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1. Introduction

- Analytical photogrammetry (4% AtZIZ7E<h): mathematical calculation of
coordinates of points in object space based upon camera parameters, measured
photo coordinates, and ground control

- Analytical photogrammetry forms the basis of many modern hardware and software
systems, including: stereoplotters (analytical and softcopy), digital terrain model
generation, orthophoto production, digital photo rectification, and aerotriangulation.

- This chapter presents an introduction to some fundamental topics and elementary
applications in analytical photogrammetry.



2. Image Measurements

- A fundamental type of measurement used in analytical photogrammetry is an x and
y photo coordinate pair.

- The analytical photogrammetry assumes that light rays are straight and focal plane
of a frame camera is flat. This requires various correction of measured coordinates.

- In many analytical photogrammetry methods, it is necessary to measure image
coordinates of common object points that appear in more than one photograph.



3. Control Points

- Object space coordinates of ground control points are generally required for
analytical photogrammetry (A.P. afterward) where GPS is frequently employed.



4. Collinearity Condition
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Ficure 11-1 The collinearity condition.

* Collinearity condition is the
most fundamental and useful
relationship in A.P.

* Collinearity Is the condition that
the exposure station, any object
point, and its photo image all lie
along a straight line in 3D space.



C-7 3D Conformal Coordinate Transformation
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Ficure C-6 XYZ and xyzright-handed three-dimensional
coordinate systems.

 Transformation equations are
developed in two steps: (1)
rotation and (2) scaling and
translation

« Step 1: Rotation from x’ y' z' to
Xy Z system

1) o rotation about x'(x;) axis:
Y =y, 2 >z

2) ¢ rotation about y, (y,) axis:
x'(x1) = X3, 21 — 2,

3) « rotation about z,(z) axis:
Xo =X, Y2 Y



Second
rotation (¢)

Third /

rotation (x)

First

Ficure C-7 The three sequential angular rotations.

Ficure C-8 Omega rotation about the x’ axis.
Xy =Xx'
Y1 = Y'COSw + z' sinw
z; = —y'sinw + z' cos w
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Ficure C-9 Phirotation about the y, axis. Ficure C-10 Kappa rotation about the z, axis.

Xy = —2Z1SIn@ + x4 cos P . |
| j = in
= (—=y'sinw + z’ cos w) sin$ + x’' cos P X = X CO_SK Y, Sin K
Y, =Yy1=Ycosw+z sinw y = —x,SiNK + y, cOS K
= 71C0S ¢ + x4 Sin ¢ z =1
= (—y'sinw + z' cosw)cos ¢ + x; sin P
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x=x"(cos ¢ cos k) + i’ (sin @sin ¢ cos K+ cos @ sin K)
+ z’(—cos @ sin ¢ cos K+ sin @ sin K)

Yy =x"'(—cos ¢ sin K) + ¥’ (—sin @ sin ¢ sin K+ cos @ cos K)
+ z’(cos @ sin ¢ sin K+ sin @ cos K)

z=x"(sin @) + y'(—sin @ cos @) + z’ (cos @ cos @)

/ ! !
=My X + My Y + My3Z My1 Mz Mp3

—_— / ! !
=My X +Mmqpy + M3z x| [Mi1 Mz My3
N y =
= M3, X + M3,y +ms32 z M3y Mzz Mg33

cosxx’ cosxy cosxz'|
!/

M=|cosyx" cosyy' cosyz
coszx' coszy' coszz'




The rotation matrix is an orthogonal matrix, which has the property that its inverse is
equal to its transpose:

M~t=M"
X my; My, My31|x’ x' my; Mpyy M3z [x
yl|=|M21 My Mas||y'| > |y'|=[M12 Mz Mz |y
Z msq Mgz Ma3l|,/ 7' mqi3 Mp3 Mg33l11z

Step 2: Scaling (s) and Translation (T, T;,, T;)

X =sx"+T, =s(myx + my;y + mgyz) + T, -7 UnKnowns -s, o, ¢, x,
Y =sy' + T, = s(myyx + myyy + mys3z) + T, Lo, Ty, T

7 =sz' + T, = s(my3x + My3y + Masz) + T, 3 poinishavingx,y,z
coordinates are required?



X = sM*X + T: Nonlinear in terms of the unknowns s, ®, ¢, k

— Linearization by using a Taylor series expansion including only the first-order terms

X, = (X,) aXpd aXpd+aXpd+aXpd+aXp dT+aXp at, + (222) ar
(K)ot 55 ) B+ 5e ) 4@ g ) 4P o ) T \ory ) ot ) “v " \ar,)

— [Xp — (Xp)o] + pr = aq1ds + adw + a13d¢ + ay4di + a45dT, + a16dTy + a17dTZ

= %) ot (22) don (72) i a (2) e s (22 ar o (P2) ar s (22 ar
(P)+as *aw) 0 \5p) @ \ac) Har,) YT \ar,) A Far,)

— [Yp — (Yp)o] + vyp = a21dS + azzd(k) + a23d¢ + a24dK + azsde + a26dTy + a27dTZ

Z, = (Z,) 70 45+ (22) dw+ (22) ap+(Z2) q+ (L2 dT+aZp ar, + (222 ar
2o\ 55 S+aw *"\og ), ¢ o ) T\t ), or,) “'v " \at,) “'*

— [Zp — (Zp)o] + va = a3,ds + as,dw + a33dq.’> + asadk + azsdTy + azedT), + a37dTZ




C-7 3D Conformal Coordinate Transformation

Ay =My Xp+ My Yp+ My 2,
a,=0
a,=[(-sin ¢ cos k) x,+ sin @sin K (y,) + cos ¢ (z,)]s

a,=(myx,—m,y,)s
Q)= (mu;cp —myy P) 5

A=y =0, =1

15 =0y =l =y = Aps = Ay = By My T Miglp T Wi

Ay =My Xp+ MpYp+ MyZ, A3y = (M Xp + MYy + M3Zp)S

a,=(-m, x,—m,y,—m,z)s a,,=[(-cos @m )x, +(—cos @m, )y, + (-cos @m, )z |s

(= [(sin @m, ) x, + (—sin @m,) y,+ (sin @my) z,]s @y = (MyuX, — M, Y,)s



D-3 Development of the Collinearity

Condition Equations
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Ficure D-2 Image coordinate system rotated so that

it is parallel to the object space coordinate system.

* Collinearity condition is the
most fundamental and useful
relationship in A.P.

* The collinearity condition
equations are developed from
similar triangles of Figure D-2
as follows:

Xlqg _ YVla _ —Zlg

XA—Xy Yao—Y, Z1—Z4y
/ Xa—X|, ! ! Ya-YL !
— — 7 — VA
*a (ZA_ZL) a'Va (ZA_ZL) ¢

Ly— 27
Z’az(A L)Z,a
Zp— 171y




X =mqyX +myyy +mysz’ Xa = mllxa: + m123’a: + mlBZa:
Y =My X + My V' +My3z’ 5 Va= M21%Xa + M22Ya T Ma3Zg.
Z =mg X' +mgyy +my32 Zg = M31Xq + M33Y, + M33Z,

X 1—X Y A=Y Z4—7

Xg =My (== 2'g + myp (7220 + M3 (=2 ) 2 (1)
Zp—1], Zp—1], Zp—1],
X —X Y A=Y Za—71

Vo =My | 2=2)2' g +mypy | 2—2) 2 + mys Z'q (2)
Zp—1], Zp—1], Zp—1],
Xa—X| Yao—-Y, Za—2Z]

Zq = M3 Z'q +ms; Z'q + ms3 Zq (3)
Za—2Z], Za—7Z], Za—2Z]

* Dividing (1) and (2) by (3), substituting z, with —f and adding corrections for offset
of the principal point (x,, y,) following collinearity equations are obtained:



mq1(Xa—X1)+m,(Y4-Y)+m3(Z4—Z1) (D-S)
Xa = Xo — M31(Xa—X1)+tmz(Y4-Y)+m33(Z4—Z))

Mo (Xa—XL)+Map(Y4—Y)+mp3(Za—2Z1) (D-6)
Ya = Yo — f ms31(Xa—Xp)+m3,(Y4—Y)+m33(Z4—Z1)



D-5 Linearization of the Collinearity
Equations

My (Xa—X1)+m12(Ya—-Y)+my3(Z4—Z1)) — 5 _ff (D-5)
M31(Xa—X1)+m3(Y4-Y)+m33(Z4—2Z})) 0 q

G=y,=y,—f (M1 (Xa—X1)+mMon (Y a—Y ) +my3(Za—Z])]
¢ 0 M3 (Xa—Xp)+m3, (Y=Y )+m33(Z4—Z1) )

“F+ (25 o+ (25} ap+ (2E) an+ (2 ax, + (25 av, + (25 az, + (25 ax, + (25 av,+ (25 4z
R ) R a¢0¢ o) “ T \ox,) T \oy,) T \ez,) T \ax,) 4T \ay,) “4 T \oz,) A

— ] + vxa = blld(l) + blzd(P + blgdK — b14dXL — blSdYL — b16dZL + b14dXA + blSdYA + b16dZA

—G+6Gd+aGd+aGd+aG dX+aG dY+aG dZ+aG dX+aG dY+aG dZ
Ya =0T\ gw) a¢0¢ o) “ T \ox,) T \av) T \az,) T \ax,) A T \av,) 4 T \az,)

— K + Uya = b21d(1) + b22d¢ + bzgdk — b24dXL - bZSdYL — b26dZL + b24dXA + b25dYA + b26dZA

F=x4g=x0—f

yo—fz (D-6)



D-5 Linearization of the Collinearity
Equations

b, =L [r(cmy AY +my, AZ) — g(em,, AY +m,, AZ)]

q
_f;_ [r(cos @ AX + sin @sin ¢ AY — cos @wsin ¢ AZ)
q

1

b12

— (- sin ¢ cos K AX + sin @ cos ¢ cos KAY — cos @ cos @ cos KAZ)]

b i(mnAX+m22AY+m23AZ)

13:

q
by = L (rmy — qm,))

14 7
b n= qiz (rmaz g qmu)
b16 o qiz (rmaa o qml?)



D-5 Linearization of the Collinearity
Equations

b, = qiz [s(-my, AY + m,, AZ) — g(—-m,, AY +m,, AZ)]
b,= ;ff [s(cos @ AX + sin @sin ¢ AY — cos wsin ¢ AZ)
—g(sin ¢ sin K AX — sin @ cos Psin KAY + cos @ cos ¢ sin K AZ)]
b, =§ (m, AX +m, AY +m,, AZ)
b, = qiz (smy —qm,,)
b, = q—f;- (s, —qm.,)
b, = iz (5145 — qmit,,)

=

K=y =y +f=
y,.yofq



5. Coplanarity Condition

Ficure 11-2 The coplanarity condition.

» Coplanarity, as illustrated in Fig. 11-2, is the condition
that the two exposure stations of a stereopair, any object
point, and its corresponding image points (L4, L,, a4, a,,
and A) on the two photos all lie in a common plane.

 Coplanarity condition:
0 = Bx(E1F, — E;Fy) + By(F,D, — F,D;)
+Bz(D1E, — Dy Eq)

Where, By =X, —X,,,By =Y, —Y, B, =2, —Z,
D = (my1)x + (myy)y — (m31)f
E = (my)x + (my3)y — (mgz)f
F = (my3)x + (my3)y — (m33)f



D-7 Development of the Coplanarity
Condition
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Equation

((My1)1%1 + (Mp1)1y1 — (M31)1f
(My2)1%1 + (M23)1Y1 — (M32)1f
(my3)1%1 + (Mg3)1y1 — (M33)1f

[(My1)2x2 + (M31)2y2 — (M31)2f ]
(M12)2%2 + (My2)2y2 — (M32)2f

|(My3)2%2 + (My3)2y2 — (M33)2f
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|B] /1,7

1/
-t

Ficure D-4 Parallelepiped formed by three vectors
used in the coplanarity condition equation.

= Bx(E1F, — E3Fy) + By(Fy D, — F,D1) + Bz (D1E, — D;E7) =0



6. Space Resection by Collinearity

- Space resection (2% 2 2[®), a method of determining the six elements of exterior
orientation (w, ¢, x, X;, Y;, and Z,) of a photograph.

- This method requires a minimum of three control points, with known XYZ object space
coordinates, to be imaged in the photograph.

- Linearized forms of the space resection collinearity equations are:

[Example 11-1] A near-vertical aerial photograph taken with a 152.916-mm-focal-length
camera contains images of four ground control points A through D. Refined photo
coordinates and ground control coordinates (in a local vertical system) of the four points are
listed in the following table. Calculate the exterior orientation parameters o, ¢, «, X;, Y;, and
Z; for this photograph.
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Fieure 11-3 Space intersection with a stereopair of aerial photos,

« After the elements of exterior
orientation for both photos of a
stereopair are determined by the
space  resection, object point
coordinates for points that lie in the
stereo overlap area can be calculated
using photo coordinates of a; and a,.

b14_dXA + blSdYA + b16dZA :] + vxa
b24dXA + b25dYA + b26dZA = K + Uya

b,14dXA + blldeA + b,16dZA — ], + U,xa
b,24dXA + bIZSdYA + b,26dZA —_ K, + U’ya



» Because the equations have been linearized using Taylor’s theorem,

Initial approximations are required for each point whose object space
coordinates are to be computed.

 For these calculations, vertical photos with normal aerial photography
can be assumed, and the initial approximations can be determined by
using the parallax equations where H and B can be taken as average of

Z,, and Z;_, and \/ (XL, — XL1)2 + (Y, — YLl)Z, respectively.

(Parallax equations: hy = H — ﬂ, X, = BZa Y, = B 2a

Pa Pa ! Pa




« X and Y coordinates of point A from the parallax equations should be
converted to X and Y ground system using such as below coordinate
transformation equations:

X=ax"—by +T,
Y=ay +bx"+T,

, where a and b are of rotation and scaling, and T, and T, are of
translation.



8. Analytical Stereomodel

* Adjacent two photographs having more than 50% of overlapped area
form a stereopair where object points In the overlap area constitute a

stereomodel.

* Analytical stereomodel are formed with 3D ground coordinates of points
In the stereomodel mathematically calculated by analytical
photogrammetric techniques.

* The analytical stereomodel Is formed by three primary steps: interior
orientation, relative orientation, and absolute orientation.

* The points In the stereomodel having object coordinates in the ground
coordinate system can be used for many purposes such as digital

mapping




9. Analytical Interior Orientation

* Interior orientation for analytical photogrammetry, commonly called

photo coordinate refinement, Is the step which mathematically
recreates the geometry In the photograph based upon camera
calibration information as well as atmospheric refraction effects.

* For both film and digital photography the lens distortion and principal-
point information from camera calibration are then used to refine the
coordinates so that they are correctly related to the principal point and
free from lens distortion.



10. Analytical Relative Orientation

« Analytical relative orientation Is the process of determining the
relative angular attitude and positional displacement between the
photographs that existed when the photos were taken.

* This Involves defining certain elements of exterior orientation and
calculating the remaining ones.

* [t IS common practice to fix the exterior orientation elements w, ¢, «,
X;, and Y; of the left photo of the stereopair to zero values. Also for
convenience, Z;, of the left photo (Z,) Is set equal to f, and X, of the

right photo (X, ) Is set equal to the photo base b.



10. Analytical Relative Orientation

=1

[ Fixed |

Ficure 11-4 Analytical relative orientation of a stereopair.




11. Analytical Absolute Orientation

« After analytical relative orientation the relative coordinates of model
points can be converted Into absolute ones by 3D conformal
coordinates transformation in a ground-based system

* Once the transformation parameters have been computed using control
points, they can be applied to the remaining stereomodel points,
Including the X;, Y;, and Z; coordinates of the left and right
photographs. This gives the coordinates of all stereomodel points In
the ground system.





