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6.1 Laplace Transform. Linearity. First Shifting Theorem (s-Shifting)

= Inverse Transform (& Bi2h: L ~(F)=f(t)

M Ex.1 Let f (t) =1 when t>0. Find F(s).

L (f)=L (1):je5‘dt=—%e5‘
0

M Ex.2 Let f(t) = e2*when t > 0, where a is a constant. Find L(f).

L (eat) _ Te—steatdt :Le_(S—a)t
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6.1 Laplace Transform. Linearity. First Shifting Theorem (s-Shifting)

% Theorem 1 Linearity of the Laplace Transform
The Laplace transform is a linear operation;

that is, for any functions f(t) and g(t) whose transforms exist and any constants a

and b, the transform of af(t) + bg(t) exists, and

L (af (t)+bg(t))=aL (f(t))+bL (g(t))

M Ex.3 Find the transform of cosh at and sinh at. -
cosh at:%(eatJre‘a‘), sinh at:%(ea‘—e‘a‘) — L (e"’“):é, L (e‘at)zﬁ
a _a 1( 1 1
= L (COShat):_[L (e t)+L (e t)]zg(s—a+s+aj: szia2
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6.1 Laplace Transform. Linearity. First Shifting Theorem (s-Shifting)

Table Some Functions f(t) and Their Laplace Transforms £(f)

f(0) L(f) f() L(f)
1 1/s 7 cos wt > .
2+ w
1)
t 1/s2 8 sin wt
52 + w2
2 3 S
t 2!/s 9 cosh at
s — a2
" n! ; a
10 sinh at
n=0,1,---) Gt 2 _ 42
e '@+ 1) s—a
ot A 11 % cos wt
(a positive) go+1 g eod (e — a)z 4 02
at 1 at - w
e = 12 e sin wt >
$oda (§ — a)2 + w
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6.1 Laplace Transform. Linearity. First Shifting Theorem (s-Shifting)

< Theorem 2 First Shifting Theorem (Ml 1 0| &d]), s-shifting (S-0|S)

If f(t) has the transform F(s) (where s > k for some k),

then e®f (t) has the transform F(s — a) (where s —a > k). In formulas,
L {e"’“f (t)} =F(s-a)

or, if we take the inverse on both sides, e*f(t)=L"{F(s-a)}.

Proof) We obtain F(s—a) by replacing s with s — a in the integral, so that

F(s—a)= jo‘“e—“—a)t f (t)dt = j:e—st [e f (t)]dt =L {e* f (t)}

Engineering Math, 6. Laplace Transforms niv. |



6.1 Laplace Transform. Linearity. First Shifting Theorem (s-Shifting)

M Ex. 5 Formulas 11 and 12 in Table 6.1,

s—a : )
L (e* cosawt)= , L (e*sinwt) =
( ) (s—a) + ( ) (s—a) +w
For instance, use these formulas to find the inverse of the transform. o
3s—-137
L ( f ) — 2
s°+2s+401
(a=-1, o= 20)
3(s+1)-140 .
f=L" ( 2) =3L™" Sjl —7L 220 =e™' (3cos 20t — 7sin 20t)

(s+1)" +400 (s+1)" +400 (s+1)"+400
6 _'.I
’ jll I| Irl'I
2 |—| | || II

N | | | L AN A A
o] '0'.5'I |' 1’|.q' ". 15 2__._6 V2.5 %07 ¢
—2|—| || || llll v
mf

_4F III|
il

Engineering Math, 6. Laplace Transforms




6.1 Laplace Transform. Linearity. First Shifting Theorem (s-Shifting)

% Theorem 3 Existence Theorem for Laplace Transform

If f(t)is defined and piecewise continuous on every finite interval on the semi-
axis t >0

and satisfies | f(t) | < MeX for all t >0 and some constants M and k,

that is, f (t) does not grow too fast (“growth restriction (SJtXI&H)”),

then the Laplace transform L ( f) exists for all s > k.

g Proof) Piecewise continuous — estf (t) is
~ \ / integrable over any finite interval on t-axis.
1 \ s ILOK] ‘ ‘S‘f(tdt‘ [t @l
Example of a piecewise r..:ontinuous Functit.::-n f(t). < J‘oo Me e stdlt = M
(The dots mark the function values at the jumps.) 0 s—k
| f(t) | < Me for all r>0? |(1) f(t) =cosht, (2) f(t)=t", B) f(t)=
t 4N | t t2 _9 o 2 3 n
cosht<e,t'<nle,e =: cosht:%(et+e‘t)<%(et+e‘)= Z(;n——1+x+%+%+---:>et>%:>t”<n!et

e’ >Me" (not satisfied) i]j t/ ;
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6.2 Transform of Derivatives and Integrals. ODEs

< Theorem 1 Laplace Transform of Derivatives (=& 42| 2tZatA Heh
L (f7)=sL (f)-(0),
L (f")=sL (f)-sf(0)-f"(0).
PI’OOf) (integration by parts)
L{f'(t)}= j: e f()dt=e ™ f (1)) +s j:e—st f (t)dt
= —f(0)+sL{f()}
L{f'(t)}=sL (f)-f(0)
L{f"(t)}= _f:e‘St fr()dt=ef'(t) +s j:e-st f(t)dt
=—f'(0)+sL { f'(t)}
=s[sL (f)- f(0)]- f'(0) ,
L{f"(t)}=s’L (f)=sf(0)-f'(0) EHOf = T+ 10
—Stf(t)\ j —se ¥ f (t)dt + j e f/(t)dt

L{f"(t)}=s’L (f)-s*f(0)—sf'(0)— f"(0) e F O +[ se ™ f(O)dt=[ e ' (t)at

jo & Seoul
Bt

i i ‘E' lationa
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6.2 Transform of Derivatives and Integrals. ODEs

% Theorem 2 Laplace Transform of Derivatives

Let f,f’...,f"" be continuous for all t >0 and satisfy the growth restriction

| f(t) | < MeXt.

Furthermore, let f ™ be continuous on every finite interval on the semi-axis t

> 0. . (f(“)):S”L (f)=s"*f(0)=s"2f"(0)—-- - f(n—l)(O)

M Ex. 1 Let f(t) = tsinwt. Find the transform of f (t). o
f(0)=0,
f'(t)=sinwt+awtcosat, f'(0)=0,

f"(t)=2wcos wt — w’tsin wt

" S
= L(f ):2a)82+a)2—a)2L )=s°L ( /(/)—f%
— oL (f)=L (tsinmt)=—22
(52+a)2)

el 4
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6.2 Transform of Derivatives and Integrals. ODEs

< Theorem 3 Laplace Transform of Integral (2 £2| 2}=Z2tA HE

Let F(s) denote the transform of a function f(t) which is piecewise
continuous for all t>0

and satisfies a growth restriction | f(t) | < MeX. Then, for s>0,s>k, and t>
0,

L(f()=F(s) = L@f(f)dz)zlp(s), jf(f)df:u@F(s)J

Proof) g(t) = j; f(r)dz
9O [, f (s

— ¢(t) also satisfies a growth restriction.
g'(t) = f (t), except at points at which f(t) is discontinuous.
g'(t) is piecewise continuous on each finite interval.

g(0) =0.
From Theorem 1

L{f®}=L{g'®}=sL{g®}-g@)=sL{o©)} --L{g (t)}=§L 1 (1)}

b E?;’ eoul ;
] ] ‘ ationa 10
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6.2 Transform of Derivatives and Integrals. ODEs

% Theorem 3 Laplace Transform of Integral

L (f(t)=F(s) = L@f(f)m]:ip(s), if(r)dT:L-l(lF(s)

S

S

J

f@®

£(f)

7 cos wt d
52 + w? . a
) L {sin ot} = ———| |L {cosmt} = ———
8 sin wt 2. 3 S+ @ S™+
M Ex. 3 Find the inverse of % and — 21 ~. ¢
s(s*+0°) s?(s*+ o)

s @ )

. 1 (sinor 1
Ll(sz L 2jzisina)t = L 1[s(sz+ 2)] dr =—(1-coswt)
+ @ @ w
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6.2 Transform of Derivatives and Integrals. ODEs

++ Differential Equations, Initial Value Problems:
Step 1 Setting up the subsidiary equation (2 X2 A 4]),

y"+ay'+by=r(t), y(0)=K, y'(0)=K,

(Y=L (y). R=L(r)

5% —sy(0)—y'(0)|+a[sY - y(0) |+bY =R(s) = (s*+as+b)Y =(s+a)y(0)+y'(0)+R(s)
Step 2 Solution of the subsidiary equation by algebra.

1 1
. e Q S = =
Transfer Function (&8 & & =): (5) s? +as+b (s+1aj2+ 1

Solution of the transfer function: Y (s)=|(s+a)y(0)+y'(0)]Q(s)+R(s)Q(s)
Step 3 Inversion of Y to obtain vy.

y(t) =L (V).

Engineering Math, 6. Laplace Transforms



6.2 Transform of Derivatives and Integrals. ODEs

M Ex. 4 Solve Yy'-Yy=t,

Step 1

Step 2 Q=

Step 3

t-space

y(t):L_l(Y)=L‘1($j+L—l(

Given problem
y”_y =t
y0) =1
¥'(0} =1

sY —sy(0)-y'(0)-Y=5 =

s-space

y(0)=1 y'(0)=1

Subsidiary equation
(s2-1)¥=s+1+ 1/52

Solution of given problem
y(t) =e* +sinht—¢

}

Solution of subsidiary equation

1 .1 1
Y_s—1+s2—l g2

Fig. 116. Steps of the Laplace transform method

@
)Y =s+1+=
S
s+1 1 1 N 1 1
2 (a2 2 T2
-1 §*(s’-1) s-1 (s"-1 s
-1 1 t -
—L7| = |=¢e +sinht-t
2
S
Table Some Functions f(t) and Their Laplace Transforms £(f)
£ L(f) f@® L(f)
s
1 1 1/s 7 S Wt
/s cos @ EF
2 1/s 8 sin w1 =
t /s sin w 2
3 I 21/s3 9 -osh at =
/s cosh a R
" n! ; a
4 Bl e et 10 sinh at 22
1 I’(a + l) ¢ §—a
5 a5 — 11 e cos wt
(a positive) gat1 (s — a)z + o2
6 ot : 12 e sin wt =
S —=d (x7(1)2+w2
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6.2 Transform of Derivatives and Integrals. ODEs

M Ex. 5 Solve y"+y'+9y=0. y(0)=0.16 y'(0)=0 °

Step 1 S%Y —0.165+SY —0.16+9Y =0. (s> +s+9)Y =0.16(s+1)

0.16(s+1) 0.16(s+1/2)+0.08

2
$°+s+9 (s+1/2)2+3:)

Step 3 y(t) - —1(Y) _ e—t/2 {016 oS \/ﬁ 0.08 . @tj (@a=-12, o= \/;)

Step2 Y=

ENITN

=e"?(0.16c0s 2.96t +0.027sin 2.96t)

Table Some Functions f(t) and Their Laplace Transforms £(f)

10 ) | 5o (f)
1| 1 1/s 7 cos wt 2
‘ ‘ + w
[
| w
t 1 8 sin wt
‘ g
3 9 h at sy
4 e . 10 h a —
n=0,1,--+) gntl - a
5 b vase 11 e cos wt | =
(a positive) gatl | s-a?+w
[ 1
6 | ——— 1 t
(s—a)+ o
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6.2 Transform of Derivatives and Integrals. ODEs

Q? Solve
y'+7y' +12y =21e*, y(0)=3.5, y'(0) =-10 .

Table Some Functions f(t) and Their Laplace Transforms £(f)

\ £(t) e 580D L4 of D L(f)
1 1 1/ 7 t -
s cos w
2+ w?
72 . w
2 il t 1/s 8 sin w!? 5 =
| 5 @
[
‘ 2 20 | ‘ S
3 | t 21/s* 9 | cosh at ==
_\'2 a
" n! ; i a
. 10 sinh at [
A | m=0,1,--+) gl S | §2 — g2
(@ I'a+1) ‘ s—a
5 o - 11 e™" cos wt 5 5
(a positive) A,aﬂ ‘ s—a)’+w
t 1 at [ @
6 e — 12 e™ sin wt | S
[ s a ’ s —a)?+ o
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6.2 Transform of Derivatives and Integrals. ODEs

S-domain analysis
/ (algebraic equation) \

Laplace Transform Inverse Transform

Problem | ___| Time domain analysis | ---
(differential equation)

[ Relation of Time domain and s-Domain ]

55/
[l
b i
2L
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6.2 Transform of Derivatives and Integrals. ODEs

% The process of solution consists of three steps.

Step 1 The given ODE is transformed into an algebraic equation (“subsidiary
equation”).

Step 2 The subsidiary equation is solved by purely algebraic manipulations.
Step 3 The solution in Step 2 is transformed back, resulting in the solution of

the given problem.

1 5 Solvin Solution
Initial Value Algebraic AP g olutio
Problem Problem
(XI5t EH) (HXHERI AL by Algebra IVP

Solving an IVP by Laplace transforms

Engineering Math, 6. Laplace Transforms




6.2 Transform of Derivatives and Integrals. ODEs

&

% Advantages of the Laplace Method

1. Solving a nonhomogeneous ODE does not require first solving the

homogeneous ODE.
2. Initial values are automatically taken care of.

3. Complicated inputs can be handled very efficiently.

S22

sgd
-k
@

567
[
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6.3 Unit Step Function (Heaviside Function).

Second Shifting Theorem (t-Shifting)

< Unit Step Function (THl AT &)

« Unit Step Function (Heaviside function): u(t—a):{

 Laplace transform of unit step function:

—st|®

00 s B 0 s ~ e
L {u(t-a)}= [ e ut-aydt=[ e 1dt=—=

uif)

0 :

Fig. I8. Unit step function w(t)

t=a

ulf —a)l

1

0

Fig. 119.  Unit step function ult — a|

“on off function”
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6.3 Unit Step Function (Heaviside Function).

Second Shifting Theorem (t-Shifting)

“ Unit Step Function

i)

=] e 557 o
I| |II f |'II II|
| \ j / | I' | |I I

[ [ S S
0 T EI:'T t 0 2w 2m ¢t 0 2 m+22m+2
5+ I"u"ll R I‘k._-"ll 5L Il'k_x"ll
(A) flt)=5sint (B) flt)uit—2) (C) flt —2hult—2)

Fig. 120. Effects of the unit step function: (A) Given function.
(B) Switching off and on. (C) Shift.

T 4 Anviumd
L | f
L rﬂ.“ © t | | f H1 f Il'l
~k— — 0 2 4 6 8 10 t
(A) Blu(t = 1) = 2u(t - 4) + ult — 6)] (B) 4 sin {%nt}[u{ﬂ —ut-2)+ult-4)—+ -]

Fig. 121. Use of many unit step functions.

b: Nation.
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6.3 Unit Step Function (Heaviside Function).

Second Shifting Theorem (t-Shifting) et [e ]

f(t)= f(t—a)u(t—a):{

<+ Theorem 1 Second Shifting Theorem (X| 20| & “d2|); Time Shifting

0 if t<a
f(t—a) ift>a

L(f(t)=F(s) = L(f(t-a)u(t-a))=e™F(s), f(t-a)u(t-a)=L"{e™F(s)}

Proof) @ ®F (s)=e"

[ e f(r)de=

r+a=t, thusr=t—a, dr=dt

e *F(s) = '

v a

J0

Yoo

et f (t—a)dt

e f (r)dz

e f (t—a)u(t —a)dt = jo‘”e-st f (t)dt

Engineering Math, 6. Laplace Transforms
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6.3 Unit Step Function (Heaviside Function).
Second Shifting Theorem (t-Shifting)

M Ex. 1 Write the following function using unit step functions and find its

transform. (
(0<t<1)

f(t)=1 t/ (1<t<7s)
' cost (t>74)

Step 1 Using unit step functions:

f(t):2(1—u(t—1))+%t2(u(t—l)—u(t—%ﬁ))ﬂcost)u(t—%ﬂj

Engineering Math, 6. Laplace Transforms



6.3 Unit Step Function (Heaviside Function).

Second Shifting Theorem (t-Shifting)
L (f(t—a)u(t-a))=eF(s)

M Ex. 1 Write the following function using unit step functions and find itsL (t) n!

transform.

Step 1 Using unit step functions: f(t)=2(1—U(t—1))+%t2(u(t—1)—u(t—%nj}(cost)u(t—%nj

Step 2

b {33 g3 bl b G B
ool (ol e

2 —7S /)
= . L(f)=g—geS+(i3+—2+2ijes—[i3+l+”—je % _ 21 e 2
S S s® s 2s

Engineering Math, 6. Laplace Transforms ; Iniv. .



6.3 Unit Step Function (Heaviside Function).

Second Shifting Theorem (t-Shifting)

M Ex. 2 Find the inverse transform f(t) of L {sin at}=— @ )
=S ~2s _3g S t+w
F(s)= 29 1 29 - € < Time shifting
SHm S 7 (3+_2_)_ ________________________________ L (f(t-a)u(t—a))=e*F(s)
1 sin 7t 4 €7 .
-1 - L == t-1))u(t-1
e e e S I

:%sin(ﬂ(t—Z))u(t—Z)

% S-shifting

L {e*f(t)}=F(s-a)

f (t)=Zsin (7 (t-1))u(t-1)+ —sin (7 (t-2))u (t-2)+ (t-3)e P (t-3)

—
T T
0 (0<t<1) 03 ra
. t ! j
_(Sm” ) (1<t<2) 0.2+ ] \ —
- a 0.1k /
0 (2 <t< 3) 0 L"I I"l r ! | |
(t _ 3) e—2(t—3) (t > 3) 0 1 2 3 4 5 & t
where, sin (7 (t-1))=sin(zt—r)=-sinzt,sin(z(t-2))=sin(zt - 27 )=sinzt
el );;'. Seaz'll |
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6.3 Unit Step Function (Heaviside Function).

Second Shifting Theorem (t-Shifting)

Q? Solve using Laplace transform.

y'+3y'+2y=1if O<t<l and Oif t>1 .
y(0)=0, y'(0)=0

Nati
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6.4 Short Impulses. Dirac’s Delta Function. Partial Fractions

v . _ . 00 (t=a)
< Dirac delta function or the unit impulse function: &§(t—a)=

0 (otherwise)
Definition of the Dirac delta function

fk(t_a)z{% (ast<a+k)

0  (otherwise) = J(t-a)=lim f (t-a)

k -0

< Laplace transform of the Dirac delta function

) . 1 ) S F,-Area =1
[ f(t-a)dt= Sdt=1 = [o(t-a)t=1
0 0

= L io(t—-a)=e"
" " {o(t-a)f
__aks —ks  A-0s —ks
imi=® = _lymé e - Ltde _ 1 o
k>0 ks s k>0 k-0 s dk |, S
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6.4 Short Impulses. Dirac’s Delta Function. Partial Fractions

M Ex. 1 Mass Spring System Under a Square Wave
Step 1 y"+3y'+2y =r(t) =u(t-1)-u(t-2).

Step 2 S°Y —3sY +2Y :E(e‘s &) Y(s)=

S
”1/2

y(0)=0 y'(0)=0

1

s(s® +3s+2)

1

(e—s . e—ZS)

1/2

Step 3 F(s)=

_ 1 1
ft)=L'(F)==-e"+=e™
(t)=L (F) > >

y=L"'(F(s)e”* ~F(s)e™)

/(t Du(t-1)— f-2ut-2)

% Time shifting

L (f(t-a)u(t-a))=e™*F(s)

s(s2+35+2) s(s+1)(s+2)

S

— +
(s+1)

0
={ 1/2-e "V 41/2e74

—e D 42 4 1/2e72

¥t)
1

0.5

0

S+2

% Time shifting

L (f(t-a)u(t-a))=e*F(s)

% S-shifting

L {eatf (t)} =F(s-

a)

(0<t<l)
(l<t<?2)

(D _1/2e72 (t>2)

0

E—_—_———_——_———
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6.4 Short Impulses. Dirac’s Delta Function. Partial Fractions

M Ex. 2 Find the response of the system in Example 1 with the square wave

replaced by a unit impulse at time t = 1.

Initial value problem:

Subsidiary equation: s%Y +3sY +2Y =¢°

s+1_s+2

y"+3y'+2y=5(t-1), y(0)=0, y'(0)=0
% Dirac’s Delta
L {5(t-a)}=¢"*
% Time shifting
L (f(t-a)u(t-a))=e™*F(s)

> Y(s)= e )=£ L L Je‘s —

(s+1)(s+2
— f(t=Du(t-1)—g(t—1)(u—1)

s—a
—e Iyt -1)-e*(u-1

)=t = f(h)=e”, g(t)=e ™

—
—
dD

1 0 (0<t<1)
Ly(t) =L (Y)= { e _g 2D (g5

y(t)

0.2

0.1~

0

I
[l
b iy

S
338
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6.4 Short Impulses. Dirac’s Delta Function. Partial Fractions

Q? Solve
V' +9y=5(t-=/2), y(0)=2, y'(0)=0 .

Nationa
Engineering Math, 6. Laplace Transforms Lj\ Univ.



6.5 Convolution. Integral Equations

% Transform of a product is generally different from the product

of the transforms of the factors.

L (T+9)=L(1)+L(9) L (1g) =L (1)L (9)

% Convolution (BH4&): (f+*g)(t)=

f(r)g(t-7)dr
=L (f*g)=L (f)L (9)

M Ex. Transform of a Convolution

Evaluate | {j;eT sin(t—z')dz'} =L (et*sint)

O'—'r—k

Solution) f (t)=¢", g(t)=sint

0 n!
L{t }: n+1

S
L{ea‘t}z—1
s—a

L {sinwt}=

s* + @*

L {coswt}=

S°+

L { [ e sin(t—)dz } _F(s)G(s) = L {1l {sint}

1 1

Ts—1 5241 (s—1)(s?+1)

Engineer

ing Math, 6. Laplace Transforms
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6.5 Convolution. Integral Equations

t

% Convolution: (f * 9)(t) :_[ f (7)9 (t_T)dT

0

** Theorem 1 Convolution Theorem

If f(t) and g(t) are piecewise continuous on [0, o) and of exponential order,

then L (f=g)=L (f)L (0)

M Ex. 1 Let H(S):(s—a)s . Find h(t). o
1 1 1 1
L (h)=H(s) L(h)=L(f*g)=L(f)L(g)=——=, L(f)=——,L(9)==-
s—as s—a S
-1 1 __ qat -1 E _ _ at>X< :t ar :E at
L (S_—aj—e, L (Sj_l = h(t)=e"*1 !e 1dr a(e 1)
L= L=
s s—a

VR St gy
E'j\ /(\Iln;u 3 |
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6.5 Convolution. Integral Equations

M Ex. 2 Convolution

valuate H (s)= ry7 find (D) = L'l{ L }

(s°+w (82+a)2)2
- 1
Solution) Let F(s)=G(s) = :
(6)=66)= 7, o7y ol
f(t)=9(t)=£|-1{ 20) 2}zisina)t B
0] S +w 0 s—a
. w
L {sinwt}=
L'l{( > 1 2)2}=i2j;sina)rsina)(t—r)dr tsinot} s° + o
S +w @
1 .1 L{coswt}:SZ >
t +o
== IOE[COS(wr—wt+wr)—Cos(a)r+a)t—a)r)]dr
1 1[1 . t
= 2_[[cos(Za)r—a)t)—cos(a)t)]dr = 2[—sm a)(ZT—t)—TCOSa)t}
20° *° o | 2w .
= 12[Smwt—tcosa)t}
20 1)
Engineering Math, 6. Laplace Transforms Elj:N , 32




6.5 Convolution. Integral Equations

M Ex. 4 Repeated Complex Factors. Resonance — Undamped mass-spring

system

y"+ gy = Ksinw,t

The subsidiary equation

Ka,

%Y +aY = =Y(s) =

In Ex. 2, we found

S +a)02 (s* + )’

y(0)=0 y'(0)=0

_# 1 |sinat
H (S) - (52 +6f)2)2 I:> h(t) - 20)2 |:

—1cos a)t:|

The solution

y(t) = Kao, {sm W,t

—1tcosw,t
20; 0}

Wy
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6.5 Convolution. Integral Equations

“* Property of convolution
= Commutative Law (L2t &): fxg=gx*f
= Distributive Law (S & =): f*(g,+9,)=f =g, + f g,
= Associative Law (Z & 2l): (f*g)*v="f=*(g*v)

= Unusual Properties of Convolution: f*0=0*f =0

M Ex. 3 Unusual Properties of Convolution

fxlef

t*lzj:r-ldr:%tz £1

(S
v
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6.5 Convolution. Integral Equations

“ Application to Nonhomogeneous Linear ODEs by convolution

y"+ay'+by=r(t), y(0)=K, y'(0)=K, (Y=L (y), R=L(r))
5% —sy(0)-y ]+a[sY y(0)]+bY =R(s )
= (s +as+b (s+a) y/QO/j+y/éd )+R(s
1
Q(S):seras+b ( 1 )Z 1,
Ss+—-a| +bh—=a 0
2 4 (fxg)(t)=]f(r)g(t-7)dr

If y(0)=0 y(0=0 = Y=RQ frg=g*f

=y =[ qt-o)r(z)dr

e
(e
b Sy
2
w
(1]
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6.5 Convolution. Integral Equations

then

** Theorem 1 Convolution Theorem

L (fxg)=L(f)L (9)

If f(t) and g(t) are piecewise continuous on [0, o) and of exponential order,

Proof)

F(s)=], e f(x)dr and G(s)=| e g(p)dp

L (f*g)=L (h)=H(s)

t=p+7, p=t-7, t=[r, ©)

G(s) = j
F(s)G(s)=

F(s)G(s)=| e

g(t-r)dt=e" | e ¥g(t—r)t

Oe f(r)e" j “eg(t-r)dtdr = j: f(7) fe‘“g(t —7)dtdr

j (0)g(t- f)dzdt_j e h(t)dt =L (h) = H(s)

jo‘” j f(t)dtdr

L

£

Engineering Math, 6. Laplace Transforms
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6.5 Convolution. Integral Equations

M Ex. 5 Response of a Damped Vibrating System to a Single Square Wave °

y'+3y'+2y=r(t)=u(t-1)-u(t-2). y@0)=0 y'(0)=0
1 1 1
(s°+35+2) s+1 s+2

S$°Y —3sY +2Y :E(e‘s —e®) =0(s)=
S

q(t) — e—t _ e—2t
r(t)=1, only for 1<t <2 )
Fort<1, y=0 | , I
' [
= t —7). — t —(t-7) _ 5-2(t-7) s I I
F0r1<t<2,y—j1q(t 7) 1dT_.[1e e dr 0.5 i ,i -_
i 5 ' :

=]

t 0
o 1 L. 1 iy 1 .
_| D) _Zg2tn) | 2 g (D) | T a2
2 2 2

1

For 2<t, y(t—T)-ldf ZQ(t—T)-ldz' :JlZe_(t-r) _e2t-g

2
U o L ooes (am 1 e
— e(t 1)__e2(t) :e(t 2)__62(t 2) e(tl)__e2(t1)
2 ) 2 2

Liﬁ"(r
i
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6.5 Convolution. Integral Equations (X &7 4])

% Integral Equation: Equation in which the unknown function appears in an integral.

Unknown

v e e
f(O)=g(t) -IJ:J‘; f(o)h(t - Z')dZ' : Volterra integral equation for f(t)

M Ex. 6 Solve the Volterra integral equatlon of the second kind.

Iy SlntZ'th °

Equation written as a convolution: y—y=sint=t L (y)=Y(t)

1 1
Apply the convolution theorem: Y (s)-Y(s) I
IS YWW=tr% s

(2ad]
L
i

50
155y
‘]
S2Y
3¥3
w
©
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6.5 Convolution. Integral Equations

M Example An Integral Equation
t
Solve  f(t)=3t2—e - jof(r)et-fdf for f(t)

Solution)

L {f@®}=3L {t?}-L {e'}-L {j; f(r)e”dr}

|
F(s):323' L —F(s)- 1
S s—1

+1
6 6 1 2
S S S

s+1

R E e R H s P
S S S S+1

=3t°—t3+1-2e"

1

(f=g)(t)=
L (f*g)
L{t"y=

o'—‘-—r

n+1

l_ {eat} -

S—a

L {sinwt}=

$° + @’

L {cos wt}=—
s°+w°

f(r)g(t—7)dr

L(UL(®

Engineering Math, 6. Laplace Transforms

I
[l
b iy




6.5 Convolution. Integral Equations

Q? Solve y(t) +2¢' L: y(r)e"dr=te'

Q? find f(t) if L {f(t)} equals:

g Nationa
Engineering Math, 6. Laplace Transforms 3 LJ_-\ Univ.



6.6 Differentiation and Integration of Transforms.
ODEs with Variable Coefficients

/

«» Differentiation of Transforms
F(s)=L (f)=je‘5‘f(t)dt = F'(s):Z—Zz—Te‘Sttf (t)dt=-L (tf)
0 0

= L (tf(t))=-F'(s), L{F'(s)}=—tf(t)

M Ex.1 We shall derive the following three formulas.

1

(Sz+ﬂ2)2 2—ﬂ3(sin,8t—ﬂtcosﬂt)
S t .
(32+,82)2 ﬁsmﬂt

(82+,82)2 %(Sinﬂt"fﬂtcosﬂt)
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6.6 Differentiation and Integration of Transforms.

ODEs with Variable Coefficients

s + § ) ﬂtcosﬂt
S

(32+ﬂ2)2 < ] ﬁsmﬂt
s* 1.

m ﬁ(smﬂuﬂtcosﬂt)

By differentiation

L {tf ()} =—F'(s),
L {F'(s)}=-f()

L(sinﬂt)=sz+ﬂz |:> L (tsin pt) =—F'(s )— 2’88

By differentiation

= (_S'”ﬂt ] (< +S/;2)2

sT+pi-2st T p
(SZ+,82)2 (SZ+IBZ)2

S
L —
> L (tcos ft) = (S o
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6.6 Differentiation and Integration of Transforms.

ODEs with Variable

Coefficients

L {tf ()}=-F'(s),

1 -1 / —_
(s2+5°) A 55 sin pt—pecos p ) il
> t H 2 2
(32 Z;BZ)Z 1 ﬁsmﬂt L (tcos At) = (SSZ _:,8,32)2
Eepf | gt sees) L (sinpt)=—2—
S°+p
L<1[£Sinﬂt+tCOSﬂtj}=E[ 21 : N Szz_ﬂ;z]:lszq-ﬂ:—l—szzzﬂzz 23222
2\ p 20(s*+ 4% (S*+p°)°) 2 (sP+p) (s°+ /%)
1 (1. 1 1 s-p )1 S+ -5+ p
25 [ESM Loteoss tj}‘ Zﬂ{(s%m (82+/32)2j 2 S+ F)
1 25 1

T2B (S H B (S + P
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6.6 Differentiation and Integration of Transforms.
ODEs with Variable Coefficients

f(t T e (el T
< Integration of Transforms: L {¥} =LF(§)O'§ = L {j F(S)ds}:T)
S

Proof)

'—.

R e ]

%
]
b i
2
'S
B
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6.6 Differentiation and Integration of Transforms.
ODEs with Variable Coefficients

SO ] O fr e, e o]0
L {F'(s)}=—1(1) 5 t
2 2 2
M Ex. 2 Find the inverse transform of |n(1+z)—2J ~In> :260 .
o'\ s+’ Derivative d 2 2 2\ 2S 2S
|n[1+82j_|n - . E(In(s +o’)-Ins )_82+a)2_82

Case 1 Differentiation of transform

F(s):L(f)=In£1+a)—2j = L‘l(F’(s))zL‘l(ZZSZ ij 20t — 2 = —f (t)

S

2c0st—2 2
)= ==(

wof(t
( !

1-cosat)

Case 2 Integration of transform

G(s): 2S 2

-~ = 9(t)=L7(G)=2(coswt-1)
Lo [ln(u‘;’—n 1@@ 5) sj @Q:%(l—coswt)

2 2
S"t+w S
Because the lower limit of the integral is “s”
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6.6 Differentiation and Integration of Transforms.
ODEs with Variable Coefficients

% Special Linear ODEs with Variable Coefficients | (f)=sL (f)-1(0),
dY

__ 2 _ ur "y — 2 . . 1
L () =<5V =y (0)] =Y -5 L (f")=s°L (f)=sf (0)=f'(0).
: (ty">=—%[szv ~5(0)-y (0)]=-25 - G+ ¥(0) Lt O =—F(s)
M Ex. 3 Laguerre’s Equation, Laguerre Polynomials
Laguerre’s ODE: ty"+(1-t)y+ny=0 (n=0,1,2,--), y(0)=y'(0)=0 °
, dY y(0)—f 2y s )iy =
{—ZSY—S OIS+y(0)}+sY y(0) (Y sdsj+nY 0
Y
= (s-s°)—+(n+1-s)Y =0
(5-5) %+ (n+1-5)
dY n+1-s ( n n+1)
= =— > = d )
Y S—S s—-1 s Rodrigues’s formula
s—1)" | =L7'(Y)="?
= InY =nIn(s-1)—-(n+1)Ins= InY = (S 1) = Y:(s””)
s""
n| % S-shifting

In the mean time, L {t"e _t}—m <:| L {e"f(t)}=F(s-a)| |L{t" b= s |

)'
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6.6 Differentiation and Integration of Transforms.
ODEs with Variable Coefficients

M Ex.3 Laguerre’s Equation, Laguerre Polynomials
Laguerre’s ODE: ty"+(1-t)y+ny=0 (n=0,12,---), y(0)=y'(0)=0 .

L{te}=— 1 _ F(t)=t"et = £(0) = £/(0) =,....= F"(0) =0

L(f<“>):snL(f)_s“/;)_sn2176)-..._f<7f(o):sw(f)

d" nis"
L t"e ) b= — =
{dtn ( )} (s+1)"

Back to |y = &Y | =L(Y)=2

t % S-shifting
L{In}:L{d (t“e‘)}:i MDDy o U et (1)) =F(s-a)

n! dt" nl (s1+n™ "
1, n=0
() =L (Y)=<gt gn
(D=L (Y)=1¢ d (te?), n=1, 2, -
n!dt"
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6.6 Differentiation and Integration of Transforms.
ODEs with Variable Coefficients

Q7 Solve | | {t?sin3t} ="

Nationa
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6.7 Systems of ODEs

% The Laplace transform method may also be used for solving systems of

ODE (AESUIZ 884,

a first-order linear system with constant coefficients.

y1’ =a, Y, +a,y, t gl(t)
yé =dy Y tayy, t+ gz(t)

sY; - ¥,(0) = a;,Y; +a,Y, + G,(8)
sY, —¥,(0) =a,,Y; +a,Y, +G,(s)

(a11 - S)Yl +8,Y, =—Y, (0)- Gl(S)
ayY; + (azz - S)Yz ==Y, (0)- G, ()

Y, =L (yl)' Y,=L (yz)’
Gl =L (91)’ Gz =L (92)

:>Y1’ Yz =Y, = L _1(Y1)’ Y, = L _1(Y2)
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6.7 Systems of ODEs

M Ex. 3 Model of Two Masses on Springs

The mechanical system consists of two bodies of mass 1 on three springs of
the same spring constant k. Damping is assumed to be practically zero.

Model of th "_ _ _
Model ofthe Y, Ky, +K (Y, —¥:)

system: y,"=—K ( Y, — yl) —ky, g

k
- 4 (0)=1, ¥,(0)=1 or—@ -
conditions: Y, (O) = ﬂ, Y, (0) = —@ Y1 § ,
@ DF o m, = 1
Laplace s%Y, —s—+/3k =—KkY, +k (Y2 —Yl) <
transform

5°Y, —s++/3k =—k(Y, =Y, )—kY,

EJ’ Seo. 50
y Natic |
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6.7 Systems of ODEs

M Ex. 3 Model of Two Masses on Springs
s°Y, —s—v/3k =—kY, +k(Y,-Y,)
s°Y, —s+~/3k =k (Y, -Y,) kY,

@ Cramer’s rule or Elimination

_(S+\/37k)(52+2k +k( \/37k)_ s . J3K
Y= (32+2k) _ K2 s?4+k  s?+3k
(S \/37k)(52+2k +k( \/37k) S J3k

Yo = (52+2k) _ k2 T 21k sP+3k

@ Inverse transform

y,(t)=L - (Y,)= cos vkt +sin+/3kt
Y, (t)=L(Y,) = cos vkt —siny/3kt
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