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Cullity, Chapter 4-1, 4-2, 4-3, 4-4, 4-5, 4-6
Hammond Chapter 9.1, 9.2

Sherwood & Cooper, Chapter 4.13
Sherwood & Cooper, Chapter 4.11~4.12
Krawitz Chapter 5, p132 ~ p143

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses 1

Reading recommendations

SEOUL NATIONAL UNIVERSITY

Read

» Sherwood & Cooper
v Chap 5 Fourier Transform & convolutions
v Chap 6 Diffraction
v Chap 7 Diffraction by one-dimensional obstacles
v' Chap 8 Diffraction by 3-dimensional obstacles
v Chap 9 The contents of unit cell

» Hammond, Chap 7 The diffraction of light
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Intensity
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Crystal Structure of “cubic” "ZrO2"

Space Group Fm3m (225) AtoIiRE 2 ¥ z | By | occupancy
- cubic Zr 0 0 0 |[1.14 1
Lattice Parameter a=5.11 0 0251025025 2.4 ]
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Diffraction from (001) planes of scatterers
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]
(a) base-centered (b) body-centered
orthorhombic lattice orthorhombic lattice
atom position < —> intensity

relation

Cullity page 124 4
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Intensity from

“atom type/position”
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Factors affecting line intensities of XRPD peaks

SEOUL NATIONAL UNIVERSITY

factor parameter factor parameter
Atomic scattering factor Microabsorption
Structure factor Crystallite size
Structure-sensitive | Polarization Sample- Degree of crystallinity
Multiplicity sensitive Residual stress
Temperature Degree of peak overlap
Source intensity Preferred orientation
Diffractometer efficiency Method of peak area measurement
Instrument- y
A Voltage drift Degree of peak overlap
sensitive Measurement- :
i | Takeoff angle of tube B Method of background subtraction
(Absolute intensity) sensitive
Receiving slit width Ka2 stripping or not
Axial divergence allowed Degree of data smoothing used
Instrument- Divergence slit aperture
sensitive
(Relative intensity) Detector dead time
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Intensity
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2772777 | Atom type/Arrangement

Peak ‘ .
breadth complicated
Integrated
h . v" Structure factor
peak intensity
v Polarization
ll.lllll llll ......-. ‘/ MU'tIp“City
backg ound v' Temperature
v' Absorption
Peak position v Degree of crystallinity
v’ Particle orientation
Crystal Structure of “cubic” "ZrO2"
= Atom X y z Bisoc | occupancy
Space Group Fm3m (225)
- cubic Zr 0 0 0 (1.14 1
Lattice Parameter a=5.11 o) 025025025 2.4 1
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Intensity
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Intensity diffracted by a single phase powder specimen in a diffractometer

I,AX oY1 , (1 + cos’ g
- (2 (e e e )
32atr dar ) m~ |\ v~ sin” 6 cos # 21

I(hkl) = integrated intensity per unit length of diffraction line

lo = intensity of incident beam A = cross-sectional area of incident beam
r = radius of diffractometer circle V = volume of unit cell

F(hkl) = structure factor p = multiplicity factor

e?M = temperature factor K = linear absorption coefficient
(170) Relative intensity
> H d[&] Int-f - h k|1
= (111) 3.2600 130111
= (192) (207) 28210 100 2 0 O
s 1.9340 B 2 21
1.7010 2 311
| r | | | , ) 1.6280 15 222
0 10 20 30 40 50 60| 70 80 1.4100 E 400
20 (deg.) v

ostion ¥ Bragg’s law ®=>@si n®
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Intensity
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» How much Intensity a single electron will coherently scatter?

> Interference effects due to electrons being distributed in space

around atoms
» Atoms are not stationary --- vibrate

> Intereference effects caused by scattering from atoms in different

regions of the unit cell

Unit cell

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses 9

Scattering & diffraction

SEOUL NATIONAL UNIVERSITY

» Coherent scattering (unmodified scattering)

v Tightly bound electrons

> Incoherent scattering (modified scattering)
v" loosely bound electrons

- background

» Diffraction = reinforced coherent scattering

Read Cullity Chap 4-3
CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 10




Factors affecting the relative intensity of Bragg reflections

SEOUL NATIONAL UNIVERSITY

» Structure factor

> Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses
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Atomic Scattering Factor (f), Stru.c‘_ture Factor (F)

» Scattering from a single electron

» Scattering from a single atom > f Y

. -
» Scattering from a unit cell > F

10 um

Scatter from
Multiple Atoms

(1) f
v 4) «\ ﬁ/Atomic
LY 4 Scattering
(2) A Factor
—

GRS S F

0d Structure
> o Factor
o
Unit cell
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10 nm
Scatter from
an Atom

A
Scatter from
an Electron
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(XD
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Intensity of XRD

SEOUL NATIONAL UNIVERSITY
> Scattering amplitude of a single electron
v' How much Intensity a single e will coherently scatter?

» Scattering amplitude of a single atom > f (atomic scattering factor)

v Interference effects due to coherent scatter of all the e’s in an atom?

» Scattering amplitude of a unit cell > F (structure factor)

v" Interference effects caused by scattering from all the atoms in different regions of the

unit cell
amplitude scattered by an atom
amplitude scattered by a single €
F amplitude scattered by all the atoms of a unit cell
4 amplitude scattered by a single €
CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 13

How much Intensity a single e will coherently scatter?

SEOUL NATIONAL UNIVERSITY

- polarization factor

» X-ray is electromagnetic radiation which can be seen, from a fixed
point in space, as an oscillating electric field.
> This field can cause an e’ to oscillate (accelerate & decelerate). =

cause an e' to re-radiate the energy as a spherical wave.

> J).J. Thomson --- Intensity scattered from an e’
;Lo @ T 1+cos’20)
r?| imyc? 2

> Incident X-ray is unpolarized.

> Process of scattering polarizes X-ray. = polarization factor

1 + cos*(20)
2
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Scattering by a single electron

SEOUL NATIONAL UNIVERSITY

JJ. Thomson Total scattered intensity @ P
2 4
A4\ K ., _ 7 3
= IO(}:;) (”;r?)sza =Ip—>5sin“« [p=1Ip, + Ip:
A F-
Ip, = [wajgz a= XyOP = m/2. %
; Y (o, + IU;COSZ 20)
2 Vo,

K = — 26
Ip, = Iy, — cos®26, o =mf2 =28
' r

a = angle b/w scattering direction &
acceleration direction of €’

Tol=

2

I 1
(g + -2 cos?20

)

Read Cullity page 123 ~ 144 Polarization factor
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X-ray scattering by an atom - f (atomic scattering factor)

Y

3

Path difference
b/w3 &4 #0

N

4 f'n(sinB/A)

Path difference
b/w1&2=0

f (atomic scattering factor)
= efficiency of scattering of an atom in a given direction

Cullity page 128

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses

16




Interference effect due to the e's distributed in space around atoms

- atomic scattering factor

SEOUL NATIONAL UNIVERSITY

> Interference < scattering from different regions of the e’ cloud

» Takes into account the influence of the atom specific e’ shell on

the scattering of X-rays.

» Normalized in units of the amount of scattering occurring from a

single e'.

amplitude scattered by an atom

amplitude scattered by a single electron

f=F@) . f©)=2Z
f'n(sinB/\)
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Atomic scattering factor (form factor)
B
| / D
I >

10 / ( > C
9_

81 . |

Path difference S Path difference

i between A & B between C & D
6_
f

i o

1 ¢ = —(2m)
4l A

3,

2.

1t

0 01 02 03 04 05 06 07 08 09 10 T4

¥ sin @ —10,  —1
sin@ , — 5 10"m
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XRPD pattern
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X-ray powder diffraction pattern for cubic Zrw,0g
Scattered
6000 T 1T L T 1T T 1T L T 1T L T 1T
radiation r ]
- Sample C ]
Incident P - §
. - B -
radiation 3000 ]
20 is the Bragg angle 2000 _
4rrsing 2 : | ‘
l d 0 [ ,[._ Nl l I i .L.'[“ “ L l h Liy, Hr Ml T
20, d, Q
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sing 2!
S 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 09 1.0 11 12 ERSITY
H 1 0.81 0.48 025 0.13 0.07 0.04 0.03 0.02 0.01 0.00 0.00
. . He 2 1.88 Ld6 1.05 0.75 0.52 035 024 0.18 0.14 .11 0.09
A‘to mli C S Ca tte rin g Li* 2 196 18 15 i 10 08 06 05 04 03 03
Li 3 22 1.8 15 13 1o 08 0.6 0.5 0.4 03 0.3
Bet? 2 20 1.9 1.7 1.6 14 12 1.0 0.9 0.7 0.6 0.5
fa Cto r Be 4 29 1.9 17 1.6 14 12 1.0 0.9 0.7 0.6 0.5
B+ 2 1.99 1.9 1.8 17 16 14 13 12 1.0 0.9 0.7
B B 35 24 19 1.7 15 14 b 54 12 1.0 09 0.7
C 6 4.6 3.0 22 19 Jap 1.6 14 13 116 1.0 0.9
NS 2 20 20 19 19 18 1.7 1.6 1.5 14 13 L16
N+ 4 37 3.0 24 20 1.8 1.66 156 1.49 139 1.28 117
N 7 58 42 30 23 1.9 1.65 154 1.49 1.39 1.29 117
O 8 i 53 39 28 22 1.8 16 15 14 135 1.26
o2 10 8.0 L 38 7 21 18 15 1.5 14 1.35 126
F 9 78 6.2 445 335 265 215 19 1.7 1.6 15 135
F 10 87 6.7 4.8 35 28 22 1.9 1.7 1.55 15 135
Ne 10 93 F 58 4.4 34 2.65 22 19 1.65 1.55 15
Na* 10 95 82 6.7 525 4.05 32 2.65 225 1.95 1.75 1.6
Na 11 9.65 8.2 6.7 525 4.05 32 2.65 225 195 1.75 1.6
Mg** 10 9.75 8.6 725 5.95 48 3.85 315 255 22 20 18
Mg 12 10.5 86 7.25 595 4.8 3.85 315 255 22 20 1.8
A3 10 9.7 89 78 0.65 55 445 3.65 3.1 265 23 20
Al 13 11.0 895 k] 6.6 55 45 37 31 2.65 23 2.0
Sitd 10 9.75 915 825 715 6.05 5.05 42 34 295 26 23
Si 14 11.35 9.4 8.2 715 6.1 51 42 34 295 26 23
pts 10 98 925 8.45 T 6.55 5.65 48 4.05 34 3.0 26
P 15 124 100 8.45 7.45 6.5 5.65 4.8 4.05 3.4 3.0 2.6
3 18 127 9.8 84 7.45 6.5 3.63 4.85 4.05 3.4 0 26
556 10 9.85 9.4 87 7.85 6.85 6,05 525 4.5 3.9 335 29
s 16 13.6 10.7 895 7.85 6.85 6.0 5.25 4.5 3.9 3.35 29
§2 18 143 10.7 89 7.85 6.85 6.0 525 45 3.9 3.35 2.9
1 17 14.6 1.3 925 8.05 7.25 6.3 375 5.05 4.4 385 335
(&) 18 152 115 93 8.05 7.25 6.5 575 5.03 4.4 3.85 335
A 18 159 12.6 10.4 8.7 7.8 7.0 6.2 54 4.7 4.1 36
K* 18 16.5 133 108 8.85 775 7.05 6.44 59 53 4.8 4.2
K 19 16.5 133 108 9.2 79 6.7 59 52 4.6 4.2 37 33
Ca*? 18 16.8 14.0 1.5 93 8.1 735 6.7 6.2 57 51 4.6
Ca 20 17.5 14.1 114 9.7 8.4 73 6.3 5.6 4.9 4.5 4.0 36
Sct 18 16.7 14.0 114 9.4 8.3 7.6 6.9 64 58 535 4.85
Sc 21 18.4 149 12.1 10.3 89 77 6.7 59 53 4.7 43 39
N . i+ 18 17.0 144 11.9 9.9 85 785 73 6.7 6.15 5.65 5.05
CU”Ity page 634, Appendlx 10 T » 193 157 128 109 95 82 72 63 56 50 46 42
v 23 20.2 16.6 135 115 10.1 8.7 76 6.7 59 53 4.9 4.4
Cr 24 211 174 142 121 10.6 92 8.0 71 63 57 51 4.6
25 21 182 149 127 111 97 84 75 66 60 54 49 20
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sinfl, 71 T
ot d 0.0 0.1 0.2 0.3 0.4
O M i B P | a
Atomic scattering :
factor H | 0.81 048 025 0.13
He 2 | .88 1.46 1.05 0.75
Li" 2 1.96 1.8 1.5 1.3
Li 3 2.2 l.8 1.5 1.3
Bet= 2 2.0 1.9 1.7 1.6
Be 4 2.4 1.9 1.7 1.6
B+ 2 1.99 1.9 1.8 7
B 5 35 24 1.9 1.7
C 4} 4.6 3.0 .2 1.9
o
N+ 2 2.0 2.0 1.9 1.9
N+ 4 3.7 3.0 2.4 2.0
N 7 5.8 4.2 3.0 2.3
8 5 7.1 3.3 39 2.9
4 ;
0 10 5.0 5.5 3.8 2:7
- ! a3
Cullity page 634, Appendix 10 F 9 7.8 6.2 4.45 3.35
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Atomic scattering factor
SEOUL NATIONAL UNIVERSITY
sinf °-l
0.0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1.0 1.1 1.2
Fe 26 23.1 18.9 15.6 13.3 11.6 10.2 8.9 79 7.0 6.3 57 52
Co 27 24.1 19.8 16.4 14.0 121 10.7 a3 8.3 7.3 6.7 6.0 5.5
Ni 28 25.0 20.7 V2 14.6 12.7 11.2 98 8.7 79 7.0 6.3 5.8
Cu 29 259 21.6 179 15.2 13.3 8 e 102 9.1 8.1 7.3 6.6 6.0
Zn 30 20.8 22.4 18.6 15.8 13.9 12.2 10.7 96 8.5 7.6 6.9 63
Ga 31 27.8 233 19.3 16.5 14.5 12.7 11.2 10.0 89 7.9 7.3 6.7
Ge 32 28.8 241 20.0 17.1 15.0 132 11.6 10.4 9.3 8.3 7.6 7.0
As 33 29.7 25.0 20.8 17.7 15.6 13.8 12.1 10.8 9.7 8.7 7.9 73
Se 34 30.6 238 21.5 183 16.1 14.3 12.6 11.2 10.0 9.0 8.2 7.5
Br 35 31.6 26.6 223 18.9 16.7 14.8 [3.1 11.7 10.4 9.4 8.6 7.8
Kr 36 325 274 23.0 19.5 17.3 153 136 12.1 10.8 9.8 8.9 8.1
Rb* 36 33.6 28.7 24.6 21.4 159 16.7 14.6 12.8 112 9.9 8.9
Rb 37 335 28.2 238 202 17.9 159 14.1 12.5 11.2 10.2 9.2 8.4
Sr 38 344 20.0 24.5 20.8 18.4 16.4 14.6 12.9 11.6 10.5 9.5 8.7
b 39 354 299 253 21.5 19.0 17.0 15.1 13.4 12.0 10.9 9.9 9.0
Zr 40 363 308 26.0 22.1 19.7 17.5 15.6 13.8 12.4 11.2 10.2 93
Nb 41 373 317 26.8 22.8 20.2 18.1 16.0 14.3 12.8 11.6 10.6 9.7
Mo 42 38.2 32.6 276 235 20.8 18.6 16.5 14.8 13.2 12.0 10.9 10.0
Te 43 391 334 28.3 24.1 21.3 19.1 17.0 15.2 13.6 123 11.3 10.3
Ru 44 40.0 343 29.1 24.7 219 19.6 17.5 13.6 14.1 12.7 11.6 10.6
Cullity 22
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Atomic scattering factor, Neutron scattering cross section

SEOUL NATIONAL UNIVERSITY

X-rays

Scattered from electrons

~Scattering proportional to j
H c N o Al Si P Ti D
1 6 7

g8 13 14 i 22 1
. - o 000@Q

Scattered by nuclei

Neutrons

‘ ~Scattering not proportional to Z l

H o4 N o Al Si P Ti D
1 6 7 8 i3 14 15 22 1
374 66.5 93.6 58.0 345 41.5 51.3 344 66.7 x10%¢
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Factors affecting the f (intensity of the scattering from an atom)
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»Anomalous scattering (anomalous dispersion)
. 2 ] o AT g
|SIF=(fo+ AL HAS").

» Thermal motion

Bsin® 0
f=foexp TR

Sherwood & Cooper 9.8
Cullity 4-11
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Anomalous scattering (anomalous dispersion)

SEOUL NATIONAL UNIVERSITY

|S1P=(fo+AS) +(AS")?
f(E.O)=f,(O)+ f'(E)+if"(E)

|1 absorplion edge SC;_“?I'ed
- radiation
g 2004 -
< 0 Lu absorption edge 20
§ Incident Sample
g radiation
£ 100 -
é Lo, 20 is the Bragg angle
K absorplion edge :
i 0= drsm@ 2rx
O Li L] ) L] | L] I L} Li Li Li T T T i d
0.5 10 Wavelength (_&)
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Atomic Form Factor: /°(g) = f p(i‘}eié'ﬁdV

"point" atom

e o
Q

|
&

[
=

X
| S S

=8 Dispersion Corrections: E““‘:‘——‘:———_:é
f(g.hw) = [ (G)+ [ (hw)+if (ho)
0 0 2 4 6 8 10 12
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Absorption & anomalous scattering

f' is intimately related to the
absorption coefficient.

F
f(E‘,r—LE {D (Jffj_(i)]dﬁ

" “mirrors” the absorption
coefficient.

Lftme £,

e = [t e,

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses
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Absorption
—_

Energy 27

Factors affecting the relative intensity of Bragg reflections

» Structure factor

» Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses
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Temperature factor

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 29

Thermal motion

SEOUL NATIONAL UNIVERSITY

» Thermal vibration of atoms >

v Unit cell expands = Interplanar spacing (d) changes - 26

position changes.

v Intensity of diffraction lines decreases.
» Degrades the periodicity of the lattice.

v Intensity of background scattering increases.

> Effective size of atom is larger. > Destructive interference

increases with increasing 26.

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 30




Temperature factor

SEOUL NATIONAL UNIVERSITY

> Atomic vibration 1 > effective size of atom t+ = interference effect t

Debye-Waller temperature factor B

Mean-square displacement of atom vibration U? | | B — 87[2 Uz
Mean displacement = 0

‘ Bsin®
f=foexp| — 3
A
Bd*?
J=Joexp| — 1
_CHAN_PAIRK,MSE,SNU Spring-2022  Crystal Structure Analyses A _Jenkins &_Snyderpage 68 / 31

Thermal motion

SEQUL NATIONAL UNIVERSITY

o, By Isotropic temp factor B, Ui,
B=38n"U Anisotropic temp factor B; & U;
: Bsin® 0 o Bd*?
f=fu€>ip[71 j".f{)exp[“‘ 1 ]

f= foexp—3(Bh*a*? + B,,k?b** + B, %c*?
+ 2B, ,hka*b* + 2B, hla*c* + 2B, . kib*c*).

= foexp —2n%(U h*a*? + U,,k%b*? 4 U, ,[%c*?

+ 2U  hka*™b* + 2U | Jhla*c* + 2U, JkIb*c™).

2rel; = By Temp factor; B, U, By, Uy By

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Jenkins & Snyder page 68 / 32




Thermal motion

SEOUL NATIONAL UNIVERSITY

fi B 2
f, exp[-B(sin“8)/ 1" ]

1 ! 1 ‘
0.0 0.5 1.0 1.5

(sin@)/a

Figure 3.14. The effect of atomic thermal motion on the copper scattering factor.

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Jenkins & Snyder page 69 / 33

Temperature factor

SEOUL NATIONAL UNIVERSITY
1 o I o
no thermal vibration thermal vibration
ﬂ ﬂ ﬁ I ] ]
0 90 180 0 90 180
26 (degrees) 20 (degrees)

» Thermal vibration of atoms

- Decrease of intensity of diffraction lines

v Effect increases with 286.

- Thermal diffuse scattering

v'Thermal vibration causes general coherent scattering in all directions.

v'Contributes to background (BKG).

v'BKG intensity increases with 26.

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses Cullity page 157 34




Factors affecting the relative intensity of Bragg reflections

SEOUL NATIONAL UNIVERSITY

» Structure factor

» Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 35

SEOUL NATIONAL UNIVERSITY

Structure
factor

Unpolarized incident X-ray becomes polarized after diffraction.

Every time a ray is diffracted, it undergoes a phase shift of /2 relative to the

incident beam.

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 36




Structure factor
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a) (b) v
W M ¢ o
fo fo T
Ay A B
\9(\'/67 M f, i
fy fo *
Path difference
PD.=AB-CD=r;-8s—r-S=1-(8—8j)
OR : R
(s —sp) = /\d;u = Aha' +kb" +Ich). M /
_ _ il 0 0
P.D. = Xuja+vib+wic)-(ha +ikb +1Ic) E‘;’:ﬁf’”g o
Doy
P.D. = Mhu; + kvi + Iwy). ! i g 9 -
¢ = 2r(huy + kv + Iwy).
D RR
CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Hammond chapter 9 37

Structure factor

SEOUL NATIONAL UNIVERSITY

What is the path difference b/w waves scattered | Path difference b/w 2" & 1
by an atom @ origin (atom A) and another 800 = MCN = 2d.sin 6 = 2
atom (atom B) @ x (in 1 dimension)? 2 700 S11L

a
» dygg = AC =
3
N \ 1o 400)
. - The effect of atom B (@ uvw) on the

I intensity in that direction (1, 2')?
l Path difference b/w B & i

Phase difference @ ¢ = 9 (2,,,)
o Zﬂ'hx
t i 2 a - q{)3| - A‘ (27?') =
X
Position of atom B, u = x/a > ¢ = 2mhu phase difference b/w waves

- > scattered by B and that by A at
Position of atom B, uvw >|¢ = 27r(hu + kv + Iw) origin, for the hkl reflection

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Cullity 4-4, page 132 38




Structure factor

SEOUL NATIONAL UNIVERSITY

Phase difference b/w waves scattered by B and b = ZW(hu + kv + lw)

that scattered by A at origin for hkl reflection

Add all the waves scattered by each atom in the unit cell. > addition

of complex numbers representing amplitudes and phase of each wave

Any scattered wave from

hkl reflection & atom in uvw

Aefd’ﬁ — fEZ’JTI.U]'I:"i‘f{U‘!'fw':I'

N

_ Dari(hue, + kv, +Iw,)
Efz.!r.a' T E fne

Cullity 4-4 1

F = resultant wave scattered by all the atoms in the unit cell

F contains info on both amplitude and phase of the resultant wave.

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Cullity page 136 39
Vector phase diagram for obtaining Fy
SEOUL NATIONAL UNIVERSITY
(@) (b) 2

Fhk{

fo

Atomic scattering factors are represented with phase angles with

respect to a wave scattered from the origin.

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses Hammond Chapter 9 40




Structure Factor

SEOUL NATIONAL UNIVERSITY

|F| _ amplitude scattered by all the atoms of a unit cell
amplitude scattered by a single electron
n=N 5
Fug =Y fuexp2milhu, + kv, + wy) |y ~ ‘ = ‘

n=()

intensity of any : "
hkl reflection « atomic positions

Uy Vo Wy, T, 2 Fry can be obtained - can get |

Positions of atoms in unit cell, atomic scattering factors
2> F >

Read Hammond Chap 9.1, 9.2, 9.3
Read Cullity Chap 4.4

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses 11
SEOUL NATIONAL UNIVERSITY
n=N
Frgp= E Jnexp 2mi(hu, + kv, + Iw,)
n=0

> Positions of atoms in unit cell, atomic scattering factors = F,y & |y

2
Ih|<| ~‘Fhkl‘

> |, from several sets of planes > atom positions ; crystal structure

determination
R AR R = 5
v'F > | (structure = Diff pattern); | > F (D pattern = structure)

> Phase info is lost in going from Fy to I, > phase problem

v We do not know in which direction the vector F,,, points.
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Phase problem

SEOUL NATIONAL UNIVERSITY

We would be better off if diffraction measured phase of scattering

rather than amplitude! Unfortunately, nature did not oblige us.
Source unknown

(@) (b) original images

A graphic
illustration of
the phase problem

Fourier reconstruction with Fourier reconstruction with
phase of (a) and amplitude of (b) phase of (b) and amplitude of (a)

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Picture by courtesy of 1D, Sivia £ 43

Fourier transform

SEOUL NATIONAL UNIVERSITY

Py = Z Jo€xp 2mi(hu, + kv, + Iw,)
n=0

Fra = j Oz exp[ 277 (hx + ky +12)]dV
V

Dz :$ZZZFhk|exp[—2ﬁ(hx+ ky +12)]

> e’ density € Fourier transform - diffraction pattern
v | is related to e’ density through Fourier transform
> Xtal structure € Fourier transform - diffraction pattern
v EXAFS pattern € Fourier transform - radial distribution function

> p space = real space diffraction space = reciprocal space = k space

> Reciprocal space always has centrosymmetry even though there is no

centrosymmetry in real space. > 11 Laue groups (Hammond page 221)

> Diffraction pattern always gives Laue group pattern.

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Sherwood & Cooper / 44




Inverse Transform

Diffraction pattern  F(k) = J‘ f(r)e’XT dr
allr

F(k) is Fourier transform of f(r).

Inverse transform  f(r) = f F(K)e™ kT dk
all k

F(k) ; contains info on the spatial distribution of diffraction pattern.

f(r) ; contains info on the structure of obstacle.

XRD intensity Crystal
experiment | |g(k)|? » Rtk » ) » structure

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Sherwood & Cooper Chap 6 45

f(r) vs. F(k)

If the structure is known
- f(r) is known.
- diffraction pattern F(k) can be computed.

If the diffraction pattern is known
> F(k) is known.
-~ f(r) can be computed.

The act of diffraction = taking Fourier transform of the obstacle

Diffraction pattern of an obstacle described by f(r) is the Fourier
transform of f(r), which is F(k).
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Experimental Limitation

SEOUL NATIONAL UNIVERSITY

» Information is contained in all space.
> It is impossible to scan all space to collect all the information.
> some info is lost.

- reconstruction of the obstacle from the diffraction data will be

incomplete.

» PHASE PROBLEM

XRD intenSity » F(k) » f(l‘) » Crystal

experiment | | (k) [ structure

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Sherwood & Cooper Chap 6.14 47

Real space vs. Reciprocal space Friedel's law

SEOUL NATIONAL UNIVERSITY

(_) ;

INTENSITY

real S pace reci procal S pace Table 9.1 | The eleven Laue point groups or crystal classes
Laue point group Non-centrosymmetric
and centrosymmetric point groups belonging
Crystal system point group to the Laue point group
Cubic m3m 432 43m
(two Laue point groups) m3 23
Tetragonal 4fmmm 422 Amm  42m
(two Laue point groups) 4/m 4 4
Orthorhombic mimm 222 mm2
Trigonal 3m 32 3m
(two Laue point groups) 3 3
Hexagonal O/mmm 622 6mm 6m2
» Diffraction pattern from a (two Laue point groups) 6/m 6 6
. . ~linic [3) ]
centrosymmetric crystal is :“f“l‘,”_“““ ;”’” o
. riclinic
ce ntrosym metric.
» Diffraction pattern from a non-centrosymmetric
crystal is centrosymmetric. > Friedel's law
CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Read Hammond Chap 9.1,9.2, 9.3 48




Structure factor N

Unit cell with only

_ 2ari(hu, + kv, +w,)
E&A’.{ - 2 fne 1
1

one atom at 000

F= felm'{{)) — ’(

F?=f2

Base-centered cell
000 & Y2120

000 & Y21LYs

Body-centered cell

F— fezm‘(n) + fezwi(njz-- k/2+1/2)

— f“ + em[ﬂkﬂ)].

SEOUL NATIONAL UNIVERSITY

F = fem0) 4 fenith/2 02 F=2f when (i + k + [)is even:
= f[1 + ™9, F = 4f.
F=2f  for hand k unmixed; F=0 when (h + k + 1) is odd;
F? = 4f2 F? = 0.

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses

Read Cullity Chap 4.6

Cullity page 138

49

Structure factor of fcc

N

_ 2ri(hu, + kv, +Iw,)
F}zka’ - 2 fne :
1

SEOUL NATIONAL UNIVERSITY

face-centered cell
000, 12120, ¥20Y2 & 0Y2Y2

F = fe?m) 4+ fe2mithi2+k/2) 4 fezm(k;'zﬁ,:z) + fermith/2+12)

:f[l + em'(fi‘+k} + E,an'(k-l—.t’} + earr'(r"1+.")}.

F=A4f for unmixed indices;
F? = 16f?

F=0 for mixed indices;
F*=0

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses

h |k |1 |h+tk| k+l [ h+l | h+k+l
unmixed| e | e | e | e e e e
mixed| e | e o | e o o o)
mixed [ e [ o | o | o e o e
unmixed| o | o | o | e e e o
Structure factor is independent of
size & shape of the unit cell
Read Cullity Chap 4.6 50




Structure factor of NacCl

SEOUL NATIONAL UNIVERSITY

NaCl N .
Na 000, Y220, ¥20%2 & 0v2V5 Fug = 3 el kv
Cl Y2Y2Y5, 00%2, 0¥20, %200 !

F = fN-iEETri(O) + lel€27rI(11,f2+kf2) + fNiegm‘(h"QJrUZ) 4 fN 62171'(.-’(,.’2-\-[/2)
E E E a

+ fo@P PR o f (2D 4 f L ?R) 4 £ e2ilh2)

F=40 for mixed indices;

F= fNa[l + em‘{h+k) + eﬂ'i(h+.’) + e'm'(k +[)}

_ . F2=0.

+fC]|:em(h+k+I} + ewlf -+ e'm'k 4 e'm'h]' ' v
For unmixed indices

F = 4[fNa + fClewi(Iz+k+!)]_

F=fy[1 + emt+h) 4 én—i(h+£) + em‘(kH)]

' F=4{fw + fa) if (h + k + Diseven;
+ foe™ TR 4 e Rk g gmih=l) o prit=k 1))
F? = 16(fna + fCI)ZA
F=[1+mtth 4 gmith+h 4 e D[ f, + Fegmh+ieri F=4{fy, — fo) it(h + k + l)is odd:

F? = 16(fra — fCl)z'

FCC for unmixed indices
F=4f F?= 162

for mixed indices
F=0F=p

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses

Read Cullity Chap 4.6 51

Structure Factor - CsCl

n=N

(333) forCs  (000) for Cl =0

Fitr =Y, fuoxp 2miChuy + kv, + bwy)

NIVERSITY

Fir = forexp 2mi(h0 4 kO + 10) + fo, exp 2mi () + ki + &)
= far + fesexpwith + k + ).

Fru = far + fes

Fru = fa — fos

(h+k+1)= even

(h+k -+ 1) = odd

sz o r;;‘l o
x = » caesium iodide (Csl)
Uiy + fog) " v basis 170,00 Cs*:¥5,%,%:
s fCS
- — Center of
< e Structure: CsCl type o cs* unit cell
(o~ oo Bravais lttco fimple cubie]

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses

lattice point

Ions/unit cell: 1Cs™ + 1CI ®¢"

Hammond 52




ructure Factor - CsCl n=N
St FFrkIZZf;,CXPZﬂi(hun+kVn +I‘W,1) L UNIVERSITY

n=0

Example 1. CsCl structure (Fig. 1.12). The (u, v, w,) values are (000) for Cl, atomic

scattering factor f¢; and (% %%) for Cs, atomic scattering factor f¢s. Substituting these two

terms in the equation:

Figy = for exp 2mi(h0 + kO + [0) + fog exp 2mi (1l + k3 + )
= fa +fesexpmi(h + k + D).

Two situations may be identified: when (h + k + /) = even integer, exp =i (even
integer) = 1, hence Fyy = fc; + fcs and when (h + k + [) = odd integer, exp i (odd
integer) = —1, hence Fjy = fo) — fos. These two situations may be simply represented
on the Argand diagram as shown in Fig. 9.4. Note that in both cases Fj, is a real number;
the imaginary component is zero. This arises because CsCl has a centre of symmetry at
the origin, as explained below.

" ()
(T + fos)
s fes
< s
< fo (b)
(fo = feo)
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Structure Factor - hcp
SEOUL NATIONAL UNIVERSITY
121 n=N
(000) (ﬁﬁi) Frg =Y fuexp2mi(hu, + kv, + w,)
H:O

Fi = f exp 2mi(h0 + kO -+ 10) + f exp 2mi (k] + k2 + 1)
=f(1 +exp2mi(hl+k3+11)).
When (h + 2k) is a multiple
((h+2k)/3+12] =g F = f{1 + ¢*mis) of 3 and | is even

- (h - Zk- + i) = n, where #n is an integer;
JF|2 :fZ(] + ezmg)(] + e—fzm‘g) 3 2
cos mn = +1,
— fz(z + e27rig + €—2ﬁfg).
cos*mn = 1,

\F|” = %2 + 2 cos 2mg)

IF? = 4%
= f’[2 + 2(2 cos’ mg — 1)]
= If'3(4 cos” ,n.g) h+ 2k [ din
h + 2k ] 3m odd 0
= 4f* cos® "‘T(_' ik ;) 3m even af?
T im * | odd 3f2
= () when (h + 2k) is a multiple of 3 and / is odd. Im * 1 even f?

Read Cullity Chap 4.6
CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses




Example 2:  hcp metal structure. We have a choice of unit cells (Fig. 5.8); it is best to

refer to the primitive hexagonal cell, Fig. 5.8(a), which contains two identical atoms,  ERsITY
atomic scattering factor f, with fractional coordinates (000) (the A layer atoms) and

(121) (the B layer atoms). Substituting these two terms in the equation:

Structure Fuq = f exp 2mi(h0 + kO + 10) + f exp 2mi(hd + k3 + 13)
Factor = £ (1 +exp 2mi (bl + k2 + 11)).
hcp

Now let us apply this to some particular (ikl ) planes, e.g. (002) = (0002); (100) = (1010)
and (101) = (1011).

Fop = f(1 +exp 2m) = 2f
Fioo =f(1 +exp7’m) = )'"( —1—(:0-; T+ 1isinZ 7-) (0.5 410.866)
Fior = f(1 +exp2mi(3+3)) __f(l +cos3m+isindw) = f(1.5 — i0.866).

These results are shown graphically in Fig. 9.5. Note that F'jgy and Fjg; are complex
numbers.

The intensities Iy of X-ray beams are proportional to their amplitudes squared, or
Fiw multiplied by its complex conjugate F;,, (see Appendix 5). For the hcp metal
examples above:

I =2f - 2f = 4Af?
Lo = f(0.5 +i0.866) (0.5 — i0.866) = f*

Ig; = f(1.5 — 10.866) f(1.5 4+ 10.866) = 3f2. Read Cullity Chap 4.6
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Structure Factor - hcp

SEOUL NATIONAL UNIVERSITY

F]()’) :f(l -+ eXp 2’;'1'1) = 2f
Fioo = f(1 +exp27i) = f(1 +cos2m +isin3r) = £(0.5 +i0.866)
Fiop =f(1 +exp2mi(3+1)) = f(l +cos2m +isindw) = f(1.5 —i0.866).

Imaginary

; Imaginary Imaginary
axis ., i
§ f
& 2/3 1 5/3 1
Fooz F m
— £
f f Real f Real Real
axis axis axis
S

Argand diagrams for an hcp ;o’
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— Example 3: A crystal with a centre of symmeltry at the origin. This is an important case
because the structure factor for all reflections is real. For every atom with fractional
coordinates (uvw) and phase angle +¢ there will be an identical one on the opposite side
of the origin with fractional coordinates (zviw and phase angle —¢. For these two atoms:

&S Iy Y

Fr = fexp 2rmi(hu + kv + Iw) + f exp 2mi(hu 4 kv + [w)
= fexp 2xmi(hu + kv + lw) + f exp —27i(hu + kv + Iw).
The second term is the complex conjugate of the first, hence the sine terms cancel and
Fru = 2f cos 2n(hu + kv + Iw)
as shown graphically in Fig. 9.6.

Imaginary
axis

+¢ Real
axis

Fhk!

Fig. 9.6. The Argand diagram for a centrosymmetric crystal. The phase angle +¢ for the atom at
(uvw) is equal and opposite to the phase angle —¢ for the atom at (zzvw), hence Fjy, is real.
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Friedel's law

uuuuuuuuuuuuuuuuuuuu ERSITY

» Diffraction pattern from a centrosymmetric crystal is centrosymmetric.

» Diffraction pattern from a non-centrosymmetric crystal is centrosymmetric.

- Friedel’s law

» Laue group (Laue class)

It = Fi - Fry = f exp 2mi(hu + kv + w) f exp —2mi(hu + kv + Iw)
— fexp 2mi(hu + kv + Iw) f exp 2wi(hu + kv 4 Iw)

Lz = Frgp - Fz; = fexp 2mi(hu + kv + Iw) f exp —2mi(hu + kv + Iw)
= fexp 2mi(hu + kv + Iw) f exp 2mi(hu + kv + Iw).

- d 2 . ,
Fyg = F,; and Fyyy = Fpyg, hencel Iy = Iz | Friedel's law

> Reciprocal space always has centrosymmetry even though there is no

centrosymmetry in real space. 2 11 Laue groups (Hammond page 221)

> Diffraction pattern always gives Laue group pattern.
y - Hammond page 220

Hammond Chap 9 58
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11 Laue group

SEOUL NATIONAL UNIVERSITY

» The presence of a center of symmetry in the diffraction pattern means that
“non-centrosymmetric crystals cannot be distinguished from those with a center
of symmetry”.

» There are 11 centrosymmetric point groups and hence 11 symmetries which
diffraction patterns can possess. These are called 11 Laue groups.

Table 9.1 The eleven Laue point groups or crystal classes

Laue point group Non-centrosymmetric
and centrosymmetric point groups belonging
Crystal system point group to the Laue point group
Cubic m3m 432 43m
(two Laue point groups) m3 23
Tetragonal 4mmim 422 4mm  42m
(two Laue point groups) 4/m 4 4
Orthorhombic R 222 mm?2
Trigonal Im 32 3m
(two Laue point groups) 3 3
Hexagonal O/mmm 622 6mm 6m2
(two Laue point groups) O/ 6 6 Meaning of Laue index,
Monoclinic 2/m 2 m Laue class, Laue group???
Triclinic 1 1

Hammond Table 9.1
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11 Laue groups

SEOUL NATIONAL UNIVERSITY

Table 9.1 The eleven Laue point groups or crystal classes

Laue point group Non-centrosymmetric
and centrosymmetric point groups belonging

Crystal system point group to the Laue point group

Cubic m3m 432 43m

(two Laue point groups) m3 23

Tetragonal Afmmm 422 dmm  42m

(two Laue point groups) 4fm 4 4

Orthorhombic mm 222 mm?2

Trigonal 3m 32 3m

(two Laue point groups) 3 3

Hexagonal Ofmumim 622 6Gmm 6m2

(two Laue point groups) ofm 6 6

Monoclinic 2m 2 m

Triclinic 1 1

» Non-centrosymmetric point groups cannot be distinguished from
centrosymmetric groups from diffraction.

» 11 centrosymmetric point groups (Laue group) = diffraction pattern can
have 11 symmetries.
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Systematic absence
(extinction)

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses Hammond Appendix 6 61

Systematic extinction (absence)

SEOUL NATIONAL UNIVERSITY

» The condition that structure factor becomes zero due to a

systematic symmetry condition

> Presence of reflections with zero intensity caused by the space

group (symmetry) of unit cell

> Arise from centering of unit cell and/or the presence of

translational symmetry elements — screw axes, glide planes.

v Can get info on these elements from the extinction of peaks.

v" Translational symmetry inside unit cell, screw axes, glide planes

can introduce systematic extinctions.

Hammond Appendix 6 62
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Diffraction from (001) planes

body-centered

base-centered
orthorhombic lattice

orthorhombic lattice

F =0 | when (h + k + [)is odd;

F? =4 F? =0
atom position <——> intensity
relation
CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses CulltygRagcela 63
Structure factor & Extinction conditions

F = fe?mi0)  formihi2Tkf2)

= f[1 + ™0,

F=12f for i and k& unmixed;

F? = 4f7. Table 3.2. Example of Conditions for the Extinction of
, Reflections Due to Translational Symmetries
F=0 for & and k mixed; -
Symmetry Extinction Conditions
F> = 0.
F none
£ hkl, h + k = odd
F = fe?mi0) 4 fe2mith/2=kf2+ip2) /v\ I hkl h+ k + 1= odd |
e F hkl; h, k, | mixed even and odd
2.01b 0kO: k = odd
F=2f when (h + k + [)iseverl ¢ | p hO!l: | = odd
F = 4f2,
F=0 when (h + &k + [)is odd;
F?=0.
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CONTINUED

Generators selected (1);

Positions

Multiplicity,
Wyckoff letter,
Site symmetry

4 i 1 (1)xy,z

2 hm

2 g m

2 f om

2 e .m.
1 d mm2

l ¢ mm2
1 b mm2

l a mm2

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses

1,y.2
0,y.z
x4,z
x,0,z
44z
1,0,z
0,4,z
0,0,z

Coordinates Reflection conditions
General:
2 %5z G xF.z (@ xyz no conditions
General pOSItIOﬂ Special: no extra conditions
1.2
0 Table 3.2. Example of Conditions for the Extinction of
3.z Reflections Due to Translational Symmetries
bz Symmetry Extinction Conditions
%0,z S . | IP none |
- pe.CI'a C hkl; h+ k = odd
pOS|t|On ) hkl; h+k + 1= odd
F hkl; h, k, | mixed even and odd
2.6 0k0: k = odd
clb hOl: | = odd

No. 25 Pmm?2 |

1(1,0,0); ¢(0,1,0); 1(0,0,1); (2); (3)

International Tables for X-ray Crystallography /g5

(I) CONTINUED

@) Generators selected

@ Positions

L8 HE]
Whvoko

icity,
T leller

Site symmetry

8 f
4 2
4 d
4 ¢
2 b
%L e

1

M.
S

ia
man

nrm 2

() Xz

0,z

x0,z

{J,].Z
0,0z

No. 35 Cmm?2

RSITY

(0 w1 0000 10, 1,00 r{0,0, 1) £(4,4,00: (20 (3)

Coordinates Reflection conditions
(000004 (L4,00+ 3
General:
2) 57z (3) &7z (4) £y Ml k=120
Ol k= 2m
Table 3.2. Example of Conditions for the Extinction of | | 707 : fi=2n
Reflections Due to Translational Symmetries ‘r"gg I ""i’ 2
iz &= 2
Symmetry Extinction Conditions OKD: k=32n
P NETE Special; as above, plus
|C hkl; h + k = odd no exira conditions
I Rkl; b+ k + 1= odd no exira conditions
F hkl; h. k, | mixed even and odd
ikl . hE=2n
2,11k 0k0: k = odd
clhb hOl: | = odd no extra conditions

no extra conditions

@ Symmetry of special projections

Along [001] e Zmum
k=0

a=a
Origin

at 0,10,z

Along [100] p 1w ] Along [010] p 1 1m
a'=1b b=c 4= b= ia
Origin at x. 0.0 Origin at (0, 1.0

(5) Maximal non-isomorphic subgroups
[Z]1Clm L {Cin, 8)
21Cm 11 {Cm, &)
RIE1L21P2:3)

I
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(t; 3+

{1, 4+

£1; 2

International Tables for X-ray Crystallography /g6




SEOUL NATIONAL UNIVERSITY

CONTINUED

Positions

Multiplicity, Coordinares
WyckofE letter,

Site symmety

4 ¢ 1 [N EATE: D xy+4.2+1
2 d 1 L0

26 1 0.0,! 0.0

2 8 1 0.0

2 i,

2 a1 0.0.0

Symmetry of special projections
Along [001] 22gm

a=a, F=b a=h
Ongmat 0,0,z

Maximal non-izomorphic subgroups
I [2PlelPe,Ty 14

P12 1P 4 1,2
1P 13
Ila npoe
Ik  none

Moaximal isomorphic subgroups of lowest index

Minimal non-izomorphic supergroups

[21 Pbea(61); [2] Prma (62); [2] Cmee (8
O [21412/m1C2/m, 12
[Z1P12/clib =}

e, 13)

Generators selected (1) #(1,0,00; #[0,1,0); £(0,0,1); (2}; (3)

Alonz [100] p2zg

Originatx, 0.0

No. 14 P2 /e
/ Reflection conditions \
Ganeral:
W xy+ic+i W I=12n
Ok0: k=2n

000 - i=12n

Special a5 shove, plus

hED L k4T =1In
hED D k4T =1In
hE k4T =1In
Bl k4 T=1In
\ )
~ -

Alonz [010] 22
a=tlc b =a
Origin at 0,30

e [2]P12 /el =2aora =2a.c =2a+c) (P2 /e, 14 [31P12,/cl (b = 3b) (P2, fc. 14)

1 [ Puna(32); [2]1 Pmna(33) [2]1 Peca (34), [2] Pham (35); [2] Peen (36); [21 Phem (37); [21Pnnm (38); [2]1 Phen (60);

21C12/e1(C2 /e, 15); [21112/e1(C2/c, 15); [2) P12,/m1 (¢ = L) (P2, /m, 11}

CHAN PARK, MSE, SNU  Spring-2022  Crystal Structure Analyses
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Systematic absence (extinction)

monoclinic c¢lb

Operation of ¢ -glide z
'y
hc

c-glide

and reflection
—in plane of
paper

hOl: | = odd

SEOUL NATIONAL UNIVERSITY

Fug = f exp 2miChu + kv + lw) + fexp 2ni (hu + kv + l(% -+ w)) 1

Consider the A0/ reflections (k = 0):

Fuor = f exp 2riChu + Iw) + f exp 2wi(hu + w) exp 2771%[
= fexp 2miChu + Iw)[1 + exp 7il].

monoclinic 2,||b  0k0: k = odd
Operation of screw diad
Screwdiad i »e Y 12+vw
along y -axis ! b
i Ll =y i
®uvw
e
ay
®
v
X

Fhoo = 0 when | = odd ;

systematic absence for hOl planes

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses

Fiu = fexp 2milhu + kv + w)

consider the 00 reflections (h = [ = 0)

Foro = f exp 2mi(kv) + f exp 2mi (k § + kv)
= fexp 2mi(kv)[1 + exp mik].

+fexp2mi(hic + k(5 +v) + 1)

FOkO = 0 whe

nk=odd;

systematic absence for 0kO planes

Hammond Appendix 6 68




Table A6.1 Extinction criteria for lattices and symmetry elements

Lattice or symmetry Symbol Class of Condition for .
clement type reflections presence i
Lattice type: hkl
primitive P none
body-centred I h+k+1=2n
. centred on the C face C h+k =2n
Systematic absence e i fi A kti=m
. . centred on the B face B h +1=2n
(extinction) bk,
centred on all faces F all = n (odd)
or all =2n (even)
rhombohedral, obverse R —h+k+1=3n
rhombohedral, reverse R h—k+1=3n
Glide plane || (001) a hkO h =2n
b k =2n
n h+k =2
d h+k =4n
Glide plane || (100) b Okl k =2n
c ! =2n
n k+1=2n
d k+1=4n
Glide plane || (010) a h0! h =2n
c I =2n
d h +1=2n
n h +!=4n
Glide plane || (110) c hhl l=2n
n h—+k =2n
d 2h l=4n
Screw axis || ¢ 21,445,653 oo I=2n
31,32, 62,64 ! =3n
.4y I =4n
61,65 I =6n
Screw axis || a 2i,4 h00 h=2n
41,43 b =4n
Screw axis || b 2,4, 0k0 k =2n
4145 k =dn
Screw axis || [110] 2, hh0 h =2n
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Factors affecting the relative intensity of Bragg reflections

» Structure factor

» Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Multiplicity
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Multiplicity
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> # of permutations of position and sign of +h, +k, £| for planes having same d and F?

(Cullity)

> # of equivalent planes cutting a unit cell in a particular hkl family (Jenkins & Snyder)

> # of equivalent orientations that a unit cell can have for a given crystallographic direction

(Krawitz)
» Cubic
v (100), (010), (001), (-100), (0-10), (00-1) > 6
v (111), (-111), (1-11), (11-1), (1-1-1), (-11-1), (-1-11), (-1-1-1) > 8

v (Intensity of 111) x 3 = ( Intensity of 100) x 4, when other things are equal

» Tetragonal
v (100), (010), (-100), (0-10) > 4
(001), (00-1) > 2

(Intensity of 111) = ( Intensity of 100) x 2, when other things are equal

v
O RS TN -1 A= - T Tt =€ 1 1), 1 1= > 8
v
v

(Intensity of 111) = ( Intensity of 001) x 4, when other things are equal

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses
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Multiplicity

Table 6.1. Multiplicities for the Seven Crystal Systems

SEOUL NATIONAL UNIVERSITY

Hexagonal

Index  Triclinic Monoclinic Orthorhombic Trigonal Tetragonal Cubic
hkl 2 4 8 24* 16* 48*
hhl 2 -+ 8 12* 8 24
hho 2 4 8 6 4 12
Okk 2 % 8 12 8 12
hhh 2 4 8 12 8 8
hk0 2 4 8 12* 8" 24*
ho1 2 2 4 12" 8 24*
Okl 2 4 4 1% 8 7 g
h00 2 2 2 6 o 6
0k0 2 2 2 6 . 6
001 2 2 2 2 2 6

Note: For some space groups within the crystal systems, indexes marked with = are half the indicated val-
ues. A complete listing may be found in Table 3.5.1 in the International Tables for X-Ray Crystallography,

Vol. 1, pp. 32-33.
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CONTINUED No. 14

Generators selected (1); #(1,0,00; #(0,1,00; (0,0,13; (2); (3)

Positions

Maltiplicity. Coordinates
Wyckodf Leteer,

Site symmary

Feflection conditions

TIONAL UNIVERSITY

Pz'_f(f"

+ o | Positions
Multiplicity, | Multiplicity Coordinates
Ty chioft [ier,

2 4 | Sife symmetry

2«

x5 |4 e 1 (13 x,y.z (D xy+iI+1}
l a

2 d 1 10,1 L 10
2 1 0,0, ! 0.4.0
205 1 10,0 b 4%
2 a2 1 0,00 0.5}

Number of equivalent points in a unit cell

RS

International Table h
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Factors affecting the relative intensity of Bragg reflections

» Structure factor

» Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Absorption
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Absorption factor > Diffractometer, Camera

SEOUL NATIONAL UNIVERSITY

Transmission & back-
reflection (Laue camera)

Transmission (Laue camera)

C ¢ FE‘T
ri——:ﬁ I(]
1 em dip,
N\ c —
T g
dx——— Y
i pe [y \‘,’?9

> Absorption is independent of 6. € irradiated

Hull/Debye-Scherrer camera volume constant (fixed slit)

» No effect on the relative intensity € decreases
the intensities of all diffracted beams by the
same factor.
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Absorption factor > Hull/Debye-Scherrer
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bsma!cl' small
gusorption absorption
‘\\\\ large
X absorption
» Absorption is larger for gl
absorption

low 0 reflection.

Highly absorbing specimen

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses Cullity page 150 78
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Extinction
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Extinction
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» Diffracted intensity; perfect xtal << ideally imperfect xtal

> Decrease in intensity as the crystal becomes more perfect (large mosaic blocks,

oriented).

> ldeally imperfect crystal consists of very small mosaic blocks, uniformly

disoriented; no extinction.
» Kinematical theory/dynamical theory
» Powder specimens should be ground as fine as possible.

» Grinding > reduce crystal size, increase # of diffraction cones, decrease

mosaic block size, disorient mosaic blocks, strain the crystals non-uniformly.

See Cullity 5-4 for mosaic structure
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Primary Extinction

I'l S
Kl
N
B 420 /4 " \
» Diffraction from highly perfect crystal \ VAR
> | (perfect xtal) << | (imperfect xtal) B K p -
- ([(KO/K'I) = T/2 ’\29 4\":\
> @K./K,) = 11> destructive interference “‘f D
- lower intensity 45
S X
» Depends on the degree of being perfect. \ e
K

» Does not kill the reflection but lower intensity.

» How to avoid? — give some stress (increase mosaicity by e.g. LN2
quenching, heat & quenching, etc.).
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Primary Extinction / ” P

Secondary extinction ‘;—j E__
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Mosaic structure, mosaic blocks

» Angle of disorientation between the tiny blocks is €. = diffraction occurs at all
angles between 6z and 6; * ¢.

> Increases the integrated intensity relative to that obtained (or calculated) for

an ideally perfect crystal. € strains & strain gradients associated with the

groups of dislocations

i m ]
!

. ' T .
A.smglg xtal = Boundaries are
divided into 3 "walls” of edge
mosaic blocks ' 4 dislocations.

|
(1 I T i.
1
Eaan: HHH
AT
/strained\
>
Ajflf zg :;:
X AT
S 7 v,
Cuy &
2l %‘ LT 42 &
e iy, i
«»}I}?ﬂ Py Sub-grain
Iy —grai
< \ ) Sub-grain boundary .
unstrain
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Mosaic spread
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» Mosaicity is created by slight misorientations of different crystals as they nucleate

and grow on the substrate. When the crystals join, they form boundaries.

| B

In an ideal case, each nuclei (red) is If the nuclei (red) are slightly misaligned,
then boundaries will be formed.

perfectly oriented.

When the crystals grow and meet, there is

perfect bounding between the crystallites = no

boundary.
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Mosaic Spread - reciprocal space

SEOUL NATIONAL UNIVERSITY

» Mosaic spread can be quantified by measuring the broadening of the lattice

point in reciprocal space.

» The amount of broadening of the reciprocal lattice point that is perpendicular

to the reflecting plane normal can be attributed to mosaic spread.

» The peak broadening parallel to the interface can be attributed to lateral

correlation length.

’
KR
©

Ny

Lateral correlation
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|deally imperfect crystal

SEOUL NATIONAL UNIVERSITY

» Diffracted intensity; perfect xtal << ideally imperfect xtal

» Intensity is decreased as the crystal becomes more perfect (large mosaic blocks).

» ldeally imperfect crystal consists of very small mosaic blocks, uniformly

disoriented. - no extinction
» Kinematical theory vs. dynamical theory
» Powder specimens should be ground as fine as possible.

» Grinding > reduce crystal size, increase # of diffraction cones, decrease mosaic

block size, disorient mosaic blocks, strain the crystals non-uniformly.

Primary Extinction

A&
CHEEN /"k\ .., »>Does not kill the reflection but lower
o . intensity.

N~ . .
» How to avoid? — give some stress
\/\ > B\ 46X
NN

(increase mosaicity by e.g. LN2 quenching,

heat & quenching, etc.)
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Factors affecting the relative intensity of Bragg reflections

SEOUL NATIONAL UNIVERSITY

» Structure factor

> Polarization factor
» Multiplicity factor
» Lorentz factor

» Absorption factor

» Temperature factor
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Lorentz
Factor

A measure of the amount of time that a point of the
reciprocal lattice remains on the reflection sphere during
the measuring process

Cullity 4-9 (~ 4 pages)
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lpeak | «——— I
max

Full Width at

Intensity

Ipkgd

—a_

Half-Maximum I3

zepeak Position (26)

20,

> Diffraction occurs over a range of angles.

v Incident X-ray is not perfectly collimated.

= Angular divergence of the incident x-ray leads to

diffraction from particles with slightly different orientations.

v" Incident X-ray is not purely monochromatic.

v" Crystals can have mosaic structure.
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Geometrical factor - 1

Imax
—> B
26,
integrated
Imax & B intensity =

dyp = AD — CB = a cos 6, — a cos 6,

= acos (0, — AB) — cos (65 + AG)].

Total length of the plane

Opy = 2aA0 sin 6 =3 | 2Na A6 sin O

Path difference b/w rays scattered by
atoms at either end of the plane (3 & 4)

Diffracted intensity = zero when

2Na AG sin 95 = A

Af

A

2 Na sin 03-

<« 00>

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses
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Max angular range of the peak

Cullity page 145~147 20




Geometrical factor - 1
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B\

20,

lax O 1/sIn B B O 1/cos 6;
Size & strain broadening

Integrated . 1
Intensity O 1. B O (1/sin 6g) (1/cos 8g) O m

(1)
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Geometrical factor - 2
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> Intensity of a reflection at 6; depends on the # of crystals oriented at or

near B;.
» This # is not constant even when the crystals are oriented completely at

random.

» Powder specimen at O

» ON; normal to hkl plane in one crystal

of the powder

» AB; range of B near 6 over which

diffraction is appreciable
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Geometrical factor - 2

SEOUL NATIONAL UNIVERSITY

> Planes with ends of their normals lying
in this band on the surface of the
sphere, are diffracting.

> Fraction of crystals favorably oriented

for reflection = ratio of strip area to

area of the sphere.

AN  rAQ - 2mrsin (90° — 65) A6 cos 05
N 4rrr? 2

» Number of crystals favorably oriented for diffraction

AN [ cos 65
(2)
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Origin of powder diffraction pattern
incident
x-ray beam
DEBYE RING

of diffraction

CHAN PARK, MSE, SNU  Spring-2022 Crystal Structure Analyses 94




Geometrical factor - 3

SEOUL NATIONAL UNIVERSITY

2TR sin 26;

Part of cone A Part of cone B A & C has larger proportion of
Circumference A Circumference B diffraction cone than B on the film.

> Relative intensity = integrated intensity per unit line length of one diffraction
line is compared with that of another.

» Can get larger proportion of diffraction cone when reflection is forward or
backward direction (286 << 90° or 26 >> 90°).

» Smaller proportion of cone when 26 [090°.

1
Relative intensity per unitlength 0 ——— (3)
sin 20
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Lorentz-polarization factor (Lp factor)

( 1 )(cos 9)( 1 )_ cos § 1
sin 20 | sin 26 sin®20 4 sin’@ cos @
(1) (2) 3) Lorentz factor

SEOUL NATIONAL UNIVERSITY

50 T T T T T T T

polarization (1 + cos? 26) i - ]
factor

30 - —

1 + cos’28
sin’ 6 cos 6

L-P factor

20 —

Lp factor

10 |~ —

| ] ! 1 1
0 20 40 60 80 100 120 140 160 180

0

two-theta (degrees)

» Geometrical factors decrease intensity of reflections @ intermediate angles

compared to those in forward or backward directions.

> Lp factor decreases the intensity at intermediate 26 angles.
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» In powder technique, accurate sampling & homogeneous

mixing are critical.

» Factors affecting observed intensity to depart from the

theoretical one (important in quantitative phase analysis)

v Preferred orientation (texture)
v Microabsorption

v Extinction
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Microabsorption
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» Mixture of a & B

> When y, = g and particle size of a & f is different. >

microabsorption can make I(calculated) deviate from I(observed).

> If g >> Y, or particle size of a >> size of B - Intensity diffracted

from a crystals will different from the calculated intensity.

> Can be negligible when (1) p, = pg, and particle size of a & B is same,

or (2) particle size of a & B is very small.

> Powder samples should be finely ground.
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Microabsorption
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® Largest source of residual error in QPA by XRD due to microabsorption
®* Occurs when sample contains a mix of low & highly absorbing phases

A disproportionate amount (more or less) of observed intensity comes from
individual grains relative to what would be expected for the average absorption of
the sample

* High absorbers

Beam absorbed in surface of grain

— Only a fraction of the grain diffracting |||

Intensity under-overestimated — low QPA

®* Low absorbers

Beam penetrates further into grain

— Greater likelihood of ‘volume

diffraction’ occurring & High absorber
Intensity over-estimated — high QPA D) Low absorber
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Microabsorption

» When dealing with a new sample, it is difficult to determine whether a correction
for microabsorption is required without first obtaining additional information.

» The Brindley model is most frequently applied correction.
v Requires knowledge of absorption contrast and particle sizes.
= The latter is not easily achieved in ‘real’ samples.
» The Brindley model assumes spherical particles of uniform size.
v Assumption is unrealistic in real samples.

v Even when particle size is measured by e.g. laser-sizing or SEM, the best form of
correction can still be unclear.

» Many applications suffer from unnecessary and/or excessive correction.
v' Largely overcorrected when addressed.

> Better results achieved through care in sample preparation than in application
of correction

» Microabsorption is virtually absent for neutrons.

v Neutron diffraction based results can act as a ‘benchmark’ for X-ray studies.
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- Sample Related Factors Affecting Accuracy
Microabsorption (cont’d)

® Brindley devised criteria for assessing whether microabsorption is
likely to present a problem

— uD = (linear absorption coefficient X particle diameter)

Fine powders
— 1D < 0.01 — negligible micro-absorption, no correction necessary

— 0.01 < 4D < 0.1 — micro-absorption present, normal Brindley model applies
o Coarse powders

— 0.1 < uD < 1.0-larger micro-absorption effect, use Brindley model to
estimate effect — provided uD is closer to the lower limit

o Very coarse powders

— 1D > 1.0 —severe micro-absorption effect, beyond limits of model,
concept of micro-absorption loses meaning
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Intensities of diffraction peaks
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» RELATIVE intensity (no absolute intensity)

> Factors constant for all lines are omitted.

|; relative integrated intensity F; structure factor
p; multiplicity factor A; absorption factor
e?M: temperature factor

2
Hull/Debye-Scherrer |y _ | g2 (1 + COs 23)/—1(9)(—32‘”
camera sinfcos 6
Diffractometer [ = |F|2p (1 T COS#ZH)E-- 2M
sin®fcos 6

okt = ()| (e ) oo s oo ) )
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Intensity
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Intensity diffracted by a single phase powder specimen in a diffractometer

AN/ i, \2e* 1/ 1 1 +cos”28\ |{ e
I(hkl) = (=2 . = x
(hkl) ( 32ar )[(éhr) mzl(vz)[w(hk”‘ p(sinz@ cos 9)]( 2u )

I(hkl) = integrated intensity per unit length of diffraction line

lo = intensity of incident beam A = cross-sectional area of incident beam
r = radius of diffractometer circle V = volume of unit cell

F(hkl) = structure factor p = multiplicity factor

e?M = temperature factor W = linear absorption coefficient
(170) Relative intensity
> e d[&] Int-f - h k|1
2 (111) 32600 13 111
£ (102) (e01) 28210 100 2 0 O
s 1.9340 R 2 21
1.7010 2 311
Lo Ly L | Loy L Livs 1EEBD 15 2 2 2
0 10 20 30 40 50 60| 70 80 1.4100 E 400
20 (deg.) v

Peak E . .
P 4 sragg's law ()= 2@sin@
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Electron density distribution

Protein myoglobin
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