CHAPTER 5. Static Magnetic Fields

Reading assignments: Cheng Chb, Ulaby Ch4, Hayt Chs. 8, 9,
Halliday Chs.28-30

1. Magnetostatics in Free Space (or in nonmagnetic media
\ excluding ferromagnetic materials)

‘\Steady—state (time—independent) magnetic phenomena caused
by moving electric charges or steady currents.

Deductive Approach
Define B and H = Fundamental postulates
= Derive other laws, theorems, and relations
(Gauss's and Ampere's laws, Biot—Savart law,
Vector magnetic potential, ...), which are
verified by experiments

A. Fundamental Postulates
to represent the physical laws of magnetostatics in free space
1) Magnetic flux density (or Magnetic induction) B

= magnetic flux per unit area (or = magnetic force per current moment)

. /\
B= lim @ (or F,/IL) (T or Wo/m? or N/Am) (1)
A s—0 AS
where @ = fB- ds (Wb or Nem/A) : magnetic flux (5-23)
5

F

m

is the magnetic force
F

m

= qu X B (N) on a moving charge ¢ in the field (5-4)

or F,, = ILx B (N) on a current-carrying element in the field (5-116)

n

N
Ll (cf) F. = qE (IL—q B—E)

4
r
\< / T

Notes)
i) Total electromagnetic force on a charge ¢
F=F+F,=q(E+uxB) (N): Lorentz's force  (5-5)
ii) Electromagnetic body force (= e.m. force per unit volume) in plasmas
f =f+f,=nq(E+uxB) =p,E+JXB (5-5)*
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2) Differential form of Gauss's and Ampere's laws

V + B =0 : Gauss's law for magnetism (5-6)
solenoidal (continuous closed loops, no magnetic flow sources)
V X B = pu,J : Ampere's law (in nonmagnetic media) (5-7)

Note) Vv - (5—7) = Vv - J=0 : Current continuity equation (5-8)
(Conservation of charge)
3) Integral form of Gauss's and Ampere's laws

B
/(5—6)dv = /V-dezo g ds
divergence theorem
e-75) L ygB ds =0 L (5-9)

. Conservation of magnetic flux

(No total outward magnetic flux thru any closed surface,
No isolated monopoles)
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/(57) ds = /VXB ds—uO/st
S S

Stoke's theorem . L
(2—103) :> B dl = p,I : Ampere's circuital law  (5-10)
(in nonmagnetic media)
Fieldor B ground any closed path

flux line

= current crossing the area bounded by the path
(Right—had rule for the directions)



(e.qg. 5-1)
Infinitely long straight wire carrying a steady current I

For a cylindrically symmetric field i 4*/ 1 /
/ i AN
7 3 \

(0/0¢ =0), Yy
(5-10) = 95 B-dl =p,1 N @4 W
C l \ 2 b T Cs
. \ ; \u_‘!] A ¢ !B_
) Inside the conductor (r <b) <) |
5
§5 B-dl = ,Lofl o
. 2mrB I
e r? By FIGURE 5—
= B(rdqb) = pu, 2] e
-0 b
S "
~ ol b ~/
= B(r)=¢——r (r<b) 511 |
2mh 1 }
) Outside the conductor (r > b) e R 5
f B-dl = p,I
~ 1ol 1
- B(?“dcb) =ul = B(r)=¢ Sy (r=150) (5-12)

0

Infinitely long coaxial line carrying a steady current I

(e.q.)
Axially symmetric (8/0¢ = 0).
(5-10) = 953- dl = p, 1
C
o
<
¢27TCL2 (r=a) a-f Iz
D %
= (asr=b) i
B(r)= s c
~ M()I C _?”2
Sr 2 b<r<e) (5-12)
0 (e<r)

iil'.l-..i
. { o, (N/ DI (r<a: inside)
0o (r>a: outside)
(5-12)%%

|
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(e.g. 5-2)
Current—carrying toroidal coil = Toroidal-field coil in fusion devices

toroidal field coil (B,)
—_central solenoid (Bp)

& | ERl 50 | § )
Ly | o B ) plasma currorgg
N turns {]' I i 2 vertical field coils(B,)
FIGURE 5-2 Tokamak Structure
2mrB

f B dl B { ,UJONL (b—a) <r< (b—l—a)
Je . —oolo, < (b—a), r>(b+a)

ONI
H l, (b—a)<r<(b+a)
N B(T) & 2m T (5-13)
0, r<((—a), r>b+a)

(e.g.) Infinite current sheet with a uniform surface current density J,

v

v

\ 4
-

v

n
G-10) = $Ba=pl = [Boa=u[-a
c O L
h=0_ BL+BL=pJL = 2B=pu,l

Ho
2

(cf) Two parallel current sheets n\
\B = poJy Xn (@

= B = JSXﬁ (2) B=0

[

—J

P
<

B=0

Note) S?I%Qoid (5-12)** with J, =@ (NI/L) & n=—r
2
B(T)\: o d, X (=1)= z pu, (N/L)I (r<a: inside the solenoid)

B(r)=0 (r>a: outside the solenoid)
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B. Vector Magnetic Potential A
1) Definition of A
The fundamental postulate (5-6) in magnetostatics: V «- B =0
Null vector identity (2-109): Vv - (V XA)=0
B can be found by defining an vector magnetic potential A such that

B=vxA (1) (5-14)
Note) A has no physical meaning, only intermediate mathematical step for B.

2) Vector Poisson's equation
(5-14) in V X B = p,J (5-7) using VX(VxXA)=vV(V-A4)—V*A:

VX (VXA)=p,J

= V’A= —u,J t vector Poisson's equation (5-20)
where the Lorentz condition (or Coulomb condition) is imposed as
V-4=0 (5-19)
Note) Lorentz gauge transformation:
A —- A" =A+VR (R = gauge function) (5-19)

does not affect B in (5—-14): Gauge invariance
(Proof) B = VxA" = vVvxA+ ZWR =vVxA
Choose R in (5-19)+ so that Vv - A = () (Lorentz condition)

= ViR =) (5-19)%
3) Solution of the vector Poisson's equation
In view of the solution, V(R) = 1 p/U(R,) dv’, of the scalar
’ 47'('60 v’ |R_R,| ’
Poisson's equation V *V = — p,/ €, in electrostatics,
the vector Poisson's equation (5-20) has the solution
’MO J(R,) /
A(R) = / —dv Wb/m (5-22)
( ) 47T VvV’ |R—R | ( )
o J(R") | .
Notes) A(R) = —/ ————ds’ for surface current density (5-22)«
47T S’ |R_R |
A(R) = &/ %dl' for line current (5-22)%*

The magnetic flux linking a surface S bounded by a contour C is

@f: fSB . dsf: /S(v X A) - ds f: ngA - dl (Wb) (5-24)
) (

(5-23 5-14) Stokes's theorem



C. Biot-Savart Law
Determination of magnetic field due to a current—carrying wire:

— Volume alement
inside conductor

‘-- .
Crurrant-Canying
corducion

For a thin wire,

Jdv' = JSdl' = Idl’ (5-25)
Then, (5-22) becomes (5-22)xx*
[ i
A (R) - 47'(' C/ |R_Rr| (5 26)

B=VXA=VX

MOI/ _ / (
47 J o |IR— R| _47T ”‘CVX

kol 1 L ’
S ey ‘”W(m RI) ‘”}

MOI R_R' , |R*R'|3
_ — | xdl

Ar / o |R—R’|3) —

“, I dl/ R— R’
= B(R) = f >< i

B =4 ) o\ lr-rP R- R') e

Biot—Savart Law T Og

— / dB (5-32a)
C/

, Idl' < a 1, Idl'< (R—R'
dB(R) = ,f = ( = ) (5-32b.c)
4t |R—R/| dm IR—R/|

where




D. Calculations of A and B

1) A current—carrying straight wire of a finite length 2L (e.g. 5-1)

a) By applying calculation of A

(5-26): 1 . _(R-R)
p dl’ + zdz/hR_ IR—R’'|
A(R):ﬁ\/‘i, "RR_R/:"_A
A J o IR—R’| L. “‘H rr z22 2
Rl= 27' %\sz rr 42
L ’ i
_ 2? Zo/ Igdz - H"M}
T 7 4 -
Fvrtz 0 R=rr  p(r.0.0)
~ ol r’+2°+ L
=z In I
dm P4 = 1
(5 14) FIGURE 5—14
B =vxA . :
R .1 0A . 0A
=VX(zA,) =r——F—¢p—
T or
B $ K MOIln P42+ _ $< :uoIL (5-3)
or | 4m P+ =L omr/r* + L°
For L > r (infinitely long wire),
~ ol 1
5-38) = B(r)=2¢ — (5-35) = (5-12)
2w r
For L < r (short wire),
- oIl 1
5-34) = Blr) = — 5-35)*
(5-34) (r) =¢ —_ > (5-35)
(cf) (3-36)V(R) = o for electric dipole : p=2Lq — 2LI in (5-35)*
TE

o

b) By applying Biot—-Savart law

dl'=2d? & R—R =rr—27 , [R—R|=Vi2+."
’ ’ 7 /2 Iu’o Idl,>< (R_R’)
= di'’X(R—R') =¢rdd in (5-32¢) dB(R) = :
’ At |[R—-R'P
e rd?
= dB(r) = ¢ (T oy N e-eea)
L I pL 4 - w 1L
~ Ho rdz 0
— B(r) = f dB = / A
> w ) @
= (5-34)



2) Infinitely long coaxial line carrying a steady current I
Axially symmetric (8/0¢ = 0)
No edge effect ( 8/82— 0)

r&r 37"

1 d( a /7_I
rdr\ dr
VA = —pu,J : vector Poisson's equation (5-20)

BVP in a current-free (J = 0) region (a<r<b) = VZ2?4=0

d | dA,

%(T dr ): 0 ©
BCs:

AZ(T)|7~:b =0 @

%B-dlz,uol = f(VXA)-dlz,uOI
c c
oA, . A
= yﬁ(_ 3Z¢)-(¢Td¢)=uof

2m 3AZ B
= _/0(37" )(rd¢)—,uol ®

Integrating ) twice,
dA dr

z

ros=0 = dA=G"- = Ar)=Chrt G @
@ in @: Gy, = Cylnd ®
® in @: A (r) = Clln%, ®
o[ C
® in ®: —/ (—1)(?“d¢) = p, I =  —27C = p,l
0 T
= O =-—p,d/2r @
~ oL b
@ in ®: A(r)=2 In—
27 r
dA.
Consequently, B(r) = vxA=— ar
L ed 1
= ¢ 27TT(T) (a<r<hb)

. same result as  (5-12)«



3) Circular loop carrying a steady current I

Biot—Savart Law (5-31):
u, Idl’ R—R
B(R) o 47T /\C/ )

X ;
IR—R?  |R—R]
o 1
- Efc’

bdg' ¢ | _zz—r1b )
_ o 1 ,A'b/27r zdg
|7 0 (22+b2)3/2

240 @Ep)P

2 de(;ﬁ,
+z/0 )
s 2 2 2
/: por +b2 3/2 xbz/ cosd’ dd’ +ybz/ W +2b dgb)
=27
rb wbcos¢+ybs1n¢
2
- 1,10
B(0,0,2)= z (5-37)
2 (2 +12)%?
For z=0 (at the center of the loop),
MOI
B —37)
(0,0,0) = 28 (5-37)
For z — oo, j.e., R — oo (at a distant point),
N S
B(R)=1z2 =z m . magnetic dipole field (5-37)**

2 R?)f 2 R3

magnetic moment m = IS = Itb?

E. Magnetic Dipole
1) Far field at a distance point of a small circular loop
At P(R,0,7/2),

- P(R,0, wl2)
(5-26) =
|
tol dr’ f
A=
i J o R, \a |
I
HOI/QW (— zsing’ +gcosd ) bdp - bz\ I
= mE zIn / |
ar J R, /Ri= (R*+ 1" 42bRcosy)"?
I e bsing’ /= (R*+ b2—2bR§in98in¢')1/2
=t f a '
47 0 Rl |
o , ; Rsinf [
_ M / sing i de™P
27T ,ﬂ/g Rl = ¢ b d/(\/) . P” V
(5-40) X = (— zsing'+ ycos¢')bdy’ -



1 —1/2

9 —1/2
z R(1+]b{—_2_l§ sinf sing’ ) :i(l—z—bsinH sing’
1

R R

1 b . Y
_E(1+E sinf sing ) (5-41)
(5-41) in (5-40) :
= ¢ Z;R / /2(/1%—1— — sinf sing’ )smcb d¢’
o IY? o, (ITb?)
= A= sinf = ¢ ——————sinf (5-42)
¢ 4AR? ¢ 4 R*
B =VxA= V><($A¢)
~ 1 ~1 0
‘Rsinf o0 (A¢Sln0) aR R(RA‘z’)
o Ib”
= B = 3 (R2COS€ + 081n9) (5-43)
4R
2) Magnetic dipole field
. 0([7'('52) ,mXxR
(5-42) = A = ¢”—251n9= s 5 (5-44)
AT R 4R
[,
(5-43) — B = (R2COS€ + 081n9) (5-47)
ATR®
where m= 2IS= 2z Irb” : magnetic dipole moment (5-45)
(cf) Electric dipole Magnetic dipole

AT R?
p - N . :u“om ~ A .
E= 5 (R 2cosf+ 0 sinf) B= ~(R2cos0 + fsind)
4dme, R 4R
1/ 4ne, = /4
p =qd = m =18
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Homework Set 6
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