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1. Frequency response
Bode plots, polar plots

2. Nyquist stability criterion

3. Control systems design by frequency-
response approach

Lead-lag compensation



Frequency Response Analysis
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Frequency Response Analysis

First Order System
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Frequency Response Analysis

Second Order System
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Frequency Response Analysis
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Frequency Response Analysis

Zero order system
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Bode Plots (Logarithmic Plots)

Log magnitude : LMG (j@)=20log|G(je) [dB]

LmIG(w) | piliw)

log w log w



Bode Plots (Logarithmic Plots)

First Order System

1
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Lm|G ( je)|=20l0g
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if co((l ~-20logl=0
T
if w))% ~—-20logTw=-20logT —20log @

LmlG(jw) |
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Bode Plots (Logarithmic Plots)

Second Order System
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(i) = o _ 1 @ 1 = —20logl=0
(Jw)_a)z—a)2+j2§a)a) o ..o @
n "l + 20— 2
a)n C()n W In)
L — » 1 ot —20Iog(—] =—-40logw +40log w,
2\2 2 |2 C()n n
. w w
Lm|G(Ja))|=20IogH1—2j +(2g—j }
a)n a)n
Lm | G(w) |
0 wn log w

-40dB/dec

11
11



w)= 2 2
Ts+1s"+20w,s + o]

Lm|G ( je)|=—-20log[L+ jT w|—-20l0g
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Bode Plots (Logarithmic Plots)
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Bode Plots (Logarithmic Plots)
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Plotting Bode Diagrams with MATLAB

W= |Ogspace(—1,2) % 0.1lrad/sec~100 rad/sec 50points
W= |OgSpaCG(O,3,100) % lrad/sec~1000 rad/sec 100points

pode(num, den)
npode(A,B,C,D)
pode(A,B,C,D,iu)

'mag, phase, w.
'mag, phase, w.
'mag, phase, w.

[mag, phase, wl=bode(sys)
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Polar Plot

Polar Plot (Nyquist plots)
- a plot of the magnitude of  G(J®) versus the phase angle of G(j®) on polar coordinates as

o 1S varied from zero to infinity.
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jo 0 o
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Polar Plot
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Polar Plot
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Polar Plot
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Plotting Nyquist plots with MATLAB

W= |Ogspace(—1,2) % 0.1lrad/sec~100 rad/sec 50points
W= |OgSpaCG(O,3,100) % lrad/sec~1000 rad/sec 100points

re, im, w]l=nyquist(num, den)
re, im, w]=nyquist(A,B,C,D)
re, im, w]=nyquist(A,B,C,D,iu)

[re, Im, w]=nyquist(sys)
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Nyquist Stability Criterion

Stability : time domain - state eigenvalues
Frequency domain : Nyquist stability criterion

Consider a clockwise contour in the s-plane called C about the points,

' I

G(s) o G(s))
(&) i
mapping

> Re[G]

s— plane G(s) — plane

Cauchy Theorem :

If inside C, there are Z values of S which makes G(s) =G(s,) and P values which G(s) =
, then CW encirclement along C will map into Z-P CW encirclement of G(s,)
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Nyquist Stability Criterion

Ex) G(s) = (s+D(s+2)
(s+3)(s+4)(s+5)
jo A Im[G]A
G(s)
PEEERLT NIV
s— plane G(s) — plane
G(s,)=0 : Z=2
G(S)=w : P=3
Z-P=-1: 1CCW encirclement of the origin in G(s)— plane
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Nyquist Stability Criterion

e

+>? > G(s) >

r

characteristic equation : open loop : @, (5)=A(s)=0
: closed loop : ¢CL(S) = A(s)+B(s)=1+G(s) =0

_ B(s)
- Ho[ 189

= o 1+ G(5))

G (S) o
o, (S) =1+G(s) 1+ G(s) =0:closed Loop Poles

z : Number of unstable closed loop poles (characteristic roots)
p : Number of unstable open loop poles
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Nyquist Stability Criterion

1+ G(s) — Plane
If R—o>w->C,

N, 1+G(s), C,)=2-P 02 A= HH U=

Stability :
N(0, 1+G(s), Cy)=-P (z=0)
N(-1 G(s), Cy)=—-P (z2=0)
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Nyquist Stability Criterion

Ex1) 1
G(s) =
Ts+1

A
\ Woom

!
>4/

S — Plane G(s) — Plane
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Nyquist Stability Criterion

Open loop poles :  s—-1
Ex1) T
1) 6lje) - . w=0, |G|]=1 £G=0
JoT +1 w~», |G|=0, LG =-90°
2)  s=Re? : 9:90°—0->-90
R—>
3 s=Re’” : 6:290° >0 —90°
r—-0
1
G(s) =—
(5) re’T +1
=1 $:180° — 0" — —180°

N(-1G,C,)=0=Z-P(P =0, noopenloop polesin RHP)
= 0 CW encirclement of -1
= Z =0, no closed loop poles in RHP

= stable o5
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Nyquist Stability Criterion

Ex1) 1
G(s)=
Ts+1

Nyquist Diagram
T T

0.5

04

03

0.2F

0.1f
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C?
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-0.2F

-0.3F

04}

05 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Real Axis
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Nyquist Stability Criterion

|
Re[G]

w—0"

S — Plane G(s) — Plane
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Nyquist Stability Criterion

Open loop poles : s=o, 1
Ex2) T
1) G(Jw):L : a)zO|G|:00 G =490°
jo(joT +1) ' ’ B
a)zoo,|G|=0,4G =+180°
2) =0 —>—r
G|:0—>
£G:-Z(—jR) - Z(-]jRT +1)
3) s=Re . 6:90° > 0— 90
R—w
4) s=Re’ . 0:-90° >0 —90°
r—-0
K
c6)= re’ (re’T +1)
N(-1,G,C,)=0=Z-P(P =0, noopenloop polesin RHP)
=Ee—19 0= ¢ = 0 CW encirclement of -1
r _ = Z =0, no closed loop poles in RHP
=ooxe! 1 $:180° =0 — -180° = stable
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Nyquist Stability Criterion

Imaginary Axis

0.81

0.6

0.4yt

0.21

-0.21

0.4}

-0.61

-0.81

S) = L
- S(Ts+1)

Nyquist Diagram
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Nyquist Stability Criterion

Ex3) (s) 1
S) =
s*(Ts+1)
A jw A \m[G]
JR
/ W =00 o
) e
i W e Re[G]
W = —00
-JR R
S — Plane G(s) — Plane
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Open loop poles : s=0, 0, 1
Ex3) T
1) G(jo)= A . ©~0,|G|=0,£G =-180°
(jo)* (joT +1) ' ’ ’
w~0,|G|=0,£G =-270
2) @.—0——I
|G|ZO—>oo
/G :—/(=jR) = Z(=jR) = Z(~ jRT +1)
3y s=Re’ : 6:900 50— -90°
R— o0
4) s=Re’ . 0:-90° >0 —>90°
r—0
K
G(s) =
(5)= r’e? (reT +1)
K 4 .
:Fe 210 . —20:)¢
=oxe? :$:180° >0 — -180° = unstable

Nyquist Stability Criterion

31

N(-1,G,C,)=2=Z—-P(P =0, noopenloop polesin RHP)
= 2 CW encirclement of —
— Z =2, 2 closed loop poles in RHP
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Imaginary Axis

-0.51

-1.5

Nyquist Stability Criterion

G(s)=——

- s%(Ts+1)

around origin o
Nyquist Diagram

15

1_

0.5

0

s

| | |
-25 -20 -15 -10
Real Axis
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Nyquist Stability Criterion

Ex4) 1
G(s) =

Cs(sP+2lw s+ ?)

0<¢ <1

WO A \m[G]

. EVAD,
- Weo Re[G]
-JR R

S — Plane G(s) — Plane
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Nyquist Stability Criterion
Open loop poles: s—o, —¢o + jo1-¢2

a)zO,|G| =00, /G =F90°

®~o0,|G|=0,£G = 7270

K
G = :
0O = GGGy + 220, (j0) + 0]
) @i—0—>-T
|G|ZO—)oo

/G :—Z(-jR) - Z(-j(2¢w R) + ®° — &°)

3) s=Re" 6:90° > 0— —90°
R— o
4) s=Re” 6:-90° > 0° —90°
r—0
1
G(s) =— :
%) re’ (2¢w, (re"’) + o > — »°)
- 2K —e )’ 1 -0=¢
r(a)n —0))
—coxel 1 $:180" =0 —>—180°

34

N(-1,G,C,)=0=Z-P(P =0, noopenloop polesin RHP)
= 0 CW encirclement of -1
— Z =0, no closed loop poles in RHP
— stable
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Nyquist Stability Criterion

Ex4) 1

G(s) =
s(s* +24w, 5+ w,°) ¢=0.1
o, =1
Nyquist Diagram Nyquist Diagram
25 A T T T T
1 L
20 1
0.8t
15 1
0.6
10 1
0.4r
< < o2¢t
> . >
g 0 sl
2 ﬁv e Ot
E ST T £
- - -0.2f
-10 1
-0.4¢
-15F 1
-0.6f
20 1
-0.8t
_25 é | | 1 1
-1.5 -1 -0.5 0 -1 -0.5 0
Real Axis Real Axis

35
35



Nyquist Stability Criterion

Nvyaquist Stability Criterion

r

1? > G(s)

»
»

N(-1G,C,)=Z-P

-

N

G(s) plane

: closed loop poles in RHD

N(0,1+G,C,)=Z-P
N(-1,G,C,)=2Z-P
Stability Condition: Z =0

p : open loop poles in RHD
1+G(s)=0
1+@:0 o A(s) + B(s) 0
A(s) A(s)

1+G(s) = %L—(S) =0
o (8)
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N(-1,G,C,)=-P
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Nyquist Stability Criterion

Minimum phase System : no pole and zero in RHD

N(—l,G,CN)ZO | ' Im

G(s) : open loop Transfer function

r + e

Re —>(O——> G(9) >

A\

G(jw) =met™
K,G(jw) =K me"™
Ky=— : stability 7} X[ == gain margin

G, or K, :gainmargin _
reciprocal of |G(j®)| when phase angle is -180°

¢ : phase margin
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Nyquist Stability Criterion

\ ¢ <9,
> Relative stability
T

Stability for minimum phase systems
G,>1¢,>0
The bigger G_ , the more stable

Rule of thumb: G =3~10
¢, =30~ 60°

38
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Nyquist Stability Criterion

Unstable Systems
A

Bode plot

39

Stable Systems

I

k J
)
N
r
’
’

LmG(jv)
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Control Systems Design by Frequency Response

Lead-Lag Compensation

Design using Openloop transfer function

40



Unit-step response curves and unit-ramp response curves.

c(f) A o) | c(f) A o) A

" oo

\
Y

() | () |

,_
—
Y

c(t) A c(t)

Y
Y
Y

(a) (b) () (d)

(a) Uncompensated system; (b) lead compensated system; (c) lag compensated system; (d) lag—lead compensated
system
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Control System Design by Frequency Response

Frequency Response
- the phase margin
gain margin

resonant peak magnitude }

A rough estimate of the system damping

the gain crossover frequency

resonant frequency Speed of response
bandwidth
dB A
0 “I’b .
|
3l ______ >’\

the static error constant

- the steady state accuracy 20logM =-3

logM = _3 =-0.15
20

M =10°% =0.7
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Control System Design by Frequency Response

Lead Compensation (Transient response 7H41)

G,.(s) =K, —1—=K_ Ts+l (O<a<1)
1 aTs+
S+—
al

¢ - the attenuation factor of the lead compensator

ja) A

43
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Lead Compensation

Bode plot of a lead compensator

Ts+1 (0<a<1)
als+1
dB A
1 El
T T log @
0 | o -
|
|
i
—20log
S|n¢m—__a
(04
s A ol
" JaT
O F————~ i B

Vs i \ the geometric mean of the two corner freg.
|
|

— B log o, —l(loglﬂogi
- "2l T VAT
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Lead Compensation

Ts+1
als+1
A
20Iogl _____ N — At @,
(04 I |
20|Ogi _____ :___ : TS+1 :ZOIOgi
Va ya i aTs+1 Ja
0 1L g
T aT
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Lag Compensation

L_ag Compensation

S+
Ts+1 . .
G.(s) =K, [ =K. B T N (#>1) (K, =1) (KB =Static velocity error constant)
sS4 T PTs+
dB 4
log @

e
—_—— ] |~

(@)
- /
\

—20log - - - - __

¢ A — log 4 =sin’! ~-p
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Lead Compensation — Frequency Response Approach

Performance Requirements
1) K, :static velocity error constant

)G, 4,

Ts+1 B

G.(s)=K =
1) o(5) C0[05TS+1

Define K =K.a

Ts+1

G =K
ThenG(s) aTs+1

Open loop T.F. of the compensated system

., TIs+l

G.(s)G(s)=K G(s)

als+1

_ Ts+1 KG(s)= Ts+1

CaTs+1le—~ "’ aTs+1
Gy(s)

Determine gain K to satisfy the requirement on the given static error constant

G,(8)

47

47



Lead Compensation — Frequency Response Approach

2)

3)

4)

5)

6)

7)

8)

Using the gain K , draw a bode diagram of G, (j®)

Evaluate the phase margin

Determine the necessary phase phase-lead angle to be added to the system

add an additional §° to12° to the phase lead angle required.

l+a
Determine the new gain crossover frequency

Determine ¢« by sin g _1-a
m

1 . 1

— 2, |6(jo)=—-20log——

o, — ‘ (ja))‘ g -
= find T

Determine the corner frequency of the lead compensator

1
zero of the compensator : =7

1
pole of the compensator : “ =3

Find K_ usingthevalueof K and g
Check the gain margin to be sure it is satisfactory

If not, repeat the design process by modifying the pole-zero location
of the compensator until a satisfactory result iigbtained.

48



Lead Compensation — Frequency Response Approach

G(s) = 4 Design spec. K, =20sec™
S(s+2 4 =50

G, =10dB at least

—
~—"

The static velocity error coefficient of the original system

) ) 4
K .=limsG(s)=lim——=2
v.0 s—0 () s>0 g+ 2

1) Consider lead compensator
Ts+1
als+1
Let G,(s) =K. aG(s)=K-G(s)

K, = IirrgsK -G(s)=2K=20 = K=10

G.(s) =K. .o

2)With K =10 plot bode diagram of G,(j®)

Gl f0 2
M (j0+2)  jo(05jw+1)
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Lead Compensation — Frequency Response Approach

Phase lead compensator

dB A —20l0ogdB/ dec

20 F—-—-—=
—40logdB/dec

|
A ¢, =sin 1lra
l+«a
¢m ______ — T
., ’// \\“‘m
m .
0
50
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Lead Compensation — Frequency Response Approach

3) Necessary phase-lead angle : 33" to have ¢ =50’
Add 5 ; ¢ =38

: l-a . ...
4) sm¢m:m:sm38 o =024
5) Since lead compensator
1
T—+1
Ts+1| | Va1
aTSHZ:i aT—l j+1 Jor
T JaT
1 1 1
= = =6.2dB
Ja 024 0.49

Find |G (jo)=—-62dB = w=9rad/sec=w,  G,(s)G(s) =1

1 1 1

_— = ’T: =
JaT @ Jaw 441

ol
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Lead Compensation — Frequency Response Approach
6) T£=\/Za)=m'9:4.4l

1 11 1 184
al aoT 024
7) G.(s)=K. s+4.41 “Ka 0.227s+1
s+18.4 0.054s+1
c :52—10 :41.7
a 024

8) Check the gain margin

s+441 4
5+18.4 5(s+2)

G, (s)G(s)=417

_Ge(8) ooy 2 & (9)
=K K-G(s) = " G, (s)

52
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Bode diagram for the compensated system

Lead Compensation

41.7(s +4.41) 4
s+ 184 s(s+2)

Y
Y

w in rad/sec
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Unit-Step Responses of Compensated and Uncompensated Systems

1.4 .
Compensated system

":‘:\ Unc@mpcnsatcd system : ;

o=
00

Outputs

. .
.......................................................................................................

=
)

54



Unit-Ramp Responses of Compensated and Uncompensated Systems
5 1 ) Ll 1 ) ) ) 1 1

P SN T NNV SN SR SO NS SO SO 7

7 ,,,,,,,,,, e SO e S .......... ......... ........ ........

Lo A/ T Uncompensated system |
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Lead Compensation — Frequency Response Approach

G
Bode plot  G.(S)G(s)= °K(S)Gl(s), K =10

56
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Lag Compensation — Frequency Response Approach

Lag Compensation

T
G.(s)=K =K 1
(%) S S (8>1)
+7
pT
dB A L 1
ﬁ T log @
0 : : >
|
| I
N
—20Iogﬂ_________:____
|
|
|
|
6 A EN sing_ =8
AT 1 1+
|
\'\.\ :
/) P
-90°

S7
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Lag Compensation — Frequency Response Approach

Lag Compensation Technique
: to provide “attenuation in the high freq. range” to give a system sufficient phase margin

1
S+—
B T _ Ts+1
l) GC(S)_KCS+1_KCﬂﬂTS+1 (ﬂ>1)

ST

Define K =K,/

G.(s)G(s) = K Ts+1 G(s) = Ts+1 G, (s) K
° ATs+1 [Ts+1

G,(s)=K-G(s)

Find K to satisfy the requirement on the given static velocity error constant.
2)  The gain adjusted system G,(jo) = K -G(jw)

Find the frequency where

a)C
$=-180"+(g, +5~12")
Choose this freq. as the new gain crossover freq.
1 :
3) Choose 7 1octave to 1 decade below the new gain crossover freq. T

( To minimize phase lag effect )

58
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Lag Compensation — Frequency Response Approach

p

4)

Determine the attenuation necessary to bring the magnitude curve down to 0 dB

at the new gain crossover freq.
Determine the value of /3

dB A

Bl

log @

0

—20log |- - - - __

—_—— ] |~

59
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Lag Compensation — Frequency Response Approach
Ex
G(s) = 1 Design spec. K, =5sec™

s(s+1)(0.5s+1) 4 =40
G, =10dB at least

Ts+1
LTs+1

G, (s)=K-G(s)=

1) G.(s)=K., (8>1)

K
s(s+1)(0.5s+1)

K, =1imsG,(s)G(s) = K =5

K=5=K.} -

)
(s+1)(0.55+1)

Plot bode diagram of G(jo)

2) Gl(s) = S

Wb
\.

v

Fig 9-16
60° ~ 70° angle plus

180

if not = Lag compensator

., ¢=40"+12°"=52°
=.m, ~0.5 rad /sec
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Bode diagrams for G, (gain-adjusted but uncompensated open-loop transfer
function),G,. (compensator), and G_.G (compensated open-loop transfer
function).

0.02

0.1

w 1n rad/sec




Lag Compensation — Frequency Response Approach

3) T ;let =05
a):_l_izo.lrad/sec = T=10

4 B:at @,=05 |G(ja))|:20dB

Hence 20log 1 =-20
p

B =10

5) K, f=K=5 &zécoa 11
B BT 100

S+—

G.(s) =K, -10.05FL _ .~ 10

100s +1 s 1

+7

100
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Unit-Step Responses of Compensated and Uncompensated Systems

L4 7 ! ! '.
g Corhpensatéd systerh 5 :
12 L. A - / ........ RN A . e 1

o=
00

Outputs

=
)

........................................................................................................

..........................................................................................

t Sec
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Unit-Ramp Responses of Compensated and Uncompensated Systems
20 i I I I I 1 T 1 1

gL SUURE WU SR PRI S O S, ool

14 ,,/*

o R RV VR SR S 7 o S_ ——

0L PR VOO SO NOTY o< NS S SO

Outputs

5 Wl : Uncdmpenéated system 5 _
4 L........ e A7 4 ST SO S - N - S e il
5 o Compensated system ' ?
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ead-Lag Compensator

1 1
s+ || s+
G.(s) = K| — T (@<l B>1)
S+ || s+
al
1 1
s+ | s+1
=K, 7 I (y>1 p>1)
s+2 || s+
T pT
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Concluding comments
*PID Ziegler Nichols Tuning Rules
*Root locus method

*Frequency response method

«State space method
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End of frequency response method
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Robustness to Modeling Errors (Stability Robustness)

+>? » G, (s) >
+>(T) > K(5) —»|G,,(5) >

G,(Jow) =G, (jo)+(jw) : additive modeling error

» Re

Gy

Additive Modeling Error

At the verge of instability
1+G,(jw) =0

Given |5(j®)| , will never happen if
1+Gy (jo)|>|6(jw)| forall @

Robustness Condition
L+ K (jo)Gy (j)| > |5(j)|
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Robustness to Modeling Errors (Stability Robustness)

Multiplicative Modeling error
Gpp(j@) =Gpy (jo) (1"' em(Jw))

critical condition
1+ K (jo)Gpy (j) (1+€,(jw)) =0

(KGpy, )_l +1+e =0

‘1+ (KGpy, )_1‘ >le,| foral @

Closed loop nominal
y K 'GPN 1

C = — = = — C A
T r 14K -G, 1+(K.GPN)1 o
Robustness condition dB
) 1
C o)l < : @,
| CN(J )| |em(Jco)| 5 \ » logw
W,
1
Cen en ()|
Simple statement of robustness @, <@,

——

limit closed loop bandwidth 69
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