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Critical Load for a Simple Spring-Bar System—Equilibrium Approach

Undeformed System Deformed System

» Equilibrium at the slightly disturbed with a rotation 0

Unstable : Bifurcation
g MA —0=PLsinf — k6 Equilibrium \ i/ point at P,

p ko
= for = Lsin@
. <—— stable
» Small displacement theory Equilibrium
sinf =6
k6 k
tan6 = 0 = P,=—=-
cosf =1 Lo L o

4
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Critical Load for a Simple Spring-Bar System—Energy approach

» Total potential; IT = U + v,
= U=W, =ko?
= V,=-W, =—PL(1—cos8)
= [=U+V, =kt - PL(1— cost)

p Stationary total potential for equilibrium condition; % =0
dafl
= %—O—kg PLsin 6 b ko
= for = sing
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Post-Buckling Behavior

» Introduce a disturbing moment M,

P
L Rigid Bar
kO=Restoring Moment
My=Disturbing moment
é k k=Spring constant

Undeformed System

» Equilibrium approach

PL/k

ZMA:O:PLSIHQ‘l‘MO_kH

0 (radians)

Load-deflection relations for spring-bar system with disturbing moment.
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Stability Criteria by an Equilibrium Approach

» Introduce an additional small rotation 6* Lsin(6 +6°)

: S

————————————————————————————————————————————

L Rigid Bar

» Equilibrium equation

zMA — 0 = PLsin(6 + 0%) + My — k(6 + 67

\ . sin(6 + 0%) =
902% = PL:9+9 _60: o+06" — b sinf cos8* 4+ cos O sin 6"
k k  sin(@ +60*) sinf + 0*cos6 cosf* = 1
sinf* =~ 0*
PL PL
= ?sin9—0+90+0*(7c030—1> =0
=0 due to equilibrium condition
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Stability Criteria by an Equilibrium Approach

» Locus of points for which 8 + 0 while equilibrium is just maintained, that is the
equilibrium is neutral:

PL 6—1=0
—cosf — 1=
k
= cosé@ < —— the equilibrium is stable -that is, the bar returns to its original position

/k
when 6" is removed; energy must be added.

= cosf = 7 the equilibrium is neutral -that is, no force is required to move the bar

a small rotation 6%.

= cos@ > PLIK the equilibrium is unstable -that is, the configuration will snap from an

unstable to a stable shape; energy is released.
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Stability Criteria by an Energy Approach

P
B b
_Ti
|
&
_ _ 1,92 _
> U - Wi - Zke MO — kgo 012
»V,=W,=—-PL(1—-cos@) —M,0 \

2 . —
P — %——(l—cose) — 0,0 oo \ Minimum /

/ stable \

Ik 0.04 Maximum \
\ / unstable \ /
> For@, =0.01and PL/k = 1.0 B B e N NN %

-0.04
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

)
Total potential for 8, = 0.01 and PL/k = 1.10.
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Stability Criteria by an Energy Approach

n_ 6% PL
4 E:——T(l—COSe)—GOO
2 * Minimum of IT d11 Ball in cup can
= > total potential  Stable a0z 0 be disturbed,
equalibrium but it will
* Energy must be return to the
added to change center.
} d(g;k) =0 — 00 — I;(_Lsin 6=0 configuration.
* Maximum of I d*n Ball will roll
PL — 6—69 * Unstable a0z <0 down if
k sin @ equalibrium disturbed.
= > Equilibrium " Energy is released
as configuration is
changed
d2(1/k) PL . Trfam.sition:rom dzl;l —o Ba|||| is free to
> — =1- —COS 9 — 0 m|n|.mum o de roll.
de k maximum @
PL 1 * Neutral
— = equalibrium
k cos @ * There is no change
. > Stablllty in energy
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Hardening and Softening Behavior in the Post-Buckling

» Equilibrium p Loy
= (kasinf8)acosf — My — PLsing =0
= 6y = My/(ka?)
. _PL _ sin@ cos 6-6
ka? sin 6 E‘/W ka sin 0
» Small deflection-ideal geometry
= 9, =0; sinf =0; cosf = 1 .
s a acosf
Py = L
p Large deflection-ideal geometry
" G,=0 AN
= P, = k%zcos 0 15

P Load-rotation curves
= Perfect caseof 8, =0
" |mperfect case of 8, = 0.01

= Softening - The load is decreased as
rotation increases.

= Theoretical buckling load is upper bound.

PL/ ka?

6,=0.01 —d 6,=0
1.0 <

=77 | A~L_unstable

7/
4 \\
,I \\
4 N
/ L\/
7 AY
/ \
/ \
/ \
/ \
/ \
/ \
L

0.5

0.0 A
-1.0 -0.5 0.0 0.5 1.0

6 (radians)

Load-rotation curves for a softening system.
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Stability Criteria for Softening Case

» Equilibrium equation for an additional small rotation 6"
|ka sin(6 + 0*)]acos(6 + 8*) — My — PLsin(0 +60*) =0
sinf* = 0" cosf8* =1
sin(@ + 6*) = sinf@ cos0* + cosfsinf* =sinf + 6*cos O
cos(6@ + 6*) = cosf cos@* —sinO@sinf* = cos@ —6* sin 6

+0*[ka?(cos?0 — sin20) — PL cos 0] — 0**[ka? cos @ sin] = 0

PL cos?0 — sin%6 B 2c0s%6 — 1

ka? cos 6 cos @

=

» In energy approach

k(a sin 0)?

= Total potential: I[1 = — My6 — PL(1 — cos 9)

L s ol 2 . . PL sin 8 cos 6-0,
u = —_ —_ = -> =
Equilibrium: —= = ka” sin@ cos 6 — My — PLsin =0 -> -— —
= Stability: o _ ka?[cos?0 — sin?0] — PLcos8 = 0 -> ——= = 2c0570 1
" 902 ka? cos @
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Snap-Through Buckling

$0.15 I T
A snap-through /

P
\\_

: \
P = \
-0.05 ‘\
. -0.10 =
Lsin(a —0) :
-0.15
0.0 0.2 0.4 0.6 0.8 1.0 1.2
kA 6 (radians)
A Load-rotation curve for snap-through structure for a = 30°.
Lcosa
Lcos(a — 6) P/2

Total potential : 1 = %k{ZL[cos(a — 0) — cos a]}? — PL[sina — sin(a — 0)]

Equilibrium : 3_1; =0 > é = 4[sin(a — 0) — tan(a — 0) cos a]

2
Stability : 22=0 > — =4

P ll—ZCOSZ(a—G)+cos(a—6)cosa]
062 kL

sin(a—-0)

9
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Multi-Degree-of-Freedom System

ngld bar Pin
P \ < P

= A]_: l/)L and A2: HL

. _A1;A2:y:¢_9
LZ

" g =L—LcosH ~

" & = &5+ L[1— cos(¥ — 0)] =2 (202 + % — 26)

_ L_‘/’Z_ 2 2 _
" g =&+ L6+ Yo)
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Multi-Degree-of-Freedom System

» This strain energy equals Up = —(A2 + A3) = —(1,02 +62)
» The Potential of the external forces equals Vp = —Pg; = —PL(6% + Y% — ¢0)
» The total potential is then

= M=U+V, = —(1/)2 + 02) — PL(6% + ¢? — 0)

» For equilibrium, we take the derivatives with respect to the two angular rotations:

2
Z—g =0 =" (2y) — 2PL + PL6
2
Z—g =0 =""(20) — 2PLO + PLY
» Rearranging, we get
[(kL2 — 2PL) ] lﬂ B
PL (k12 — 2pPL)l Lo
p M
Pcrl = kL i 3
i K k Kk
A=A, A= —A,

12 XHp% Seoul National University
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1. Large-Deflection Solution of an Elastic Column

= Perfectly straight = M(z) = Pv=—El¢ (1)
_de dv
= Elastic o =— = sin@
= Prismatic " ‘12_9+k sm@ =0 (2)
ds?
k2=_(3)

= Solutlon of Eq (2)

? 0 Vi1- stm2 (4)
p = sin?
Z = Sin >
ds p
Vo |
dz (2)

¢
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— .

Fig. p2.9¢

i
V(0) = T(%@Q)

1

dz = (B
quation 2.2: ‘—1—2+K2sm9-. ot
[ulti ly by df and mtegrate ‘fd 5 de+K Jslnede =' 0 £

rritls sralaemon

d*8 do :
Jﬁa—dH-K JsmGdG 0

. 0 218 4
1/do
) ds + KZJsin Bdo’ = 0= I:E (d_) ] —K?[cos 85,
8 el peslectly
9 et .
ture $(0) =0 = ZS_(O)

550,
2K?(cos 6 — cos 0,) = 4K? (smzf" — sin E) on

A} e
k. .do ity by @80
E = — +2K 4 /sin® 2 sin” 3

ause 0 decreases from 2= Otoz=L/2

b -———— L8

15

‘86  ELASTIC BUCKLING OF PLANAR COLUMNS

Atz=L/2, 6 =0; Integration from s = L/2tos=0 leads to

8, 0 L2
do
=1 —— —2de=2xjdg,=KL
J sin?% — sin?2 J ;
0 2 7 ) 0 ¢

Let sin = psina, where p = sin%rz : ,
when 6 varies from 1 to 0, sin a varies from J to 0 and « varies from Zto,

2p cosa do
+v30 = 2sin” (psma) de = ﬁ““ o {
' = rro

eoul National University
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2. Buckling Load

= Large-deflection solution

1.2

‘_—/

1.0

0.8 ¢
/,Lu B
& 6
a
/

0.4

whien

0.2

0.0

0 10 20 30 40 50

0, (degrees)

= Post-buckling behavior
= Hardening type

16

= Small-deflection assumption

sind ~0: L ~¢
as
El El d*v
¢~ ds?

d?v
9E1F+ Pv=20

~v' +k*v=0

= B.C.
v(0)=0;v(L)=0

> AsinKL =0+~ KL=m
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3. Differential Equation of Beam-Column

Wuﬂuu‘""’fﬂ“ﬂ
e v dM
' « ZMA—O’V‘V+PE—d_Z—O(1)

YE, =0~ ——av—q(Z)

" From (1) &(2)
dZ
dz 2

M = fArea(O-y)dA =¢ fA‘rea(Etyz)dA (4)

(0 =Eie =Eip-y)
= Elastic material and prismatic column
ELV"" + Pv" + av = q (5)

+P—+av—q (3)

4

L‘
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4. Pin-Ended Column

Elv® + Py =0

@z=0v=0M=0

B.C.
v(0) =0=A(1) + B(0) +c(0) + D(1)

v"(0) = 0= A4(0) + B(0) + €(0) + D(k?) »

v(L) =0=A() + B(L) + C(sinkl) + D(cos kl)

v"(L) = 0 = A(0) + B(0) + C(=k?sinkL) + D(—k? cos kL)

18

O RO -

" a=0;9g=0->v
v=_Cet+Ce"? 4+ Cze™ + Che™
Differential equation: — Cl + CZZ + CSGikZ 4+ C4e—ikZ (2)

o ~NOoO O

0

0
sin KL

—k?sinkl, —k? coskL

DU
TR
LEH
\/
et 4
\

7

\

V »

¥

Nl
‘l:

nrr + kzvn — O (1)

Boundary conditions: " v=A+4+Bz+Csinkz+ D coskz (3)
@7=Liv=0M=0 v"" = —Ck?sinkz — Dk? coskz (4)

1
—k?
cos kL

SIS

Seoul National University
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5. Eigenvalue Problem

1 O 0 1
0 0 0 —k? 0
1 L sin KL cos kL
0 0 —k?sinklL —k?coskL

— Lk*sinkL =0

N Ll =123

. = |5 =nm n=1273..

nm?EIl
CT: Lz
nmnz

A=B=D=0 ’\?U:CSinT

‘L‘E}? Seoul National University
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6. Five Fundamental Cases of Column Buckling

|.  Pined-Pined

Il.  Pined-fixed

Ill. Fixed-fixed

IV. Free-fixed

V. Fixed-fixed+sidesway

B.C.

A. Pinedend:v=v"=0 (1)

B. Fixedend:v=v"=0 (2)

C. Freeend:zero moment~ v’ =0 (3)

11 v

dU”

zero shear ~» V + Py’ +EI =0
-V = —EIU”’ —Pv' =0

4

Ll

3% Seoul National University
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7. Five Fundamental Cases of Column Buckling

» Deflection Egs
v=A+Bz+ Csinkz+ D coskz
vV =B+ Ckcoskz— Dksinkz
V" = —ck?sinkz — Dk? cos kz
V""" = —Ck3 cos kz + Dk3 sinkz

Eigenfunction Effective

Boundary Bucklin Eigenvalue  Length
Y 8 8
Case Conditions Determinant Buckling Load Factor
oy 1o 0 I sinkL =0
| | | [ O =vI0)=0 60 0 S 1.0
v({L) =vi(L) =0 I L sinkL coskL P. = Pg
| 0 0 —k’inkL —k’coskL «
. : 10 0 1 —
l ' i \_(0) - "II(O) -0 00 0 R lkan kl = kl
. . , - _ ] = 4.493 0.7
v(L) =V(L)=0 1 L sinkL  coskL P —2045p
! | 0 1 kcoskL —ksinkL c = VTR
| 10 0 1 . kL
. o MO =v(0)=0 01k 0 sin —-=0 0s
(L) =V(L)=0 1 L sinkL coskL kL =27 -
0 1 kcoskL —ksinkL Py =4Pg
0 0 0 —k? cos kLﬂ: 0
T T IV \‘”’(0) + kz\” = \’”‘0) =0 0 k2 0 0 kL = '; 2 0
v(L)=V(L)=10 I L sinkL coskL Pe :
1 v 0 1 kcosklL —ksinkL Pa =
0 1 k 0 S
y O +EY=v(0)=0 0 K 0 0 L i 1.0
(L) =V(L)=0 I L sinkL  coskL b _p ~
0 1 kcoskL —ksinkL o= TE
~ 3532 Seoul National University
VB Y .
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8. Effective Buckling Length

2
= P, = % = (ﬂ 1;;12 ; k=effective length factor

0.7L :

frr 7
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9.Effect of Imperfections

o

v
= s
T

» Small initial crookedness 1 —
/i R \
- I N \
» Small load eccentricity i A |
'- : N : .
(RN \ : I
» Small lateral load - Ll ;
‘\“ “ \ : ./..
\“J \| : /
P PT P
(a) Initial crookedness, v, (b) Load eccentricity, e (c) Lateral load, q
’3 X% Seoul National University
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10.Column with Initial Out-of-Straightness

p» Half-sine curve
. mnz
P Ui=v0$ln7
1 M;,, = —EIv"
Mgy = P(vi + ‘U)
~ EIV" + pv = —pv;

- . nz
% = V' + kv = —kzvosmT

(a) Initial crookedness, v,

» B.Cv(0) = v(L)=0

. MZ
‘U()SlnT

1-P/Pg

" Viotal = Vi TV=

L
vtotal(i) v/l
L  1-P/Pg

24

-(1)

-(2)
-(3)

-(4)

-(5)

Initial crookedness = one half sine wave

1.2

10}

—

o

0.6 !

0.4

0.2

0.0
0.00

4

L

r

\LLLL«((r

0.02 0.04 0.06 0.08 0.10
Vinax/L
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11.Column with Initial Out-of-Straightness

» Full-sine curve

S-shaped (full sine wave) initial crookedness

1 R S e T B R e bt
/
V;=VoSin— -(1) 3 / v, /L = 1/1,000
ey PIPE_ i 2T (2) === P/Pz=1.0
04-p/Pg L S I B P/Pe = 4.0
~
or a /
/
2mvg /1 //
0 0,total L ( P ) 1 ]
1__
4Pg
0
0.00 0.05 0.10 0.15

End slope, radians

eoul National University
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12.Column with Eccentric Load

—EIv" =P(e +v)

p V' + k?v = —k%*e - v =Asinkz + Bcoskz- e
e_le B.C v(0) = v(L)=0; k2=E%
/: : 1-cos kL .
il ~v=e(coskz+——- sin kz -1)
N (L)_ ( kL+1—coskL . kL 1
] N 2) T T ik T 2
\-.\ ! —2nd order analysis!
N (L)b st ord s _ ML* Pel?
\E v 5 y 1st order analysis = 8EI — BEI
2
p _rm (5)
(b) Load eccentricity, e 8 Pe
1—cosZ L
MF . ; 8 2| Pg
wEP/Pe) | gog [7

e E}"“ Seoul National University
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13.Column with Distributed Load

P

(c) Lateral load, q

27

leII + kall —

1—cos kL

q
e =
v pk? (

sin kL

\/n’

|

(kL)*

sinkz + cos kz +

v(g) :pZZ( :

COS —-
2

kL~

1st order deflection:

& MF =

384E1

1

8

5

1)

qL*

384E1

_ (kL)?

5k4L4

|

kL

COS —
2

8

24

G

v

N
=" Y~
&

ml )
LEEY

PSS Y]
s TS
(2l
y
-,
s

(kz)®> KLz
-5 1

A
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14.Magnification Factor

1
MF =
> 1-P/Pg 1.2
1.0
0.8
W
Q
z 06 Initial crookedness
04 —O— Eccentric axial load
' —O— Distributed load
0.2
0.0
0 2 4 6 8 10
Magnification Factor
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