Chap. 8 Similitude, Dimensional Analysis,
and Normalization of Equation of Motion

Approaches to study flow problems:
e Analytical solutions — available only for special
cases
e Physical experiments
- prototype (field experiment)
— model (smaller or larger than prototype)
e Numerical experiments — solve governing equations
+ boundary conditions using a computer
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Dynamic similitude (JJE4¥) FH1LL)

Fy

Fu
where F can be any type of force (e.g., pressure,
inertia, gravity, viscous, etc.)
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Considering only the magnitudes of the forces under
the assumption that the direction of each force is
matched between prototype and model, the dynamic

similitude gives:
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For dynamic similarity among 4 forces, we need 2
equations of force ratios among 3 forces (i.e. F,, F,

and F, =Ma,)



Scalar magnitude of forces:

pressure: F, =(Ap)A=(Ap)l?
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inertia: F, =Ma=pl T = pV-°I

gravity: F, =Mg = pl’g

viscosity: R, =u av A= ,u(\i)lz = uVI
dy I

elasticity: F. = EA=EI?

surface tension: F; =ol

Dimensionless numbers: relative magnitude (or
importance) of inertia force w.r.t. other forces
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For example, if F>>1, then F, >>F,, or the gravity
force 1s negligible compared to inertia force.
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5 equations for 6 forces (F,, F,, F5, R, Fe, Fy)

If 4 equations are simultaneously satisfied, the bth
equation 1s satisfied automatically.

In nature, some of the forces (1) may not act, (2) may

be negligible, or (3) may oppose each other so that the

effect of both is reduced.

— do not need to satisfy all the similarity.

— need experience or good understanding of fluid
phenomena to judge which forces are important.



Examples:

(1) Aerofoil (external flow) or pipe flow (internal flow)

—————

F., Fe, F; are not important — 3 forces are important
( FP’ FI ’ |:v)
— 1 equation between 2 forces (Reynolds or Euler)
— If Reynolds similarity 1s satisfied, Euler similarity is
satisfied automatically, or vice versa.

For drag force, D= pC,AV?, on aerofoil
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For pressure drop between 1 and 2 in pipe flow
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(2) Ship movement

/4 S4ip ~ generated waves
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g{ § restoring force

F., Fz, F, are not important, but F,, F;, F, are important.

Froude similarity: (%] “F,=F, = [%}
p m

Reynolds similarity: (\Llj =R, =R, = (—j
p m
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8.2 Dimensional Analysis (XICENT)

gives relationship among variables of fluid
properties and flow characteristics.

Basic dimensions in fluid mechanics:
length (L), mass (M ), time (t)
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Ex) Velocity: V :%
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Acceleration: a= =
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Force: F = ma:t—2

Principle of dimensional homogeneity: W72l ¢] 7z} 3}t
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Ex) P=1(Q, 7, E)
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where P = power of turbine 3

3
Q = flow rate (LT)

y = unit weight of fluid (Lll/ltzj

E, = unit mechanical energy of turbine (L)
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Note: 3 variables (Q, y, E,) and 3 basic dimensions
(M, L, t)are OK. How about # of variables > 3 ?

Buckingham IT theorem:

1. # of variables= n — f(a,a, ,a,)=0
2. # of basic dimensions involved = k<3
3. # of dimensionless groups (IT’s) = n—k
— (1, ,,-,,)=0
4. Dimensional analysis = expression of I1’s in
terms of variables
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Ex) Ship movement

/4 .s-l.;a - generated waves
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p, u,and drag force, D, are important.

f(D, p, ,V,1,9)=0

n=6, k=3, ..n—-k=3

f'(I1,, I1,,I1,) =0

I, I0,, I, = f(D, p, ,V,1,9) « FEL Z3to] 7153t

Introduce ‘repeating variables’, p, V, I.
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I, =f(D, p,V,1)

rlr
g
¥
il

I, = f(u, p,V, 1)

I, = (g, p,V, 1)



Dimensional analysis for I1,, I1,, I,
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Since I1, is dimensionless, the power ‘a’ is meaningless.
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Carry out experiment and plot experimental results:
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Calculate the drag force on prototype using similitude laws.
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3.3 Normalization of Equations

indicates important terms, similarities, Il terms.

Procedure:

(1) Select characteristic scales (for dependent and
independent variables).

(2) Define nondimensional variables wusing the
characteristic scales.

(3) Nondimensionalize the equations.

Ex) Flow past a body

Prooc BL (see 2p 1 12)
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G.E.: Navier—-Stokes equations
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Define nondimensional variables:
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Nondimensionalize the equations:
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Finally, we get normalized equations:
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1. Important II terms: R,F — We can evaluate the

importance of viscous force and gravity force
w.r.t. inertia force.

2. If R,=R,, F,=F,, then U, =U,,P, =P, -
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but u, #u, because V, #V,.





