Chapter 4. Statics of Plate

o Classical Linear Theory of Plate
0 Plane stress and Plane strain
o Equations of Equilibrium and Boundary Conditions
- Equilibrium Approach
- Minimum Potential Energy Approach-Thin plate
0 Solution methods

etc



Basic Assumptions

~In the initial state, the surfaces of a flat plate are parallel planes,

called the faces of the plate
~The distance between the faces is called the thickness of the plate.
~A plate is distinguished from a block by the fact that the thickness is small
compared to the dimensions paralled to the faces.
~The plane midway between the faces Is called the middle plane of the plates
~The bending properties of plate depend greatly on its thickness as compared

with its other dimensions.

‘We will discuss the linear static theory of thin elastic plate in this chapter.

~ shell ? membrane ? plate ?



4.1 Classical linear theory of plate

W .
Definition of small deformation : h <1:

Decoupled set of Bending and stretching ~ Isotropic material
~ Homogeneous materials

~ Isotropic or Anisotropic(Composite)

~ Thick plate : h/|>1~1 Thin plate h/I<<1
20 10 20

~ Loading :
0 Bending action ~ deflection
0 Membrane action~stretching

Configuration of curved surface ~



Displacements :

uxy y.xg wxy Cu, (=1, 2y

. In-plane displacements U,V ~ deflection w

3-Dimensional linear elasticity

Oij T

For plate bending problem, let q,(a=L2) =0



ua:o-aﬂ”g 00(3,320

with boundary conditions !

4-1-1 Kinematics of Deformation

The fundamental assumptions of the small deflection theory of bending or so
called classical theory of isotropic homogeneous elastic thin plate

; Kirchhoff — Love hypothesis material property change

Kinematic Assumptions



1. Deflection of mid-surface is small compared with the thickness of the plate.
. Slope of the deflected surface is very small and the square of the slope is a
negligible quantity in comparison with unity
2.The mid-plane remains unstrained subsequent to bending
# Large deflection case ?
3. Plane sections initially normal to surface remains plane and normal to that

surface after the bending : y =0(a=12)~G~>w

Before bending ~> After bending ?

? Higher-order theory
? Thick plate theory ~ Mindlin plate theory



4. No stretching or contraction of normal : ¢ =0

5.The stress normal to the mid-plane, o :small compared with the other stress

components and may be neglected

. This assumption becomes unreliable in the vicinity of highly concentracted

transverse loads.

U (XYZ 93 Uy X§ 2" Fuxy 7= xg +ufxydey, §yz

m=0

W(X Y 2 %ZU:T X 2" Fur(xyF=u'x g +ulxydru hyz €

m=0

~ order of thickness effects !



£, :aW(X’y’Z):O:ug(x, Y, Z)=W(X,Y)
0z
Shear modulus :

Composite layered plate ?

6. Developable surface
This type of surface can be bent back to a plane without any variation in the
distance between any two points on the surface.
Under these assumptions for thin plate,

1
Eop :E(ua,ﬂ+uﬂ,a)

1 1
8053 — O — E(uaﬁ +u3,a) = E(ua,B +\N,a) — 7/0:3

43 =0



ga3 = %(uaﬁ +W,a) = O’

—>U, ,=—W

a

~

U, (%, Y,2) =u" (X, y) = 2w,

4-1.2. Plane stress and Plane strain
For 3 D elasticity theory:

with: G = E Ev

W) T L2



Plane stress field for kinematic assumptions of o -. =0

= 14
Gaﬂ_m( aﬂ+E aﬂggg)

aﬁ (Load,Geometry) =0
Z

~

(i) Thin flat plate

(1) Applied load are acting on the +Xy surfaces and do not vary

across the thickness.

(i1) Upper and lower surface are stress free 5 =5 =0
~ O, through thickness.

(lv) g, donotvary across the thickness



Plane strain

Dimension of z >> dimension of X,y

(c;izzo

4-1.3. Equation of Equilibrium & Boundary Conditions

3D ~> plate theory ?

X3 " Elimination of explicit dependency !



Stress, Moment resultants

1

(NaﬂMaﬂ j_ 1ZO-ﬂdX

2

MM,
|\/|Xy:?

Shear force intensity

h

_ 12
Qa = J‘_h 030X,

2

According to basic assumptions and plane stress assumption,

&i3=



u(xy, 85 ou(xy) zw(
U(X% Y, 8 WX Y)

Total number of independent displacement components ?

+u? )——(W S TW

aﬂ 2 (ua B B.a ,Ba)

- L2)~o_,:(12)

A . Equilibrium Approach

3-D elasticity (without body force)



O355379 359
Model !
(a): j2 5 TO 33)dX3 N

h

(b): j2 Z(aﬂﬂ+a 33)dX3 I\/I
2

~>Maﬂ’ﬂ—Qa:O

h h
2 — 2 —
+Ga3] h_Naﬂ,ﬂ_I_GaB] h =0

2 2

h
p 20, 312, —[3, 0,50%,=0

2 2



(c)

h

h
J% (O-Bﬁ, st Ogg3) %= Q,B, st 0—33]3 ho 0

2 2
- hy _hy_
ﬂ,ﬂ+633(§) Ol 5)_0

Qp,5~0=0

Substitute Eg.(b) into Eqg.(c)



Finally,

M

XX, XX

N +N
X Xy

XX,

N +N
yX Yy

Equations may be coupled set.

For isotropic plate,



Membrane stretching effect and Bending effect: Decoupled
Mid-plane ?
For rectangular plate:
Obtain stress field in terms of strain components
Obtain N,M in terms of u,v,w

then, ;

Bending problem; 4™ order eqgn.( Hermite approximation:C* continuity)




D(W,XXXX+2W,X +W_ )=DV4w=4q;
yXy L YYYY

and

Stretching equations

U +1_—Vu, +1+—Vv, =0
XX p yy 2 Xy
1-v 1+v

Vv +=—v, +=—U, =0
w92 W 92 X



% Maﬂ,ﬂ_Qa =0

Qx - I\/Ixx,x +M Xy,y
—D(W, xxx + W, xyy) =—D(W, xx + W, yy),x =—D(V2W),x

—_~

Q, =—D(V2w),y

=—D(w,  +vw, Jyx +(1—v)W, xyy) =

B. Minimum Potential Energy Approach

~ Strain energy of entire plate with linear elastic behavior



h
i f o5 dzdA
A

2
_E
Replacing Fij intermsof €ij in conjunction with plane stress state
h
Ugy=_ 5l j s dZA=
2(1—v?
_E
h
1 | f{g +2ve, & +el +2(1-v)el }dZdA
2(1—1/ ) A h XX yy " vy Xy

2



Potential energy for the external load

U (e) = _qu(X’ y)W(X’ y)dA

. 1
Remembering, U, = Ug —ZW, and €., =2(Ua,ﬂ +u, )

>

1 2 (.0 2
U(i)_2(1—v2)£ __[h{(u’X—ZW’XX) +2VE &y
2

+5)2N +2(1—v)gfy }dsz

Total potential energy

U :U(i) +U(e) =U(i) —[,a(%, Y)w(X, y)dA



Integrating by part with respect to z:

(~ Extensional energy + Bending Energy !)
—||m B
Ui y=UTHYs

where,

0 4,0 B
U(i”;(u Vv ),U(i)(w)

: Decoupling ! ?

Obtain the expression & govering eqn for (Report!)



We shall be concerned with the stresses and moments in plates as a result of

transverse loadings of bending part

B
u=up+ug
h
~U (Eg)— j ; {(Vzw)z+2(1—v)[w?xy—w,xxw " }dA— {\ qwdA
2

To extremize this functional, we get

oU =0



h

D fh {(VZW)Z +2(1—v) [WZ)(y —W, i Wi }dA— L gwdA]

5[2£

2

%I 2(V2W)oV 2w +2(Q-v)[2w oW, —OW, W, —W

Xy IXx CUyy 1 XX

ow, . JdA

ny TW , OW, )

= %j 2(V*wW)ovViw +(@1—v)[2(w, Sw
—20W o OW, . JdA
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Using Green’s formula(Report!)

j(Dv4w—q)5wdA+D<JS ..... =0

Introducing the moment intensity, then the above equation becomes(Report)

j (DV*wW—q)ow dA—cPI\/IXX5W,Xdy ......... +95(MXX,X+MW,y)5Wdy:O

We may rewrite the last two integrals in terms of shear force intensities.

We then have ( Report)



j (DV*w—q)Sw dA—CJS M JSw, dy......... + c_f;QX5wdy =0

To simplify this functional further, let introduce the coordinate n, s which are

the normal and tangential directions to contour, respectively.

Then ( Report)...

J-(DV“W—q)&wdxdy—chM @Vd —<_f7M 65st +<_|SQ owds =0

The 3" integral becomes, by integration by parts



M, 85"" - g%a'g"sns swds...(?)

We then get for the variation of the total potential

00

[ (OV'w-g)sw dA-FM,, 8Wd +<_{>(Q + ”S)5st=0

Euler-Lagrange equation for this problem is
DV* w=

Report :Derive the governing equation with with variable bending rigidity



which have been derived in previous section. Now we get as a result of the
variational process two sets of boudary conditions, namely, the natural and the

kinematic bound conditions.

Then on the boundary we require that

OOW . :
(a) M, = O..or..ﬁ..ls..prescrlbed

(b) Q, + M, _ 0..or..w..Is..prescribed

oS

There are only 2 conditions, in spite of the fact the there 3 variables



Mnn’Qn’Mns

The 1° condition is acceptable by physical consideration and needs no
further comment.

We shall now examine the 2" condition with the view reaching some
physical explanation. :

We have shown part of the edge of the plate when two panels of length as
have been identified.

__ Figure_

The twisting moments have been expressed in the first and second panel. A
third panel of length AS may be imagined the center of two panels, which is

shown in Fig AB. The shear force for thin panel is shown as Q,AS.



Now we make use of the Saint-Venant principle by replacing the twisting

moment distribution of the original two panels by two couples having forces

M oM
value My and Vs ™ os respectively with a distance of AS between the

forces as shown in the figure.
Clearly, any conclusion arising from the new arrangement valid away from

the edege. Now we focus on attention on the central panel AB. The effective
shear force intensity, Qi for this panel is then seen to be
1 oM oM

—[QAS+(M . + =AS)-M_|1=Q, + =
AS [Qn ( ns 85 ) nS] Qn as

Qeff —



We may now say that the 2" of our natural boundary conditions renders the

effective shear force intensity equation to zero. From the above equations we

ns

OS

can see that the difference does work in the same manner as Q, and

these two effect cannot distinguished.
oM

ns

OS

The force per unit length, Is called Kirchhoff supplementary force.

This explanation is by Thomson and Tait.

Because we employed a constitutive equation, Hook law, in the formulation it
might seem that the natural boundary conditions are restricted to Hookean
material.

In the next section, no constitutive law is used and we will derive the general

moment intensity and shear force intensity equations present in Sec.3.1.3.a



4.1.3.c.(Thin Plate) Virtual work Approach (Rectangular plate)

In using the principle of virtual work, we shall consider a rectangular plate.

In particular we shall examine closely the corner condition for such a problem.
We now apply the principle of virtual work, under the assumption of plane
stress, to a rectangular plane having dimensions axbxh and loaded normal to

the middle-plane of the plate by a loading intensity 4(X, ¥) .
If body forces are absent,

b

a a b
_f j q5wdxdy=j J‘
0 0 O

0

N

O, 5E 5, dXdy

N



Considering only bending contribution, then by &,=u,-zw_, ( thin plate
assumption)

we got

20,,,0W, 5, dxdy +

1ﬂa

N | T

b
f gowdxdy =0

0

|

O =

N o

Integrate the 1% integral w,r,t, z and use Maﬂ ~ 20,45 , then we get

¥

dxdy +

N T

M, ;oW

b
' ot _[ gowdxdy =0

0

O =

N

As in previous section, we decompose 2(SW),, =(ow),, +(W) . and apply

Green’ theorem and integration by parts.



¥

e a
_j(Mxx,x + I\/Ixy y)5W]aqy—j(M Wy -|- Mxy X)5W]bdx 0
0 0

(M s 4o +Q)SWdxdy +j)‘ M, (Sw) 1% dy +i M,, [w) ,]°dx

0

N | T

0

N |

+_a[(l\/| o (W)  Jodx +T(|\/| L (Ow) Jady=0

Now, integrate the last two integrate by part, then we obtain

[ (M, (6w) T dx =[(M,, WD ST — [ M, owls dx
0 0

[ (M (5w) , T3dy =2



Inserting these results and noting Q, ~— derivative..of .M_; we get

b a
(M, 5 +@)SWdXdY + [ M, (W), T5dy + [ M, (5W) , 5 dx
0 0

e N | T

|

b a
_I (Q+ M,y )ow]pdy — _[ Q, +M,,, )W, dx
0 0

apf, Pa

N |

+2(M Xy5w)a,b —2(M Xyéw)Qb —2(M Xy5w)a,0 +2(M Xyéw)o,0
=0

OSW oM
M ——ds=— ns Swds...(?
M, ~ P - ©



We then get for the variation of the total potential

65W

j (DV*w—q)Sw dA— <_|S|v| <j>(Q + M”S)éwds:o

Euler-Lagrange equation for this problem is
DV* w=

Report :Derive the governing equation with variable bending rigidity

which have been derived In previous section. Now we get as a result of the
variational process two sets of boudary conditions, namely, the natural and the

kinematic bound conditions.



Then on the boundary we require that

OOW . _
(a) M, = O..or..ﬁ..ls..prescrlbed

oM
oS

= 0..or..w..Is..prescribed

(b) Qn +

There are only 2 conditions, in spite of the fact the there 3 variables
M nn? Qn ) M ns

The 1° condition is acceptable by physical consideration and needs no
further comment.

We shall now examine the 2"® condition with the view reaching some



physical explanation. :
We have shown part of the edge of the plate when two panels of length as
have been identified.

__Figure_

The twisting moments have been expressed in the first and second panel. A
third panel of length AS may be imagined the center of two panels, which is
shown in Fig AB. The shear force for thin panel is shown as Q,AS.

Use of the Saint-Venant principle : by replacing the twisting moment

distribution of the original two panels by two couples having forces value M s

oM
oS

ns AS

and Mg + respectively with a distance of AS between the forces as



shown in the figure.
Clearly, any conclusion arising from the new arrangement valid away from

the edege. Now we focus on attention on the central panel AB. The effective
shear force intensity, Qi for this panel is then seen to be
1 oM oM

=—[QAS+(M__ + BAS)—M _1=0_ + ns
Qeff AS [Qn ( ns 88 ) ns] Qn 88

We may now say that the 2" of our natural boundary conditions renders the

effective shear force intensity equation to zero. From the above equations we

ns

OS

can see that the difference does work in the same manner as Q, and




these two effect cannot distinquished.

oM

The force per unit length, as”s Is called Kirchhoff supplementary force.

This explanation is by Thomson and Tait.

Because we employed a constitutive equation, Hook law, in the formulation it

might seem that the natural boundary conditions are restricted to Hookean

material.

In the next section, no constitutive law is used and we will derive the general

moment intensity and shear force intensity equations present in Sec.3.1.3.a

4.1.3.c.(Thin Plate) Virtual work Approach (Rectangular plate)

In using the principle of virtual work, we shall consider a rectangular plate.



In particular we shall examine closely the corner condition for such a problem.
We now apply the principle of virtual work, under the assumption of plane

stress, to a rectangular plane having dimensions axbxh and loaded normal to

the middle-plane of the plate by a loading intensity 4(X, ¥) .

If body forces are absent,

b

h
_T j q5wdxdy=jl j)‘ iaaﬂgﬂadxdy
0

0 0 0 _h
2

Considering only bending contribution, then by ¢, =u’, -zw_ ( thin plate

assumption)

we got



e N | T

a b a
_[ j zoaﬂéw,ﬁadxdydz+j j‘ qowdxdy =0
0O O 0O O

N | o

Integrate the 1* integral w,r,t, z and use M.s ~ 20,5, then we get
g

j. _T M_,0W, ,, dxdy +
0 O

O =

b
f gowdxdy =0
0

As in previous section, we decompose 2(SW),, =(ow), +(SW) . and apply

Green’ theorem and integration by parts.



T _T (M 4. +0)owdxdy +ji M, (ow) , ]°dy +j} M,, (Gw) ,1°dx

0 0 0

b a
_J.(MXX’X My y,)é'W]ac{y—J'(M wy T My Jow]’dx
0 0

+? (M, (W), Jydx +_T(I\/I o (OW) Jody =0

Now, integrate the last two integrate by part, then we obtain

.. (M Xy (5W)x]g dx = [(M Xy5W]§zg izg _J M xy,xéw]g dx
0 0

°
J (M Xy (é‘\/\l)y]gl dy =7

0

Inserting these results and noting Q, ~ derivative..of .M, e get



a b b a
[ [ (M, +a)swdxdy + [ M, (W), J3dy + [ M, W), T dx
0 5 .

0
b a

_.[ (Qc+ My, )Wl dy — _[ Q, +M,, )Sw];dx
0 0

+2(M xyaw)a,b o 2(M xy5W)O,b o 2(M xy5W)a,O + 2(M xy5W)O,0
=0
Now we get from the above egn,

Maﬂ,ﬂa

~ Identical to the egn by equilibrium approach ! valid for all mterials

+q=0

On the boundary,



1) O0<x<a

M, =0.0r.ws p rescr
Q+ M, 0..0r.w pres

Pt Pt Pt Pt

Results: Same boundary conditions are appears as in Minimum total
potential energy.

Corner conditions ?



A Note on the Validity of the Classical Plate Theory

Now we have discussed fully for the classical theory of plate.

It seems to be the time to note the validity of the theory which we
have used the assumption of plane stress in the plate. By establishing
the order of magnitude of the stresses we can make comparisons as
follows. The transverse shears o,, are smaller by an order of h/L

( L: characteristic length of the middle plane) than the middle plane

shear o,(a=p). Also the transverse normal stress o, Is smaller by

an order (h/L)2 than the middle plane normal stresses o, Thus



for a very thin plate h/L<<1/10, we have inner consistency and the

classical plate theory may be expected to give good results.

For a moderately thin plate, especially in the vicinity of concentrated
loads it might be well to account for the effects of transverse shear

deformation.

It is obvious from the equilibrium considerations that such stresses
will seldom be zero. Accordingly, we used assurance that the classical

plate theory, under proper conditions, yield meaningful results.



There are two approaches:
1.Compare with the results from a more exact theory
~ Theory of elasticity

2.Determine the bounds on the magnitude of stresses o that have

been deleted from the theory to show that these stresses, although
not zero, are nevertheless small compared to the stressesw.

In view of the scarcity of the exact solutions for plate bending
problem from 3-dimensional theory of elasticity, we shall follow the
latter procedure.

For this purpose,



Remember :

w =TT 7 (W, +vw, ),
Ty =7
k2
YT 14y Wy
1 1, .
aaﬂ~gaﬂ~5(u,a+u,ﬂ)~§(u LT, /s)—ZVV,a/;

XX

M, = _[ 7, 20z..etc



_ Mz Ty =720, =7

T n 3 vy Xy
(12)

Now we use the stresses in the 3-D equilibrium equations

Tii.i —Us

XZ __ ~ _
PV & + . =0 Tox T Ty T T =0




Integrating w.r.t z

[22]
Ty =~ - Qx+f(x,y)~f0r:Z:iE:7XZ:O
h’ 2
o
3
~> f(X,Y):EQx/h

~>7, =.milarly ~>7 =..




Inserting

' Ty into the third equation

ot or, 07,

2=t “Tu: T Tax Ty,
0z ox oy | o
3, 47° 3q ., 4z°
— 2 -2y, +0, ) =-H -2

47°

= oh 22+ (Y
considering
Dy

2

Z:D:O
2



)

oy 34, h _
—q(~7,)= 2h( > )+9(X,y):9(x,y)=

3h?
Finally,
P
Z'yzz?
_ __3 9
fa 3h?" 2

We have %i; which are computed from equilibrium consideration



using results from a theory that neglected these very stresses.

If it turns out that the above computed stresses are small, we have inner

consistency in the theory.

To do so, we shall next make an order of magnitude study

Consider a portion of plate !

Figure ~



o( Fx[ o(w “OofH) ,p(Q)]

Definition of shear force intensity ?

[0@)]=[0@]| O(L) |=[O(aL)]

Equate moments about an axis C-C’ going through the line of the

action of the resultant of the force distribution:

[0@)][O(L) |[O(L) [+[o(M,)]| O(L ) |+[O(M,)]| O(L ) | =0



Replacing 0Q) py sing 0@Q)=0(aL)

Assuming next that shear effects are as significant as either the
bending or the twisting effects.

If the resulting shear stresses turn out still to be small in our order
of magnitude studies.

We then equate the order of magnitude of bending and twisting with

That of the shear effect:

O(M,)=0(qL’),0(M,,) =0(qL")
We thus have order of magnitude formulations for the stress

resultant intensity functions, Q MM, which may now be used In



conjunction with stresses for comparison purposes.
O(z)=0(h)

0(r,) =O(qL2/h?),0(z,,) =... O(r, ) = ..

3 7° 1 L
%Qx (1-4—))= O(H)O(qL) =0(q—)

We can now make comparisons :

Methods of Solution




Governing equations(A) ? + Boundary conditions(B) ?

Exact solution = A + B : Very special sets of Problems
Approximate solutions based on : Shape function:
~ Complete sets
Full domain :
Ritz method : Minimization of Potential Energy
Levy method

Galerkin's method : Governing equations



Kantorovich method

Sub-domain~

FEM ? BEM XFEM ...

4.2 Shear deformable plate theory

So far, theory of thin plate have been established based on Kirchhoff-Love
assumptions

In this section we shall consider the small deflection theory of thick plates



Including the effect of transverse shear deformation which was neglected
despite of the fact that we know from equilibrium considerations that it was
not zero. This addition In our treatment of plates iIs analogous to the
Timoshenko beam theory.

In accordance with Reissner’ theory we assume a linear law for distribution
of stresses o,,, 6y, and o,, through the thickness of the plate. It may be
seen by replacing the bracked expression of the bending part in

E E
o, = 1_V2 (gxx +V8yy) = m[u,x +VV,y - Z(a),xx +Va),yy)]

E
o (6W+vgxx)=m[v]y+VU’X—Z(agyy+va)’XX)]

yy 1_V2

1
o, =2G¢, = ZG[E (u,+v,)-zm,]

by bending moment and twisting moment intensities with the aid of

M, =-D(w,, +VWW)



M, = —D(vv’yy VYW, )

M, =M, =—(1-v)Dw,,

Xy

Where D_lz(l . bending rigidity of plates.
Derive o, -2%, 12, 1M,
O = h? ! Oy = h? Zy Ox = h? z

Substituting these expression into the first of the equilibrium equation o, -o
and then integrating w,r,t,z , We get by using the first of

M, ,—Q,=0
YO Z Z

2 = M . +M =——
yZ h3/12( o o) h®/12 R

Now integrating w,r,t,z, We get
0=~ Q.+ 1(xy)

Using the boundary condition -, -0 at z:ig



We get txy) =%QX

' U342
Flnally, 0, =S (1-4)

Next using the second equation of equilibrium

ZZ
F)

yz

3
o =&(1—4
2h

Finally, we consider the last of equilibrium equation,

Gzz,z = _O-xz,x - Gyz,y

3 z*
= —% (1— 4?)(Qxx + Qy,y)

It becomes



_3g z°
o —%(1—4F)
Integrating and then using the boundary conditions
on.=-a At z--2
o,,=0 at Z:E
' 2

We get

q 27 27,
=——[2-3—+(—
0, ==, [2-3-+ ()]

We thus have a set of stresses o.,,0,,0.

which are computed from nigorous// equilibrium considerations

Next we Introduce some average value - q the transverse displacement,
taken over the thickness g the plate, as well as some average values -, : Q



the rotation g the sections x-constand y-const, respectively. We define these
quantities ???? by equating the work ¢ the resultant moments on the average
rotation and the work q the corresponding stresses, actual displacement for
bending u,v and w In the same section, I,e., we put

h h
2 — 2 —
jJ o udz=M,z, J‘j o,Ndz=M 7,
2 2
h h
2 — 2 —
J:E o Ndz=M 7, ,[_D o,Mdz=M, 7,
2 2
il — n —
2 — 2 —
I_E o,wdz=Q w I_b o,wdz=Q,w
2 2

Substituting previously obtained stresses in the above equation, we obtain the
following relations between the average ?? and the actual displacements,

W=

1 g — 3 2 22,,
Q_yJ.—ZW??W:%J.—ZMl_(F) Jdz p127

h
7, = %J'_Zh uzdz \
2



h
T, = %I_Zhvzdz
2

We have the strain-displacement and Hook’s law

ou 1
=—=—[o,-V(o, +
Exx OX E [O_xx (O_yy 0, )]
ov 1
£, = @ = E[ayy -Vv(o, +0,)]
ou ov 1
26,(Fry)=—+—==0,
ox oy G
ou ow 1
2¢e,(= =—+t—_—==
XZ( 7/XZ) az ax GO-XZ
2¢,(=7,) @Jra—W:iayz\
oz oy G
with ¢-_E
2(1+v)
E v 2 2z 1,2z
G =y (U ) - 2 2 ()]
1-v 41-v)'3 h 3'h

__8av 2 2z 122,
4(1—v)[3 h T3]

E
o, =1 (v, +vu,)



Substituting these into

12M,
:T

12M, 12M

Z,GW=TZ,UW= o

O-XX

and multiplying the obtained equations by 2z, integrating w,r,t,z¢5.0) |

then we obtain

6v(L+V) al

M, =D + +
o= Plecrve,, + =g

6v(L+V)
5Eh

|\/|y = D[ry'y +vr, + q]

M, = DA-v)
2

(Tx,y + z-y,x)

Substituting eqns

3Q z°

=2 x(-42
O-xz 2 h ( hz)
_3%

ZZ
1-4%
% =57 )



Into the 2 :é%

1
25yz :EO'yZ

And multiplying the results by

~p-&y1ee  and integrating between
The limits .-+, we obtain

6
=Wy +—"——Q =—Wy+——
o 5 Eh R ' 5GhQX

- 121 —
T :_W,y +—1Qy :—Wy

6
g 5 Eh R

R
5Gh

Now eight unknowns, wm,m,w,.0.0.w- and -, are connected by 2 equations
of (*), 3 equations of (?), and three equations m,,,-q,-o

Q..+0a=0



Eliminating -, ., from above, and taking into account qo,,+q-0, We obtain

T gh’ v
M, = —D(W + VW) + —Q, , — o ——
=DM W) g Qg

2

— — h h®> v
M, =Dy +VWor) Q. - d

El—v
_ h2
M., ==(1=v)DWey +-(Q,, +Q,)

Substituting this equation into w,,,+q, -0, We get

o(V’w)  h* &g
OX 10(1—-v) ox

h? _,
———V?Q =-D
Q, 10 Q,

B L VA ) N L
Q= 10VQy 0 oy  10(1-v) oy

To obtain the more complete deflection equation for plate we only have to
substitute the above equations into g, +q-0, We then get DV“W:q—%i_szq.

Reissner's theory



Mindlin's theory

Shear deformation 11 2{(thickness direction)

&, — classical theory

\/

&,; — shear deformation
V

&4, —> stretching effect in the thickness direction

1 .
gaS = E (ua,3 + u3,a) = O " ua,3 = _u3,a = _\N,a

l

ua,S + u3,a = ¢a ) ua,S = ¢0{ - u3,af = _l//a



(constant shear ~)
=4, —W, =, (XY)
1st order theory -> higher order theory
=5 Uy Uy, ) =2 Wy +¥)
Var = 26,3 =0, =W, ~V,

(N M) = [3 L 20,02 = (9D, , +vw, ) = M,

(D, , +vy,,) =M,

=M

Xy
Qa = J.O-azdz = thO!Z ; Qa = th(VV,LY _Wa)

Shear correction factor steming?? from the fact that -, Is constant through
the thickness.



Straight line remains straight but conseration?? Of normal discarded.
Meaning of k : surface condition

Mam+Qa =0

>

Q..+0a=0 Q.. =1

1-v 1+v
Dlv, « +T%,W +Tl//y,xy] +kGh(w, -y, ) =0

1-v 1+v
D[Wy,yy +7Wy,xx +TWx,xy]+ kGh(Wy _Wy) =0

_kGh(\N,xx +Vv,yy ~Wyx _l//y,y) =q

Eliminate ,, : DV4W=q—EDhV2q Verity



Constant bending thdments and"constant twisting moment s
only for convenience that we examine stress states rather than strain states :
typically a computer program outputs stresses rather than strains. Computed
n nodal d.o.f can also be examined; if they are incorrect strains and stresses
will also be incorrect. If displacements are correct but stresses are incorrect,
one suspects that the stress calculation subroutine must be incorrect. Support
conditions must not prevent the constant state from occurring.




0=2a, +a,x
@ =D, +b,x

&, =(w,+0)=a, +a,x+b,

2 point rule to integrate exactly

e,=0,a+b,=0,a,=0
—0=a ,0=b-ax

2
u, ~ (%j =0— Locking
OX

reduced integration : 1 point rule

&, =0,8+b,=0 > 6O=a +a,x



w=Db —ax

—>%:a2¢0—>ub~(%)¢0
OX OX

Classical(~Thin) plate theory
u(x,y.z) | [up(x.y) W, (xY)
VY, Z) =Y (X Y) p+Zew (X Y)
WX, y,2)]  (Wo(X,Y) 0

First-order shear deformation theory

U, y,2) | {Up(xy) u, (X, y)
V%, Y.2) p=9% (X Y) p+zovi(Xy)
w(X,Y,2) W, (X, Y) 0



Shear correction factor : %« ~€2=0 9

2nd-order(Higher-order)shear deformation theory

u(x, y,z) Uy (X, Y) u (X, y) u,(x,y)
V(X Y,Z) (=Y (%) p+ZVvi(X%Y) p+ 27 1v,(%, Y)
w(X,Y,2) w, (X, y) 0 0

Shear correction ?

Generally, n-th order



u(x,y,z) Uy (X, Y) u, (X, y) u,(X,y) u, (X, y)

VX, Y,2) p=1V(X, Y) p+Z3Vi(%Y) b+ 223V, (X Y) p+ e+ 275V (X, Y)

w(X,Y,2) W, (X, Y) 0 0 0
what is the merit ?

EoprEqzr €3 -7

1(u U Uil )

mi ' mj



4.3 von Karman Plate theory

The theory of small deflection of thin plate was derived in the previous sections
under the assumption of infinitesimal displacement. For small deflection (w,,, <0.2n)
the theory gives sufficiently accurate results. By increasing the magnitude of
deflection beyond a certain level (w,, >03n) however, the lateral deflections are
accompanied by stretching of the middle surface, provided that the edges, or at least
the corners, of the plate are restrained again in-plane motion. Membrane forces
produced by such stretching can help appreciably in carrying the lateral load.

If the plate, for instance, is permitted to deform beyond its thickness,

Its load-carrying capacity is already significantly increased.

When w,, ~h, the membrane action becomes comparable to that of bending.

This is in sharp contrast with the theory of beams, for which the linear theory is valid



as long as the slope of the deflection curve is everywhere small in comparison to

unity.

Figure : Deflection of simply-supported square plate under constant lateral load

A well known theory of large deflection of thin pates is due to von Karman.

In this theory, the following assumptions are made.
~ wj=0(h) and [w<<L ; L :typical plate dimension
~The typical displacements u,v are small, and in the strain-displacement
relations only the quadratic terms in w, and W, are retained.
(or strains are much smaller than rotations)

~Kirchhoff’s assumption that lines normal to the un-deformed middle surface



remain normal to this surface in the deformed state and are un-extended after
deformation holds.

<<1 and ‘vv,y‘<<1,

~The slope is everywhere small, |w,

~All strains are small and Hooke’s law holds.

Thus von Karman theory differs from the linear theory only in retaining certain
powers of derivatives w, and W, in the strain-displacement relationship. Because of

the Kirchhoff assumption we may write

u (X, y,2) =u(x, y) —zw(x, y),,
U, (X, Y, 2) = V(X, y) = ZW(X, y),
Us (X, y,2) =w(x, y)

ua (X’ yl Z) = Ug (X’ y) - ZW(X’ y)la
Us (X, y,2) =w(Xx,y)

Y or

% Strain-displacement relation from the theory of elasticity :



1 1
€ = E(ui,j +uj,i)+§uk,iuk,j

3.3.1 Strain — Displacement relationship

Ui]j = &jj T @ = stretching + rotation :

Note : o, > w,

Model !:

1 1

u, = E (u1,2 +U,,) + E (u1,2 - u2,1) =& Ty,
1 1

U ;= E (U1,3 +Ug,) + 5 (ul,S - uS,l) = &3t W3

1 1
u, = E (u1,1 +Up )+ E (u1,1 - u1,1) =&, taw, =&, +0!



%0 In the matrix form :
Report : [u;;]=?

1 1
Si ZE(gij T T E; +a)ji)+§(gki +a )&y +ay)

Symmetric or skew-symmetric part !
1
€i = &j +E(‘9ki +a)ki)(gkj +a)kj)

Assume: g; =0(6%),w,; =0(0), @,, = O0(6°)

1 1 1
Cop = C, (gaﬂ + E a)3aa)3/3) + ECg (83aa)3ﬂ + a)3a83,3) + §C4 (5,1aa)/w 1T W;,85 T E5,E35 a)ﬁ.aa)aﬂ)

1 1
e,; =C,(&,5) + E Ci(e,, 0,5 + @ 85 +@,,0,5) + §C4 (£,30,, +&,,€,3+ E3,E33)

1 1 1
€ =C, (655 + E @,30,;5) + E Ci(6,50,5 + Wy58,5) + E C,(£,50,5 + E33633)



Take

1

Q,

and assuming

e, =0: for.(i= o =1or2: shear..deformation)(i = 3: normal..deformation)

Then

1
_ 0 - .
Cap =& ap = Doy + 5 Wig Wy

1 1
0 2 0 2
EX) exx =& XX_ZW’XX+EW’X:u,X_ZW’XX+§W’X

Q : Non-linear first-order shear deformation theory ? Higher-order shear deformation theory ?



Report : Due Dec.2

Newton-Raphson method, Arch-length method

- Numerical study for nonlinear system - example results

4.2 Equation of equilibrium & Boundary conditions

For a constitutive law, we will employ Hooke’s laws between the stresses and the
strains for plane stress over the thickness of the plate.
Thus we shall consider here only with €,5(x, 8=12)

Accordingly the total potential energy is written by simple form.

At first, the strain energy Is written



U = [oy5e,dV => [ | faaﬂaeaﬂdsz
Y, “h

So, we get

II _T {0_11[55U W 0ow 525W] + 0[]+ O[] }dZdA

—7
OX  OX OX OX?

0,420z to get

——— N | T

Now we use the notation, w,, -

Nz

( What is the difference between linear plate theory ? )

. Couple terms, non-linear terms

h
sU :” j-{all[aéu OW 06w 6 OW

OX OX OX ax ] 012[ """ ]+(722[ ..... ]}dZdA



oou  OW OSW o*6w
oU. = N + —M +
! ”{ o X OX 8x) *ox?

- ”{Nxx (SU, +W, W, ) =M SW, +.eeeeve. 1dA

where

For the applied forces

oU, = —”qévvdxdy +<j§ N, ou ds —cﬁ N, .ou.ds

where N, ; normal force distribution per unit length of the edge which is taken as

positive in compression

N,, ; tangential force distribution per unit length of the edge

u,,u,; In-plane displacements of the boundary in the directions of normal and




tangential respectively to the boundary. qx.y):; load distribution (lateral)

By using the above results for sU, and sU, we may form suU .
Since we used un-deformed states for stresses and external load, we are limited to

small(~moderate) deformation as far as using this approximate functional for the

total potential energy.

Thus we have for the total potential energy principle

SU =0=6U, +6U,
By using Green’s Theorem and coordinate transformation from x,y
to v,s andalso Q =M,

Then we get



XX, XX Xy, Xy

”{(NXX‘X +NXyly)§u+(NXy,X+Nyyly)5v+[M +2M +M, , +
(N W) + (Nyyw'x)'y + (nyvv’y)’X —|—(NWW,y)’y + qJow}dxdy +

XX "5, X

$ ot =M, ]1=0

[N, ,0u, +(M, , +.?.+Q)du,]dA+
” 5.5 pa ,
- cﬁ +c_]5 =M ]=0

Report : Complete “? Portion’ ( Next week)

The last term accounts for corners in the boundary as was discussed.

From this equation we can conclude that in the interior of the plate

277211



The first 2 equations are identical to the equations expressing the equilibrium for

plane stresses. Using these equations to simplify the 3" equation.

We get

M +N _w,, +q=0

af, fo af " fa
Now comparing this equation with the classical case

M +g=0

apf, pa
We see that it is introduced nonlinear term

(= N oW, 5, = N w, . 2N w,  +N _w, )
Involving the in-plane force intensities as additional "transverse loading" terms”
We also obtain the following boundary conditions as the text :

~ or ~ is specified. etc.



The last three conditions are familiar from earlier work on plates. except that the
effective shear force is now argumented by projections of the inplane forces at the
edges.

If we use Hook’s law to replace the resultant intensity functions by appropriate
derivatives of the displacement field, and carrying out the finite integral w.r.t z, we obtain,

M,, =-D(w,, +vw, )M
2.

N, =C{[u, —|—%W,§]+V[V,y +%w,§ 1}

*
2.

can..be..
M _ =?2N .=?

afp aff

where

C : Extensional rigidity



The first two equations will be satisfied if we use a function F defined by
$ N, =F,, Ny =F,..N, =—F,
Replacing wm,, intermsof w, and ~, interms of derivatives of F above, then the
last equation becomes
Then

DV'w=F,, w,,—2F, W, +F, W, +q

We now have a single partial differential equation with two dependent variables w
and F.

Since we are studying in-plane effects using a stress approach, we must assure the
compatibility of the in-plane displacements. This will give us a second companion

equation to go with the above equation. To do this we have to eliminate u,v from the



expression on F. It can be done by eliminating u,v from * and $.
Then the compatibility is given by
DV*F = Eh(w,”, ~W,,, W, , )

% Gaussian Curvature

If the surface is developable, the Gaussian curvature vanishes. Hence the right-hand
side of DV'F=Eh(w’,-w, w, ) vanishes if the deflection surface is developable.

If a flat surface is deformed into a non-developable surface its middle plane will be
stretched in some way and the right-hand side of above equation does not vanish.
Thus, these nonlinear terms arise from the stretching of the middle plane of a flat

plate due to bending into a non-developable surface.

When the nonlinear terms in the above equations are neglected, these equations



reduce to the corresponding equations to the small-deflection theory.

CF) Clamped 4 edges or Cantilever model ?

The first two equations governing the membrane stresses N,.N, N, are identical
with the linear theory.
Substitution of N,; ~U,V,W into the equations yield the basic equations for

stretching of plate as follows:

eX)N,+N, ,=0:?..

Xy,y



3-3-3 Methods of Analysis
(a) Berger’s Method

U, = % j j {(vzw)2 +2(v = 1) (W, , Wy, —W,2)) +i—f[e2 + 2(v—1)e2]}dxdy

e : First..invar iant..of ..middle..surface..strain
= ¢, +&,, 'rectan gular..coordinate

=¢,. +&,, :cylindrical..coordinate

e, : Second..in variant..of ..middle..surface..strain

1 :
= &4y 3 ¥y, - rectan gular..coordinate

= &,,.&y - Cylindrical..coordinate..when..circular..symmetry



1 u .
&, =U, +—W,f , €, =—: for.symmetric..case
2 r

%

2
X!

1 1,
B = U b Wi, £y = Vg oWy = Uy U, W, W

If the deflection of a plate is of the order of magnitude of its thickness, the
differential equations for the deflection and the displacement can be written in terms
of one fourth order and two second order nonlinear equations. These three equations
are coupled together.

The purpose of the present investigation is to develop a simple and yet sufficiently
accurate method for determining the deflection of plates when that deflection is of
the order of magnitude of the thickness. The approach used in the following analysis
is to investigate the effect of neglecting the strain energy due to the 2" invariant of

the strains in the middle surface of the plate when deriving the differential equation



by the energy methods. The resulting differential equations are still nonlinear, but
they can be decoupled in such a manner that they may be solved readily.

These equations hereafter will be referred to as the approximate equations. To solve
the problem of large deflections of plates completely, an estimate of the membrane
stresses must be made. This can be done by assuming that the deflection is equal to
that given by the solution to the approximate equations and substituting this
deflection into the strain energy integral. The strain energy is then a function of the
displacements only and, by the principle of virtual displacements, differential
equations can be derived for these displacements..

It is the intent of this investigation to develop a simplified analysis for finding the
deflection of plates when that deflection is large enough so that the strain of the

middle surface cannot be neglected.



H.M. Berger “ A New Approach to the analysis of Large Deflection of Plates”

(b) Banerjee’s Method
For thin plates undergoing large deflections, a modified energy expressions has been
suggested and a new set of differential equations has been obtained in a decoupled
form. Accuracy of the equations has been tested for a circular and a square plate with
Immovable as well as movable edge conditions under a uniform static load. These
new equations are more advantageous than Berger’s decoupled equations which fail
to give meaningful results for movable edge conditions.
An approximate method for solving the large deflections of plate has been proposed
by Berger. This method is based on the neglect of e,, the second invariant of the
middle surface strains, in the expression corresponding to the total potential energy

of the system. An advantage of Berger’s method iIs that the coupled differential



equations are decoupled if e, is neglected.

But, some authors pointed out certain inaccuracies in Berger’s equations and
concluded that Berger’s line of thought leads to meaningless results for movable
edge conditions. This is due to the fact that the neglect of e, for movable edges

fails to simply freedom of rotation in the meridian planes where the membrane stress

o, = E (u,r+%w,f+v%) eX|St

1—v?

For movable edges the in-plane displacement u is never zero and thus Berger’s

equations lead to absurd results.



On the other hand, for immovable clamped edge,

u=0 and ‘Z—‘:V:o and therefore, Berger’s equations give sufficiently accurate results.

For simply supported immovable edges, u-o, but fj_vruo. Thus Berger’s equations

give fairly accurate result. A modified energy expression has been suggested by
bringing directly the expression for -, in the total potential energy of the system. A
new set of differential equations has been obtained in a decoupled form.

In polar coordinates, the total potential energy, v of a thin isotropic circular plate of
radius a, and of thickness h is given by

Dga, , 2V 1, 12, a
V_EL [w, +Tvv,,vv’”+r—2vv,r +F{el +2(v—1)e2}]rdr—j0 qwrdr 1)

Where, o is the flexural rigidity of the plate given by D:lz('i—“sz w is deflection, v

—V)’
is poisson’s ratio, ¢ and ., the first and second invariant of the middle surface
strains respectively given by



Here, u 1S the in-plane displacement and q is the uniform static load. Equation (1)
may be rewritten in the following form

_ Dy A 1 , 12_, o UP a
v _EJ-O [wff +T\N,rvv,rr+F\N,r +F{e1 +(1_V )XF}]rdr_J.o C]Wfdr

Where g=u, +VE+%W?, ~0,

r

If the term -’ in (2) is replaced by %(‘Z_Vrvj being a factor depending on the

Poisson’s ratio for the plate material, decoupling of (2) is possible. Introducing the

r

term A() in place of @-v)“
4\ d r?

and applying Euler’s variational method to (2), the following decoupled differential
equation is obtained.



Vw22, + w2 (e 2w, ) =2 (3)

Where A is a constant of integration to be determined from u,r+v%+%wﬁ At (4)

In the rectangular Cartesion coordinate system (3) is
VA= AW W)~ D [V 01+ 20,0+ w, W =

When the constant of integration A is to be determined from

1 \Y;
A=U_+VU_ +=W2+—W
X Y X 2 Y

To these equations must be added a suitable set of boundary conditions.

Refer to the paper

B.Banerjee& S. Datta "A New Approach to an analysis of Large Deflections of Thin Elastic Plates”



