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vt Review

a vector in the complex plane with constant length one, making angle wt with
the positive real axis

As time t increases the angle wt increases, and so the vector rotates around the
origin in the complex plane, in the counter-clockwise sense. It makes one
complete rotation when wt = 27 radians. If that occurs when ¢ = T, then

w = 2w/ T, which has the units of radians per time.

w is called the angular frequency of the vector's rotation.

If we measure frequency in units of rotations (or cycles) per second, and if we
denote that number by v, thenv = 1/Tand w = 27v.

—jwt

The only difference between ¢* and e is wt, that is, e 7 rotates in the

opposite direction.
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Definition of Frequency Response

@ Linear System:
Sinusoidal forcing — Sinusoidal Response

—> System ——>

Asin(wt) Asin(wt + ¢) ¢ <0

Defined by two quantities that depend on the frequency w

%: Amplitude Ratio ("gain" for sinusoidal change)
¢: Phase Angle ("delay" in terms of radians)
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Bode Plots

@ Since Amplitude Ratio(A.R.) and Phase Angle (PA.) depend on the
frequency of w, a continuous parameter, it is convenient to display
as plots

o wyvs. AR. onalog-logscale
e wvs. PA. on alog-linear scale



How to Compute Frequency Response?

Quickly from transfer function

Y(s) —jo A
G - O = =5
%(w) _ \/Re )] +Im?[G(jw)] = mod [G(jw)]

o) = tan? (gg{gg;:;}):argmw
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Example

Notice AR and PA are functions of w

Y'(s) K
pr— G P—
OS]
K B K Kwr
T(jw) +1 1+ w?r? ]1 + w272
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Static (Pure Gain) System

10
AR and PA do not vary with
Y’(S) _ K frequency.
= X
U (s) z 10’
-1
‘J/ 1010 ? 107" 10° 10
1
A = K 0.5 Itis —180 if the gain is -
A negative.
6=0 -
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1%* Order System (Lag)

V() _ K

U(s) — 7s+1
Los—w
A_ K
AT V14w2r?

¢

w = 1/7: corner frequency

10°

Slope =0

10
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1% Order Lead

10
Y/(S) o Slope=+1
7G) = K(tas+1) 174> 0 .
. Slope=0
b s=jw o ‘
102 10" 10° 10

w = 1/74: corner frequency o

10™ 10



Pure Capacity (Integrating) System

Yi(s) _ K
Uf(s) s
bos=jw
A_K
AT w
b=-3

Pure differentiator?
G(s)=K-s

AR/K

mmmmm

Slope=-1

10°

10
Frequency (Rad/Time)
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2" Order System

Y'(s) _ K
U(s)

T 125242(Ts+1
bos=jw

_ K

BN

o \/(17w272)2+(2w7§)2
_ -1 [ _—wt¢
6 = tan~" (=255 )

w = 1/7: corner frequency

10°
Resonance peak for
highly underdamped systems
X, | Slope=0
Z 10
<
Slope=-2
1072 -1 . 0 1
10 10 10
° (=0
sol =02
=06
s —100F [—
=2
-150
-200 = ‘0 N
10 10 10
wTt



Pure Delay System

10 T T
Y'(s) _ 6—98 AR=1 for all .
U (s) Z 10°
b os=jw 0! 5
10 10 10 10
0 T T
4=1
A Phase angle drops with
¢ — _0w S -50 indefinitely. The larger the delay, 1
the faster it drops.
-100 = ‘7] 0
10 10 10 10
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Sketching Bode Plots: Complex Systems

Main Idea
For systems connected in series, the A.R.s multiply and the phase angle adds.(Why?
Euler's identity!) This rule can be used to obtain frequency response formula and

sketch bode plots very quickly.

 K(ars+1)(as+1) _0s
~ (ms+ 1D)(mes + 1) (135 + 1)

K 1 1 as+1 ags +1 6*95
T15+1 To2s+1 T35+1
G1 G2 G3 G4 G5 G6

v

—

ARg(OJ) = ARGl(w) X ARGQ(LU) X oo X ARGG((,U)
pcw) = da(w)+ dci(w)+ -+ das(w)
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Example

o —5(3s+1) 95
Gls) = me 2 1 2
(—5)X5THXIOT+1X(3S+1)X€7$
1 1
AR = 5Hx X X V9w +1x1
V252 +1  V100w? + 1 Vo +1
¢ = —m+tan"(—5w) + tan (—10w) + tan™ ' (3w) + (—2w)
What if
53s+1)

G = Gsrnaos+ 1



Example

G(s) = ————
(s+1)(bs+1)
10°
Slope=0
Slope=-1
4
<
10°L —
10 10 10
corner corner
frequency 1 frequency 2
0 .
-50f \s\ ]
o -100} \ -
-150¢ ¥
-200 — - .
10 10 10 10 10
&)



Example

—e
Ts+ 1

S -100F

-150

-200

10
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PID Controller

0 w—0: G(s)~ =

TrS"
@ w— oo G(s) = 1p.

1
VTITD

@ Cornerfrequency: - =mpw — w=

1771



Bode Plots using MATLAB

% 1st Order System (Lag)

gs = tf([1], [1 1]);

[mag, phase, w] = bode(gs); % magnitudes and phase
subplot(2, 1, 1), loglog(w, squeeze(mag))
ylabel('AR/K")

subplot(2, 1, 2), semilogx(w, squeeze(phase))
ylabel('\phi'), xlabel('\omega \tau')



