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Ch. 3

Review - Almansi strain

3.1 A SIMPLE EXAMPLE WITH ONE DEGREE OF FREEDOM

2

0

2 2
0

2

1
2
1

2
n n

A
n

l l l
l l

e
-æ æ ö

- ç ÷
ö -ç ÷= =

ç ÷è øøè
• The strain measure : [eq. 3.41]

• Virtual strain increment:
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• Internal virtual work and internal force:
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Ch. 4 4.5 ALMANSI’S STRAIN
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• Almansi strain can be contrasted with Green’s strain

2 : ( )Green Lagrange strain-E
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[eq. 4.90]

[eq. 4.91]

[eq. 4.92]
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Ch. 4 4.6 THE TRUE OR CAUCHY STRESS

• In the updated coordinate system by maintaining the directions of the original rectangular cartesian 
system (refer to section 3.3.6), we will need to use a stress measure that relates to this new (or 
current) system.

• Even if we adopt a “Green strain – 2nd Piola-Kirchhoff stress” system, we may wish to interpret our final 
stresses in relation to the final geometry.

True (or Cauchy) stress
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• In section 3.2, it is shown that for true stress, corresponding virtual strain should be: 
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• In 3D, it is generalized by:

[eq. 4.93]



Ch. 4 4.6 THE TRUE OR CAUCHY STRESS

• Relation between the Cauchy stress and the 2nd Piola-Kirchhoff stress
• Equivalent work concept

0: :i v vV dV dVd d= =ò òS E σ ε [eq. 4.94] :Cauchy stressσ
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[Fig 4.11 Two-dimensional areas: (a) initial element (b) final element]
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Ch. 4 4.6 THE TRUE OR CAUCHY STRESS

0 0 0: : : :i v v v vV dV dV d VJ V dd d d d= = = =ò ò ò òσ ε σ ε τ ε S E

where : ( )J or nomiKirch nalhoff stress=τ σ
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[eq. 4.100]

[eq. 4.101]
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[eq. 4.103]

[eq. 4.105][eq. 4.104]



Ch. 4 4.6 THE TRUE OR CAUCHY STRESS

11 1 1
2 2 2

T T
T- - ¶ ¶ ¶ ¶æ ö æ ö æ ö æ ö= - +ç ÷ ç

é ù
é ù = ÷ ç ÷ ç ÷¶ ¶ ¶ ¶è

-ê úë ø è ø èû
ú èë øê û ø

u u u uA I F F
x x x x

[eq. 4.91]

• From the definition of Almansi strain, the virtual variation can be derived. 
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• Since virtual variation for conjugate strain of Cauchy stress is         , the Almansi strain is not conjugate to 
the Cauchy stress.

vdε

[eq. 4.106]
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Ch. 4 4.6 THE TRUE OR CAUCHY STRESS

• The strain-rate tensor, can be considered as:

• Strictly, a stress-strain conjugate pair should be derived from:

( ) : ( )V stress st r erain at= :V virtual internal power
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[eq. 4.107, 4.108]

[eq. 4.109]

[eq. 4.110]

gv rel adocity ient

Velocity gradient tensor
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• From the definition of Green strain,

1
2

T= é ù-ë ûE F F I [eq. 4.74]

1
2

T T
v v vé ù= û+ëE F F F F   T v v

v v
¶ ¶

=
¶

= =
¶ ¶ ¶
x x xF L F
X x X
 



1 1
2 2

T T T T T T
v v v v v vé ù é ù= =+ + =ë û ë ûE F L F F L F F L L F F ε F 

[eq. 4.111] where [eq. 4.112]

[eq. 4.113]

• Same formulation for stress-strain conjugates can be derived.
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Ch. 4 4.7 SUMMARISING THE DIFFERENT STRESS AND STRAIN MEASURES

• External tractions can be expressed either in terms 
of the original configuration or the final 
configuration, by 1st Piola-Kirchhoff stress.

[Fig4.12 Areas in the initial and final three-dimensional configurations. 
(a) initial (b) final]
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TJ -= =P σF FS [eq. 4.116]

• Let infinitesimal volume       is made by parallelepiped of   dv
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Ch. 4 4.7 SUMMARISING THE DIFFERENT STRESS AND STRAIN MEASURES

TJ -= =P σF FS [eq. 4.116]

• The 1st Piola-Kirchhoff stress, which is non-symmetric, is work-conjugate to the infinitesimal virtual 
displacement gradient, vD
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“Initial”

“Final”
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[Fig4.13 A simple example of polar decomposition]

[Fig4.14 A more complex example of polar decomposition]
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[eq. 4.124]

[eq. 4.125]

[eq. 4.126]
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[eq. 4.130]
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Stretch

Rotation
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• It is useful to vary the directions of        and find the principal stretch values and their corresponding 
directions. Lagrangian multiplier method can be used to do this.
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[eq. 4.133]

[eq. 4.134]

[eq. 4.135]
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[eq. 4.137]

[eq. 4.138]

Reading assignment
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( )2 2 2 2
1 1 2 2 2 3 3 31 ( ) ( )T T T T T TDiagl l l l+ += ==F F U U N N N N N N Q N Q N

[ ]21 3( ) =Q N N N Nwhere

( )2 2 21 31 31 3 ( ) ( )T T T TDiagl l l l+ + ==U N N N N N N Q N Q N

[ ] 0l- =U I N

• Similarly,      can be obtained from: V
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• Rotation matrix       can be expressed by:R
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Thank you!


