
3
0 2

Engineering Math, 7. Linear Algebra, Spring 2015

So A and A has the same
eigenvalue.



Example 8.4-3 (2) b1 4 3

(Eigenvalues and Vectors of Similar Matrices) ] 1
6 3 1 3 2 , 2
A , P
4 1 1 4 4 3
A
g 30 .3 4 3
0 2° , 2 4x, 3x, O
1 . 3 Let x,=3, X, 3 4'
3 3 _ A
A 4 a4 Eigenvectors of A 'is
by, 4 31 1
3% 3x, O T Y1 1 1 1.1 0
let x,=1, X 11 4 3 3 0
P 'x
& 1 1 4 1

eoul I |
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DIAGONALIZATION

E] e Seoul
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Diagonalization of a Matrix (2 29| cjzts})

Theorem 8.4.4 Diagonalization of Matrix

If an n x n matrix A has a basis of eigenvectors, then

D X 'AX

Is diagonal matrix ¢ ), with the eigenvalues of A as the
entries on the main diagonal.

Here X Is the matrix with  these eigenvectors as column
vectors .

Also D™ X 'A™X

i ar' Seo
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Diagonalization of a Matrix (Proof) (1)

Let x,, &, cpnstitute a
basis of eigenvectors of A
for R".

Let the corresponding
eigenvalues of Abe &, 6o

AX, X,
4
AX X

n n“n

Then X =[ x; € x,]has

rank n, by Theorem 3in Sec.

7.4. Hence X1 exists.
AX AX, 3 X

Ax, 3 AX,

n

Engineering Math, 7. Linear Algebra, Spring 2015

1X13 an
., 0 3 0
0 , 3 0
X, 3 X,
4 4 6 4
0 0 3
D
XD
AX XD
D X *AX

D> DD X 'AXX 'AX
X 'AIAX X 'AX



Diagonalization of a Matrix (Proof) (2)

AX AX, 3 X Ax, 3 AX,

n

Let n= 2.

.
Xl Xll X12 ) X2 X21 X22
AX AX, X

all a12 Xll X21
aZl a22 X12 X22

allxll a12)(21 a:I.lX].Z
a21xil.1 a22)(21 a21)(].2

AX, AX,

T

a:I.2X22
a22)(22

Engineering Math, 7. Linear Algebra, Spring 2015



Diagonalization of a Matrix (Proof) (3) X, 3
AX, X Ax, X, @ x, 0 x,0@
AX, X, j1> Ax, X, @ x, , x,0
AX, X, Ax, X, @ x,0 x,@
AX, X, X,
X, ; X, 0 X;0[x,0 %, , X30|%x,0 x, 0 X

0 XD

Engineering Math, 7. Linear Algebra, Spring 2015



Example 8.4-4 (1)

(Diagonalization)
Diagonalize > 212 0
A 112 (1):(2) 2; y 3 13 1
177 1.8 93 4 |i> x 1 13
. . s 0 X, 21 47
Characteristic Equation: greeey geeety geeen
7.3 0.2 3.7 X i3 L1
115 1.0 55 | 0 :1: i 34
177 18 93 X Xo X
73 10 93 5518 0.7 02 03
02 115 93 55177 X+ 13 02 07
37 11518 10 177 O 08 02 02



Example 8.4-4 (2)

(Diagonalization)
D X 'AX
07 02 03 7302 37 1 1 2
13 02 07 115 10 55 3 1 1
08 02 02 177 18 93 1 3 4
3 00 ., 0 0
0 40 0 , O
O 00 0 0 |,
D has the same eigenvalues as A because D
Is a kind of a similar matrix of A.



Example

Q: Find an eigenbasis and diagonalize

1 2
2 4

Answer

1/5 2/5A1 2 5 0
2/5 1/5 2 1 O O

VR Seoul
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QUADRATIC FORMS
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Quadratic Forms

Definition : a quadratic form Q in the components  x,, &, ,
of a vector X is a sum of n?terms, namely,

n n
.
Q X AX '1k1ajkxj>ﬁ
J

ae  A,XX% o 8 XX
Ay X, X azz)gz a:nxz%(

%X %% 8nX

A =[a] is called of the coefficient matrix  of the form.

We may assume that A is symmetric , because we can take off -diagonal
terms together in pairs and write the result as a sum of two equal terms.

Se 1 |
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Example 8.4-5

(Quadratic Form. Symmetric Coefficient Matrix)

2 XTCx

% (3% 4%) X (6%  2X,)

3, 4X, 3 4
X, X X' AX X 5
6x,  2X, n %o X,
. X' Cx
X X, 1 xTCx
6 2 X
Symmetric matrix
. .y 3 5 %



. = Q X'Ax D XAX
Principal Axes Theorem (FF%E2l)  pxy vy XX X%
d

y'Dy v (X™X)'

X' X

Theorem 8.4.5 Principal Axes Theorem

The substitution x = Xy transforms a quadratic form

n n
.
Q X AX & X X, 8 Ay
j1k1
to the principal axes form ¢ ) or canonical form ¢ )

Q y'Dy % % - W%

of the symmetric matrix A, and X is an orthogonal matrix
with corresponding eigenvectors x,,  &x,, respectively, as
column vectors.

where &, &8 are the (not necessarily distinct)  eigenvalues

Seou
Engineering Math, 7. Linear Algebra, Spring 2015 \EJ\ Z:Z;a"a/



Theorem 8.4.2 Symmetric Matrices

P ri n Ci pa I Axes Th eo re m A symmetric matrix has an orthonormal

basis of eigenvectors for R".

(Quadratic Forms) Q X' AX & X X,

(2 ) jlk1
By the Theorem 8.4.2 the symmetric coefficient matrix A has an
orthonormal basis of eigenvectors x;, &, Let X be

X X 3 X

n

X is orthogonal , so that X-1=XT, we obtain
D X 'AX Skew symmetrce AT—A
Orthogonal: AT=A-
A XDX*' XDX'

Q x'Ax x'(XDX'X

i a Seoul
i i i i National | |
Engineering Math, 7. Linear Algebra, Spring 2015 B Um_; i 98 |



Principal Axes Theorem

Q Xx'Ax Xx'XDX'x
If we set X'x =y, then, since XT = X1, we get
x X'y Xy
Furthermore, we have
"X  X'x' yT
So Q becomes simply
Q x'XDX'x y'Dy
Yo oY 3 e

(A

| By

7 My
2

Engineering Math, 7. Linear Algebra, Spring 2015



Principal Axes Theorem

Transformation of Axis

“XZ y
Choose 2

X proper axis

j K P(4,3) I::>

(Coordinate
Transformation)

Y1
Q(5.0)

y 5F
Simple expression.
Easily recognition of magnitude of vector

Principal Axes Theorem
4%,

Choose Y2 Yi

/ proper axis

/ % (Coordinate
Transformation) y12 y22
X Xy g 2

Simple expression.

Q 17X12 SO)S.XZ 17)§ 12 Easily recognition of magnitude of

principal axis of ellipse.

Engineering Math, 7. Linear Algebra, Spring 2015 LJ\



Principal Axes Theorem
Ex) Transformation to Principal Axes. Conic Sections

Find out what type of conic section the following quadratic
form represents and transform it to principal axes. (Ex 8.2 -1)

Q 17x% 30xx, 17x; 128

Conic Section ?

Seou |
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Principal Axes Theorem
(Reference: Conic section)

Conic Section (Conic:
napped cone with a plane

) . curve that results by cutting a double

3

— e —— — —— —— . — el —— c——
3
3

1
|
|
|
|
|
|
|

2

Conic section: a%° 2bxX% CX

l ¥
I ¥

Circle Ellipse Hyperbola ‘»g-z:—
Standard form : a)(l2 CXZZ f O ,(b=d=e=0)
Central conic : axf 2% X% C)§2 ,(d=e=0)
. rotated conic in standard position about the origin

Parabola

f O ,(a~f : constants)

=

=
=

o

Engineering Matl“ DAnton, Busby, Contemporary Linear Algebra, Wiley, 2003, Ch.8.4, p.502




Principal Axes Theorem
(Reference: Conic section)

Standard forms of the central conics

ax> cx° f O

(represent a conic in standard position) 1

AY A) AY
/é B \ /"
ﬁ \ N $ 2 \\ e
// \ ' \ \< // : 4
/ \ x i i x y [« :
o ja ” P | Lo ” -aj E T | o "
\\ 3 \ i ¥4 \'-. |
~—f \ / A= \ o
_B N _,// / " B i £ 'A_B
& [f
‘_ﬁ o2 2 o 2 o2 2 2
; ; ) S ; o
= = =1 - —:1 ---—’—:l 1 -__,v_:]
(12 BQ ; 02 2 (12 ‘BZ ' ﬁ_ a:'
(@=2B>0) ! (B=a>0)

(@>0,8>0)| (@>0,8>0)




Q x'Ax x'XDX'x y'Dy
Principal Axes Theorem y X% X

Ex) Transformation to Principal Axes. Conic Sections

Find out what type of conic section the following quadratic
form represents and transform it to principal axes. (Ex 8.2 -1)
Q 17x% 30xx, 17x; 128
17x2 30xXx, 17%5 X'AX i
Q X XX, 2 Eigenvectors e - m:
. x, 715 1/4/2 1/4/2
° 15 17 x,
17 15 Q x'Ax x'XDX'x y'Dy
A
15 17 2 0 Yy
[Ys Yol b
Characteristic Equation: 0 32 v, P ol
17 15 0 2y? 32y; 128 | 7
15 17 22
17 * 15 O L2, ., 32 (@2p>0

A . . . . . . . : a)‘\" Seou
Engineering Math, 7. Linear Algebra, Spring 2015 D is diagonal matrix, with the eigenvalues of A as the entries on the main diagonal ,&,a{,a,,a, 104



Principal Axes Theorem

Ex) Transformation to Principal Axes. Conic Sections

Principal Axes

17 15
A
15 17
1) o=y =2
15 15
A
15 15
15x, 15x, O

From this we get normalized
eigenvector X.

x, Yv2 1/J2°

Q 17 30xx, 17x 128

Q x Ax
L 2, , 32
2) =3 = 32
15 15
A |
15 15
15x, 15x, O

From this we get normalized
eigenvector X,.

Engineering Math, 7. Linear Algebra, Spring 2015



Principal Axes Theorem

Ex) Transformation to Principal Axes. Conic Sections
X Xy

X X X : X is orthogonal matrix (X™=X1) with these
1 2 eigenvectors as column vectors

YNz Iz
. N2 W2

V2 142 Y, X Xy
V2 12 Y, g

co45 sSin45 vy, VY2
sin45  cos45 v, g 22

Q 17X 30xx, 17x. 128

C This means a 45° rotation (of principal  axes)

N

Yz

Engineering Math, 7. Linear Algebra, Spring 2015



(Ref.) Rotational Transformation

2 2 1 Z cos sin  z
4 5 z —=(z 2) .
1
g2 92? \/15 Z, sm@ COS yA
¢ 2 Z, ﬁ( Z 3 rA cos sin gz
% (z 8222) ( %22 A \ Z Sig cos z
o Z cos45 sin45 z
(z z)Y¥ (2 2° 5 Z, sin45 cos45 z
g° 2 Z,
Az 223 %) 647 22z D - . |
284 21 ZZ 1

68z 12077 68 51 & ;%%45

17z 30zz 17z 12 \ﬁy 'z

% a; Seoul
. . . . National | |
Engineering Math, 7. Linear Algebra, Spring 2015 LJ\ Natic i 107



Principal Axes Theorem

Ex) Transformation to Principal Axes. Conic Sections

X Xy
X X, X,

x, YNz Y2

T

x, YNz V2

V2 1YV2 oy
V2 V2 oy,

co#A45
sin45

sind5 vy,
cos4s Y,

Q 17 30xx, 17 128

X

Xy

(Review) Stretching of Elastic Membrane

Object
Transform Matrix

Conic
(Circle, Ellipse, Hyperbola, Parabola)

Arbitrary shape

(Rectangle in this example)

Symmetric matrix

orthogonal)

. Case | Casel ll
(eigenvaluesare orthogonal)
Non-symmetric matrix
(eigenvaluesare not Case lll Case IV

matrix is 1.

C This example of transformation of principal axes
corresponds to Case |, and magnitude of transformation

N

Yo ¥
g 2

Yz

Y1

Engineering Math, 7. Linear Algebra, Spring 2015
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Principal Axes Theorem

Q: What kind of conic section is given by the quadratic form?
Transform it to principal axes. Express x interms of v.

7xX; 6x %X, 7x: 200

Seoul
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Quadratic form (Definiteness)

A gquadratic form Q(x) = xTAx and its (symmetric!) matrix A
are called

(a) positive definite if Q(x)>0forall xI 0,
(b) negative definite if Q(x)<Oforall xI 0,

(c) indefinite If Q(X) takes both positive and negative values.

" E] ) Seoz.//
Engineering Math, 7. Linear Algebra, Spring 2015 National 110



Quadratic form (Definiteness: 53 )

A quadratic form Q(x) = x"Ax and its (symmetric!) matrix A
are called

(a) positive definite [ yif Q(x)>0forall xI 0,
(b) negative definite ¢ yif Q(x)<Oforall xI 0,
(c) indefinite ¢ ) If Q(X) takes both positive and negative
values.

A necessary and sufficient condition for positive definiteness
I s t hat pradiphl ninore ( 0 )0 are positive, that is,

a, a,
a, O,
b Ay Ay

Show that the form in Prob. 23 is positive definite, whereas
that in Prob. 19 is indefinite.

0,3 ,detA O

Bji+, Seou
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Quadratic form (Definiteness)

A necessary and sufficient condition for positive definiteness
I s t hat pradiphl mindrise6 0are positive,

a, O, |a11 %2 0,3, detA 0
A Ay
1 12
A 4 V3 A
J3 2 12 6
Ay 4 0 a,, 1 0O
4 3 2 1 1
42 J3 5 0 | j 6 12 150 (
J3 2 12
C positive definite C indefinite

eou |
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Quadratic form (Definiteness)

the eigenvalues of A are
(a) positive definite: all positive

(b) negative definite: all negative

(c) indefinite: both positive and negative

Q x'Ax, X Xy

2

$
T 2 2 (b) Negative definite form
YAY Y oY 3 G Ya (D |
Because y = X'Ix, if x |,@heny 1.0

From equation (1),
If all eigenvalues are positive, Q(x) is positive.
If all eigenvalues are negative, Q(x) is negative.

Falt]s®, Seou
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(B1) Taylor Series Expansioni} =28 (1)

. df d?f
Given: f (x),—, 3 atx
(x) dx dx

Find: f(x X)

Taylor series expansion Higher Order T
igher Order Terms
df 1df

f(x x f(x) — x = x= H.OT

dx 2 dx
f (X) ?
f (x) f (x +0x)
df 1d%f
f(x X f(x) — x = x> HOT O
( ) 1) dx 2 dx

Bjs%, Seou
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(B1) Taylor Series Expansioni} 528 (2)

df 1d%f ,

f(x x) f(x) — x = x> HOT O
0 T X e *
f x O, 0 0
f x O, 0 0
X +oqX X f(x+ox) f(x)
. ° \_/ /\
dx, ..
f(X+g) T f(X)
d*f
0
dxzxx*

e Seou |
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(B11) Taylor Series Expansioni} 528 (3)

Given: f (X, X%,) f LA 2f3 at(x;,X,)
121)(11)(1)(21)(121)(22 1 /N2

Find: f(x, X,X X))

Taylor series expansion ( , 3 )
f f
f X X f(x,X,) — — X
O XX X)) T(X,X) x4
1 °f > f > f >
5 2 X, — X
f(Xq, X)) ?
_ T (X1, %) f (X +0Xg, X5 +0X,)

. . . . National
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(A1) Taylor Series Expansioni} =47 (4)

PG XX %) T(X,X)

! f 1 °f 2 °f i 2
o — X = 2 X X 0

R R B R v W Bl
(X1, Xp)  (Xg Ty, Xp +OX)) f (X, Xo)
f(Xy +0xy, X, +0X,) ,

t i 0.
Xl X{, Xo 2 1%, %
F (X +0P¢q, Xo +0p) T T (Xq, Xp) 2
2 2 2
f 2 f f 2
2 X, — X° 0

¢ -
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(B1) Taylor Series Expansioni} 528 (5)

f (X5 X5) (X%, X5%)

f * f “f
2 Xl 2 Xl X2 2 X2 O
X X X X
Xy, X)) (Xg*, X5*)
?f ? f 2 f
XN %%
2 .I: 2 .I: 2
2 2
2 X X X
2 Xl 2 2 2
X X % X
* f *f
2
x x, 5 uX %
2 2 2 *
f fox X
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(B1) Taylor Series Expansioni} =28 (6)
f i 2 .
2
2.|: 2-|=
2
T
X X % % & X Hx O
f X
X % X
X' H X
X XTHXx H ’
f (Xq, X5)
H , XTHXx (2 )

Engineering Math, 7. Linear Algebra, Spring 2015
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Point Transformation and
Coordinate System
Transformation
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Point Transformation and
Coordinate System Transformation (1)

v D™E FEA M EXH Ol 3|H v ztEA 2|H
Given: OYZ oA go|El H po| XtE L Given: ?)/?' ol M ™ol M po| Zt&EZ}
Find : @ P 20yz O EHoH ot3 3|™MA|Zl Find: OY 2 of CHoH TS o|Hst 22
H Q73 ztEH oyz ojAQl POl XEZ S
1
ZA
p

L= ————— ?
1
1
1
1
1

Yo COS sin | Yy, Yo CoS sin | Y,
Z, sin  cos 1z ya sin cos | Z,
/IL Fo| 3| eigl | /]L ZtE A 3| HEt |

oy z':Bodyfixedcoordinate
oyz: Globalcoordinate

! a " Seoul
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Point Transformation and

Coordinate System Transformation (2)
Given: ol M FolE N pPo| =&k

Find: & P2 OYyz off CHsH

Z?

o 2T

& QoY

® Qe xS

Yo [ro|cosl

Ao 2 FHINSHE,

ALZESEA O] X}Z Al

[ = Ry Y = |

OH

)

‘rQ‘cos cos ‘rQ‘sm sin

ro|cos
Yp COS

Zy  |ro|sin(

cos |rplsin sin (| |rg))

Z, sSin

)

‘rQ‘sm cos ‘rQ‘cos sin

® H PQo| x5 E Ztoz HEFSHH, ro|sin cos |r.|cos sin N (e ‘rQ‘)
Yo |rs|cos Yo [|ro|cos( 7,C0S  Y,sin
Zp \rp\sin Z, ‘rQ‘sin( @ HWUE BH3H
@ Az gEA
sin( ) sin cos cos sin Yo COsS  sin Y,
cos( ) cos cos sin sin Z, sin cos 7
=
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Point Transformation and

Coordinate sttem Transformation (3)

Given: Oy Z' Of|A Ho|E H po| Zt® 4L

Find: oy z O ol — 2F3 2ot M2 Zt#EA O0YyzZ of|AMe| pel Zp&# %k
® d Pl zlr S 4ol ASAMez HINSHH,
rolcos( )
ro|cos cos  |rp|sin sin
ro/cos cos  [ro|sin  sin
y'sC0S Z,Ssin
Iro|sin( )
ro|sin cos .| cos sin
re[sin cos .| cos sin
) Z',C0S Y, Sin
Ksn g flsn( ) | ©BEE Eds
AFZFSEA SR AI
) |.:|—||:|'I' =I.o—l . Ve COS sin Y'p
sin( ) sin cos cos sin _ .
. z, sin  cos Z,
cos( ) cos cos sin sin U
)‘\"Seou/ 3
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