CHAPTER 6. Electromagnetic Wave Equations

Reading assignments: Cheng Ch.6-4~6-5, Ulaby Ch.6-1~6-2,

Halliday Chs.31, 33

1. Review of Maxwell's Equations and Wave Equations

A. Maxwell's Equations

1) Differential and Integral forms of Maxwell's Equations

Differential form Integral Form Physical Law
(point expression) (global expression) (significance)
___ 0B . __ [ 0B . \ -
VXE = 37 CE dl Js ot ds Faraday's law |(6—45,46a)
v<H =7+ | § H-dl=] (7 +-22) g ampere's aw | (6-5.100)
V-D =p, gD ds = Jr S Py av Gauss's law | (6—45,46c)
VB =0 gB' ds = 0 No isolated maget |(6—45,46d)
2) Constitutive Relations
For linear isotropic medium
D=¢E=¢g,E =¢,(1+y,)E =¢,E+P (3-67, 62)
B=uH =pu H=u,(1+yx,)H = u ,H +tu,M (5-65, 60)
(J=cFE : Ohm's law) (4-10)
In general,
D= ¢-E, B= w-H (J=0¢-F)
3) Relationship between Sources and Fields
a) Stationary charges = Electric fields
V +D=p, (p, = py free charge) (3-63)
V-P=—p, (p,, = p, bound polarization charge) (3-59)
V-E= (pv+ppv)/e()=pt/eo (total charge) (3-60)

b) Moving charges (Currents)
V><H=J+% = J+J
v ><M = va

VXB=u,(J+J,+ J)

= Magnetic fields

(J = J; free + J; displacement currents) (6-44)

(J s = J bound magnetization current)

(total current)

(5-51)
(5-56)



4) Conservation of electric charge (Equation of current continuity)

p,
v . J = — (4_20), (6_41)

ot

B. Boundary Conditions

n < (E,— E,) =0 : tangential E  (3-79)(6-47a)
n x (H,— H,) = J, : tangential H  (5-71)(6-47b) )
n - (D,— D,) = p, : normal D (3-80)(6-47¢) 2
n-(B—B,)=0 :normal B (5-68)(6-47d)

n-(J,—J) =0 : normal J (4-34)
Note) Ezzz; = i—; = Z—: = % (3-83),

C. Properties of Electromagnetic Fields

1) Electromagnetic Forces
F=F,+F,= q(E+uxB) : Lorentz's force on an individual charge  (5-5)
f=ft+fmn=p,E+JI<B : e.m. body force in plasmas

2) Electromagnetic Torques
T=pxFE : electric torque (5-124)*
T=m XB : magnetic torque (5-124)

3) Electromagnetic Energy

1 B B .
w= E(D -E+ H-B)= T+ o0 e.m. energy density (3-108), (5-108)

Note) Conservation of electromagnetic energy = Poynting's theorem:
o (E-D H-B

.>< JEE— o = —
V(EH’)+3t2+2+EJ0 (7-64)

D. Electromagnetic Potential Functions and Wave Equations

1) Electromagnetic Potential Functions

B=YV XA = vector magnetic potential A (6-50)
EF=—-vVvVV— % = scalar electric potential V (6-53)
2) Nonhomogeneous Wave Equations for A and V
(6-53) in (6-45c) : V7V = —'% - a%(v - A) (6-45¢)
(6-50, 53) in (6-45b) : V °A — e dd; =—uJ+v(v . A+,u,6%) (6-55)
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oV
With Lorentz condition, V -« A + pe = 0 (6-56)

= Nonhomogeneous wave equations :

2
0°A
VA — ,ue = —ud (6-57)
ot
) V Py
VIV — JLE - — (6-58)
ot €

3) Solutions of Nonhomogeneous Wave Equations
a) Time—independent solutions :

1 Py
V(R) = — e Rd 47T6 (3-38, 16)
Ty _nl dl'XR- ot _
A(R) ) Rdv , B(R) 7 e Biot-Savart law (5-22, 31)
b) Time—-dependent solutions =  Retarded potentials
Consider an element point charge p,dv’ at the origin at time t.
p, (1) A At a distance R far away from O
AV(R)= ————— (6—65) . .
dTeR o in spherical symmetry,
(6-58) =
1 8 ( oV 2%V
RZ IR (R E}E) =8 oz =1 (6-59)
Change of variable: V(R,t)= U(R,t)/R (6-60)
82U 22U , .
(6-59) = 5 e = 0 * 1-D homogeneous wave equation (6-61)
OR at*
Solution: U(R,t) = f(t— R/ pe) = f(t— R/u,): fin. of retarded time (6-62)
where u, = 1/ v e : wave phase velocity (6-63)

~ Solution of (6-59) : V(R,t) = f(t— RVpe)/R = f(t— R/u,) /R  (6-64)
pv(t— R/up) Av

47e

(6-64) in (6-65) : Af(t— R/u,) = (6-66)

Retarded scalar potential at R, t due to a charge distribution over V':

1 p,(t—R/u,)

V(R, t) = R dv (V) (6-67)

dme J
Similarly, retarded vector magnetic potential :
J(t—R/u,)

— /’L D ’ B
AR, t) w) 7 dv" (Wb/m) (6-68)




E. Homogeneous Electromagnetic Wave Equations
Maxwell's equations in source—free nonconducting media :

_ _ _0H _
VXE = —u—o (6-94a)
_ __JE .
VXH = e—5, (6-94b)
vV-E =0 (6-94c)
Ve B =0 (6-94d)
(6-94b) in VX (6—94a) using VXV XE=vVv(V-E)—VE=—-VE:
2 0%E . .
V‘E — e = 0 : electric wave equation (6-96)
In a similar way, (6-94a) in vV x (6—94b) :
2 0°H . .
V'H — e rrealiie 0 : magnetic wave equation (6-97)

2. Review of Field-Circuit Relations and Phasors
A. Relations between Field and Circuit Theory

1) Basic relations
Field quantities: F, D, B, H, J ¢, , o — function of r and ¢;
More general in distributed medium
Circuit quantities: V, I G L, R — function of two-terminal (L, < ) and t;

Simple in lumped medium

V= —fE- dl (3-28)

1= ygﬂ dl = fSJ- ds (5-10) (4-5)
0 SD - ds g

C= %G = i = EE (3-87)(4-36)

L=== = p= (5-77)
%H-dl d
v —/E-dl —/E a
}%:7 -

= = = g (4-37)
%H- dl % oF - ds g
S

2) Energy relations

W, = %CVQ — %/ D-Edv = —/ eE? dv (3-110, 105, 106)
Vv



Wm:iLﬁ:i/H-de:i/,LHde
2 2J 2J

Pohmic:IQR:/E'Jdv:/UEQd'U (4-31, 30)
14 14

(5-104, 105, 106)

3) Comparison of an RLC circuit

Consider a series circuit of resistor

, inductor, and capacitor connected
to a generator
]
I"Idul"ll'r i Pt A
f \\I \r\- .;| H - JL
u Capacitor
s Resistor A T < —
T_ A5 "/ ; v% ras 3
r ~<
l !

u’ P
_'L " i.::.#»s‘ :)
- Wira Generator
vt
|" = |:| Irr

Equivalent RLC circuit

electric fields in R = emf + induced fields by currents and charges

= E=E,+E,+ Ey
J 0A , ,
= E,=————VvV  Field equation
o ot

N ygEe-dl:yg(g—%—vv)-dl

ot
Assume i(t) = same at all points of circuit at any ¢t (L, < \).

then, v(t)—£+—y§A dl +Ed

JL L _ .,
a

d d di
EyﬁA-dz—Ef(va de i

dt
pd=L2g=_Y =

€ eA/dZF_E/ldt

v(t) = Ri+ L%—i— —/ idt : Circuit equation

— Extension of (dc) Ohm's law to time-varying cases

(6-70)
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B. Review of Phasors
1) Phasor representation of time—harmonic fields

Electric field varying sinusoidally with time (Instantaneous time-varying field):

E(r,t) = E,(r)cos(wt+ ¢) = RelE,(r) ej(“’t+¢)] (6-69)*

53

where |E(r)l = magnitude at r
w=2rf=2r/T : angular frequency (rad/s)

f=1/T : frequency (Hz) T = (time) period (s)
¢ = phase angle (rad or deg)
Note) Euler's identity : ¢ = cosé+ jsing (2)
Phasor notation :
E(r,t) = RelE,(r) ej(“’tﬂb)] = RelE, e (6-79)
where E, = E,(r)e/” : (vector) phasor (6-79)

= polar form of complex field containing amplitude
and phase; independent of ¢

bE-R (£
tE Z Eolns (at+ 4 )

‘ L‘t ) r\/ Wt

Notes) 1) E, = E,e’* = E,(cos¢+ jsing)
=E+jE (E = Ecos¢, E=Esing)

E
=E,2¢ |E,= \E'+E, ¢:tan1E:) (3)
.:.‘".E o (Es ejwt) ' ."_“
i) 8—‘— = Re[— = Re(jwE, &™) = Re(jwE)

ot
P R
2E _ Ref- o'B] @)

Z/Edt = Re[.—Ese]“’t} = Re(i.—‘E)
Jw Jw;
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2) Time—harmonic responses

Current

Voltage

DC response

Time—harm. resp.

i(t)=Icoswt

Time diagram

Phasor diagram

Resistance or
Reactance

Impedance
(Zz=V/D

Power(p =iv)
Energy
T
(5= [ pa)
0

Resistor

+ —
__,_:7_/\/\’ :.’ .‘.P——‘
«(t) L )

i(t)=v({t)/R
v(t)=Ri(t)
V=RI

v(t)= RIcoswt

= Re|R I
= Re|R I&]

in phase

—— e
I v= IR

Z=R+ 50
—RZ0

=Re"
iv=i’R

—RI?

of circuits
Inductor

e [ -
>— QUL
() L(H)

i(t)Z%/v(t)dt

V=20

v(t)= —wLIsinwt
= ReljwLIe")
= Re[j X, 1]

|
|
|
|

X; = wL
(inductive)

Z=0+jX,

T
=wlL/ —
wEeS
i
=wle >

1 di®
o

Lo
5 LI

Capacitor

+8

e "I
£(t) C (F)

dv(t)
dt

ilt)=C

! fia=2
I=0




3) Application to RLC circuit

(6-70):
v(t) = Ri+ LﬂJr i/idt in a time domain (6-70)
dt C
where v(t) = V,coswt = Re[(VoejO)ej“’t] = Re(V, &™) (6-72)

i(t) = I cos(wt+¢) = Re[(I()em)eM] = Re(L ™)  (6-69. 73)

(6-72, 73) in (6-70):

V.= RIL+ jwLI + wC

= V,= [R+j(wL— wic)}f: [R+ (X, + X)L = ZI, (6-78)

in a cosine-reference phasor domain

s Vi V
@ e e
5 Z . 1
B v, N '(L )
_R2+(L 1)2[ I\ C}
v wC IR
LesmTTTTTI e // 1 B .
B v, /\1(0‘”L) L e
_ \/ 2 e R )/ e e
R+(u)L_w—C. \-\_._——/E ()
=1

= i(t)= Re(L &) = Re [Ioej(“’H“b)] = I cos (wt+¢) (6-78)x+



3. Time-Harmonic Electromagnetics
and Helmholtz's Equations
A. Time-Harmonic Maxwell's Equations
Time—harmonic fields in terms of phasors:
E(z,y,2t) = RelE,(z,y,z) ¢ (6-79)
H(x,y,2zt) = Re[H,(z,y,2) "]
J(z,y,2t) = RelJ (z.y,2) €]
p (.2 t) = Relp,,(z,y,2) €]
(6-79) in Maxwell's equations (6-45) :

VXE, = — jou H| (6-80a)
VXH, = J, + jueE, (6-80Db)
V-E, = p,le (6-80c)
Ve B, =0 (6-80d)

B. Phasor Form of Time—Harmonic Wave Equations
1) Nonhomogeneous Helmholtz's Equations

Vl(,y,z;t) = RelV,(z,y,2) '], A(z.y.2t) = Re[A,(x,y.2) €] in (6-57, 58) :

p/US
VIV, +EV,=— - (6-81)
VA, + KA, =—pJ, (6-83)
2 2
where k= w+ pue = w _2nf _ 2m : wavenumber (6-82)
u, u, A

Solutions of (6-81, 83) :
(6-82) in (6-67, 68) =

po(@oys2i t— R/u) = Relp, (y,2) " = Relp, (wy.2) € #7ei)]

J(x,y,z; t—R/up) = Re[J(x,y,z) ejw(tiR/u”)] = Re[J(x,y,z) eiijej“]t)]
1 pf'e» R
VS(R) = Tre UR """ ~dv’ : retarded electric potential (6-84)
v
J JkR .
AS(R)— 457 G‘R ~dv" . retarded vector magnetic potential  (6-85)
v



Notes)

) For R\, kR< 1, de., ¢ ™M=~ 1
= (6-84, 85) for time—-varying =~ (3-38)(5-52) for static
i) E,(R)=—-VV,—jwA, , B,(R)= VXA, in the phasor domain

s s
= E(R,t) = RelE(R)"], B(R,t) = Re|B,(R)"] for cosine
reference in the time domain
iii) Formal procedure for determining time—harmonic fields
(1) Take cosine (or sine) reference for instantaneous time-varying fields
and sources [(6-69), (6-69)*]
(2) Express the fields and sources as phasors [(6=79), (6—79)*]
(3) Recast Maxwell's or wave or circuit equations in phasor forms[(6-80,
6-81, 83, 78)], i.e., time—domain — phasor-domain equations
(4) Find phasors of fields by solving the phasor-domain equations
[(6-84, 85), (6-78)*]
(5) Find the instantaneous fields for cosine (or sine) reference in the
time domain [(6-79), (6-78)**]

(e.q. 6-9)
In a nonconducting dielectric medium with u, and € = 9e¢,,
given E(z,t) = ;&5005(10975— Bz)  (V/m) (6-88)
find H and (.
(1) E(zt)=y5cos (10°%t— Bz) = Re[(g}5eijﬁz)eﬂogt]
(2) E(z)= 3}567]& (6-89)
1
(3) (6-80a) = HJ(z)= ———V XBE, (6-80a)*
Jwi,
1

(6-80b) for nonconducting o= J=0 = Es(z) = E V X H, (6-80b)*

(4) (6-89) in (6-80a)x = H,(z)= —i%&ejﬂz (6-90)
~ B .
(6-90) in (6-80b)x = E,(2) = y——5e 7 (6-91)
w €
B 3w 3x10°
(6-89) = (6-91) = [B=w/le = 310 10 in (6-90)
=  H,(z)=—z0.0398¢ /' (6-92)

(5) H(zt) = RelH,(2) "] = — £ 0.0398cos (10°% — 102)  (6-93)
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2) Homogeneous Helmholtz's Equations
In source—free nonconducting media,

. . . )
phasor representation of e.m. wave equations (6-96,97) with ? — —w”
)

2
2

VIE, +uee0’E, = 0 = V*E, +KE, = 0 (6-98)
ViH, +ueo’H = 0 = VP H +kK°H, = 0 (6-99)
2 2
w 2w
where k= pew’= — = (—) (6-82)
U A
P
C. Electromagnetic Spectrum and Applications
Wavelength (m) Frequency (Hz) Classification Applications
i 10%*
L + [ specified
by A
[ y-rays Food irradiation,
1L 1021 3 cancer therapy
10~ 12 _ l
{.E\] 10— 10 - _ {018 (EHz) [ X_rays Medical diagnosis
(nm) 1077+ Ultraviolet Sterilization
B L
T 1015 (PHZ} § Visible Tight
(um) 1075
Infrared Night vision
|- 1012 (TH2)
(mm) 102 - min wave
(cm) 10~ 2 i A EHF (3(}—300 GHZJ Radar, space exploration N
10-1 ! SHF (3—-30 GHz) Radar, satellite ;o owdue
- 110° (GH2) UHF (3003000 MHz) Radar, TV, navigation
- s 7'(1,dioj sg{ci']*lf'fiyb bardd VHF (30-300 MHz) Frl;a‘:l.ioflg% 'l’:’a':gz é‘;ﬁ?;:)"i
102 qv'lnt’l Té;e(,(;rrz %]’n;i n HF (3-30 MHz) Eiillii‘lrrp Sﬂﬁtl‘lsc}v rm?lo‘
(km) 10° - 10° (MHz) MF (300-3000 kHZ) Srern paaadio:
m . —
sl LF (30-300 kHz)  pavesion
105 ““ VLF (3—30 kH?} Navigation, sonar
& I 10° (kHz) ULF (300-3000 Hz) Telephone audio range
(Mm) 10 __—60 (Hz) SLF {30_300 HZ) Cci)mmqnicallion with submerged
107 . SR L e
00 | WV ELF (3-30 Hz) e g Speczézef
A 1 (Hz) (RF waves)
Wavelength range of human vision: 720 (nm)==-380 (nm)
(Deep red) (Violet)
Homework Set 1 1) rp6-17 2) P6-18 3) P.6-19  4) P.6-20
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