Chapter 5
Deep Shell Equations

The term deep is used to distinguish the set of equations used in this chapter from
the

shallow shell equations discussed later. The equations are based on the assumptions
that the shells are thin with respect to their radii of curvature and that deflections are
reasonably small. On these two basic assumptions, secondary assumptions rest.
They discussed as the development warrants it.

The basic theoretical approach is due to Love, who published the equations in their

essential form toward the end of the nineteenth century. Essentially, he extended



work on shell vibrations by Rayleigh, who divided shells into two classes: one
where

the middle surface does not stretch and bending effects are the only important ones,

and one where only the stretching of the middle is important and the bending
stiffness can be neglected. Love allowed the coexistence of these two classes.

He used the principle of virtual work to derive his equations, following Kirchhoff,
who had used it where deriving the plate equation. The derivation given here uses

Hamilton’s principles, following Reissner’s derivation.

5.1 Shell Coordinates and Infinitesimal Distances in Shell Layers

We assume that thin, isotropic, and homogeneous shell of constant thickness have

neutral surfaces, just as beams in transverse deflection have neutral fibers. That is

true will become evident later. Stresses in such a neutral surface can be of the




membrane type but cannot be bending stresses. Locations on the neutral surface,
placed into a three-dimensional Cartesian coordinate system, can also defined by

two-dimensional curvilinear surface coordinate ,, and ..

The location of a point P on the neutral surface (Fig.) in Cartesian coordinates is

related to the location of the point in the surface coordinates by

X1= fl(al’az)’X2= fz(al’az)’Xe,: f3(061'0!z) (511)

The location of P on the neutral surface can also be expressed by a vector :

I:(al’CZZ): fl(al’az)él"' f 2(0(1’052)§2+ f3(a1,a2)§3 (512)



Now let us define the infinitesimal distance between point P and P’ on the neutral

surface. The differential change dr of the vector ¥ as we move from P to P IS

dF (e, a,) = ar(gl’“z) dog + T2 %) 4 (5.1.3)

o oa,

The magnitude ds of df is obtained by

ds® = dr.dr (5.1.4)
Or
or or or or
_( —dg,+—da, ). ( —da, +—d
as (80{1 ' oa, 2)(6051 “ oa, % )
~ T T o)+ T (o)t 42T T ggda, (5.1.5)

oo, Oa, oa, Oa, oa, Oa,



Practice : Index notations !

In the following, we limit ourselves to orthogonal curvilinear

coordinates which coincide with the lines of principal curvature of

the neutral surface
The third term of in Eq.(5.1.5) this becomes

a

oa,

28—r-8—rd051d052 =2
oo, Oa,

a
o,

cos%docldoz2 =0 (5.1.6)

When we define



2

or or or| L2
6051-5051 - oa, =A
or or lor| (5.1.7)
da, da, |0a,| A;
Eqg.(5.1.5) becomes
2 2 2
ds'=Ada.+Ada. (5.1.8)

This equation is called the fundamental formand A and A, are the fundamental

form parameters or Lame parameters.

As an example, let us look at the circular cylindrical shell shown in Fig.

The lines of principal curvature ( for each shell surface point there exists a



maximum
and a minimum radius of curvature, whose directions are at the angle z/2) are in

this case parallel to the axis of revolution, where the radius of curvature R -« or

the curvature 1/r -0, and along circles, where the radius of curvature R,-=a or the
curvature 1/Rr,=1/a.

We then proceed to obtain the fundamental form parameters from definition (5.1.7)

The curvature coordinates are
0£1=X, 0[2=9 (519)

And Eq.(5.1.3) becomes



Fig 5.1.12—

Thus

Or

and

f'(X 0 ): X&.+aCcos 08, + asin ge-

(5.1.10)



or _or N =
=— =-—asin ge, +acos ¢,

oa,

Or

a

= A\ =aysin®f+cos’d =a
89 A2 \f

The fundamental form is therefore
ds* = dx* +a’dé?

Recognizing that the fundamental form can be interpreted as defining the
hypotenuse ds of a right triangle whose sides are infinitesimal distances along the
surface coordinates of the shell, we may obtain A;and A, in a simpler fashion by
expressing ds directly using inspection:

ds? = dx? +a*d&”



By comparison with Eq.(5.1.8), we obtain A;=1 and A,=a

For the general case, let us now define the infinitesimal distance between a point P,

that is normal to P and a point P, which is normal to P’ (see Fig.5.1.3) P; is

(94 (04
located at a distance ~ from the neutral surface ( ® is defined to be along a

normal straight line to the neutral surface).

. . o, +da,
P, 1s located at a distance from the neutral surface.

We may therefore express the location of P; as

ﬁ(aLaZ,aS): r (061’062)+053ﬁ (al'a2) (5116)

where



N - unit vector normal to the neutral surface.

The differential change dR as we move from P, to P; is

dﬁ(abaZ,aS): dT (al’a2)+a3dﬁ (al’a2)+ﬁ (al’az)da3 (5117)

where

_ on on
dN(ana2)= ada1+da2 (5.1.18)

oy oa,
The magnitude ds of dR is obtained by

ds? = dR-dR (5.1.19)



Or

dS 2:dIi(al,az,ag)'d|§(a1,052,053):

(07 (avara)+ s (aua) (asaz)ds |

= dF«dF + i dAedi + Aen (da, )’
+20,dT+dN + 20,07 +N + 20, d AN N

= dFedF +;dAedn + (de, )’ + 20, dF+dn

Why ?

(5.1.20)



We have already seen that

dredr = A ‘A :
A1da1 Azdaz (5121)
Next
azdnedn = o} oan,on dof + on ,on daZ +2 oan,on do,da,
oa, Oy oa, oa, oa, Oa, (5.1.22)
The third term of this expression is zero because of orthogonality
(see also Fig.5.1.3).
The second term may be written
2
2 8ﬁ 8!’1 2 2 aﬁ 2
e oda? =|g?2 2| «d
3 da, ba, o, = |0 oa, a, (5123)




from Fig.2.1.3 we recognize the following relationship to the radius of curvature =,

|OF / b, | _ ‘a38ﬁ/8a2‘

5 ” (5.1.24)
Since
oF
o, 1 (5.1.25)

We get



on | oA
*2a,|” R, (5.1.26)
And therefore
,on on o, LA,
o, da, oa, da, =a; R, da; (5.1.27)
Similarly, the first term becomes
za_ﬁ.a_ﬁdaf: ;idalz (5128)

* 0a, Oay



And expressions (5..1.22) becomes
24 Am 2 A12 2 A22 2
a;dnedn =, {Edal +?2da2} (5.1.29)
Finally, the last expression of Eq.(5.1.20) becomes

or on

or on

dof + dof + i -a—ndocld(z2 +a—r-a—nd051d052 (5.1.30)

20,07 +dN = 2¢1,
oo, Oa, da, Oa, oo, 0a, da, 0o,

The last two terms are zero because of the orthogonality. The first term may be
written



- = - = 2
6r.8n.d 12:8r oandfzi-daf
oo, Oy oa,| |0ay R,
Similarly
= - 2
or .8n odajzi-daf
oa, Oa, R,

Expression (5.1.30) therefore becomes

AlZ 2
20,07 +dN =20, {ﬁdaf + R dazz}

2

(5.1.31)

(5.1.32)

(5.1.33)

Substituting expressions (5.1.33),(5.1.29), and (5.1.21) in Eq.(5.1.20) gives



ds? :Af(l+%)2daf+A§(l+%)2da22+da§ (5.1.34)

~Whatis & ?

5.2 Stress-Strain Relations

Having chosen the mutually perpendicular lines of principal curvature as
coordinates, plus the normal to the neutral surface as the third coordinate, we have
three mutually perpendicular plane of strain and three shear strains.

Assuming that Hook’s law applies, we have a three dimensional element



1
En= E[Jll — (o, + J33)]

E»~ é[o-zz —p(oy, + 0'33)]
1
Es™ _[0-33 — p(oy, + Gzz)]
z (5.2.1~6)

12

Ew™ E

®
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13

Ei™

E
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Exn™ E23

where 5,,: Normal stresses,

o= ):Shear stresses as shown in Fig.2.2.1

Oi=0jj (527)



We will later assume that transverse shear deformations can be neglected

This implies that

O.:=0 (5.2.8)

However, we will not neglect integrated effect of the transverse stresses ¢,

This is discussed later.

The normal stress g, which is normal direction to the neutral surface

will be neglected.

O=0 (5.2.9)



This is based on the argument that on an unloaded outer shell surface it | zero, or if a
load acts on the shell, it is equivalent in magnitude to external load on the shell,
which is relatively small value in most cases. Only in the close vicinity of a

concentrated load do we reach magnitudes that would make the consideration of
O 3

worthwhile.

Our equation system therefore reduces to

&, =—(o, fuoc )

m|~ m|e

E, =0, 7o )

o

E1 5

m|

(5.2.10~5.2.12)



and E 33— _é (011 +0,) (5213)

Only the first three relationships will be importance in the following.
Equation (5.2.13) can later be used to calculate the constriction of the shell thickness
during vibration, which is of some interest to acousticians since it is an additional

noise generating mechanism, along with transverse deflection.

2.3 Strain-displacement Relations
We have seen that the infinitesimal distance between two points p, and p of an
undeformed shell is given by Eq.(5.1.34).

Defining, for the purpose of a short notation,



A12 (1+%)2 =0y (2, 2y, 05)

(5.3.1)
A22(1+%)2 =0y, 2,0,
R, (5.3.2)
1= 933(051 ,0{2,053) (533)
~ A(Z. (1+&)2:gi o, a,,a5) i=1 i= )
Ryt Y for ‘" and ' then left hand side equals to
1
We may write Eq.(5.1.34) as
ds? =" g,(c 2, c,)da?
2 (5.3.4)

If point s originally located at (061,0!2,053), is deflected in the “: direction by Y,



in the % direction by Y2,and in the %:(normal) direction by Y, it will be located

at (454 +85:%+%) Deflection Yi and coordinate changes & are related by

U, =0 @) (5.3.5)

Point g, originally at (o +day,a, +day, a5 +day) il pe located at

(o +dey +&+dE, 0, +da, +&,+dE,, 0, +da, +&,+dE)

after deflection(Fig.5.3.1).

(ds)’ =0y (o, +day, 0, +0a,, 0 +dar,)(de; +dEY

The distance (5.3.6)

Since g;(x ., ;) ), &y,

varies in a continuous fashion as and “ change, we



may utilize as an approximation the first few terms of a Taylor series expension of

i (o +&.a, +6,,0,+ &) (&, 0;,05).

about the point

3 a o, a,,a
gii(al+§1’a2+§2’a3+§3):gii(a11a21a3)+z g“( . 3);.

= e, (5.3.7)

For the special case of an arch that deflection only in the plane of its curvature, the

Taylor series expansion is illustrated in Fig.5.3.2. in this example,
g22(a1 ,052,053) - 933(0‘1 ,0!2,053) =0, and 911(051 » &y s 0(3) - 911(051 ),

Equation (2.3.7) becomes

o9,, () &

9 (e +6) =0ula)+ o, (538)

Continuing with the general case, we may write



(o +d€)° = (dey)* +2dadé +(dE) (5.3.9)

2
In the order of approximation consistent with linear theory, (A)” can be
neglected.

Thus
2 2
(de; +d&)* = (dey )" +2ded¢ (5.3.10)
The differential 9% is
N 95
4= 2.5, 0 (5.3.11)

Therefore,( Eqn(5.3.10) becomes



- ) > 08,
(de; +d&)? = (dey) +2daijZ_lla—ajdaj (5.3.12)

Substituting Egs.(5.3.12) and (5.3.7) in Eq.(5.3.6) gives

(ds")? Z[g,,(oz1 a,,a,)+ Z@g,,(a{;a = 3')’Z]X [de,)? +2daz 'd il (5.3.13)

Expanding the expression and writing
9, a,,5) =9 (5.3.14)

gives

(ds')* i[gﬁz i )(der) 1+ Zdag,,Z—da +2da Zag"gj v 04

da ]
: (5.3.15)

The last term is negligible except for cases where initial stresses exist in the shell.



We have ,therefore, replacing j by k in the first term,

(ds")? —Z[(g..+Z %y k)(da) T+ 2 Zgug—d“ dos+2, Zg"g_gd“ de (5.3.16)

i=1  j=1 aj i=1  j=1 aj

Utilizing the Kronecker delta notation

5 — 1:1 =}
. _{O:i = ] (5.3.17)

we may write the first term of Eq.(2.3.16) as

3 3

(65 =3, ;«wz )5 darde (5.3.18)



The last two terms of Eq.(5.3.16) , we may write in symmetric fashion by noting
that

3 3 @_6 3. 3
iz_ll ,Z_llg” 8a-da de, = ; lelg” - idocdac (5.3.19)
Thus
" 3 3 g aé 851
d ii ) [ ) da.da.
( S ; ;[ g||+z +glj aaj +0; 6ai] *%4Q; (5320)
Denoting
Ci =0+ 255,530+ 0, oa, ' O oar (5:3.21)

Gives



3 3

(ds)* =2 > Gydade, (5.3.22)

i=1 =l

Note that
i =G (5.3.23)

Egn(5.3.22) defines the distance between two points P and P after deflection, where

point P was originally located at (%:%%) and point P’at (% +9% & 4@ & +da;)
For example, if P’was originally located at (% +9%:@% %) ihat jg 9% =0
2 2 2
(ds)” =gy, (dey)” = (ds)y, (5.3.24)

(d8)= G ed35 '(d (5.3.25)



=0 de, =0,

If point P was originally located at (%% +9%:%) thatjs 9% =0 5pg
(d3)2 =0y (dO‘z)2 = (dS);Z (5326)
n2 _ 2 n2
(0s')" =G, (de,)” =(ds),, (5.3.27)

Now let us investigate the case shown in Fig.5.3.3, where P was originally located

at (4 *da®.%) and prwas originally located at (%% *9%:%) This is equivalent

to saying that P was originally located at (%' %%)  and p’at'® ~d% % 4% @)

We then get
(ds)z = gll(dal)z +0y (daz)z - (dS)122 (5.3.28)



(ds')z =Gy (d al)z +G,,(d 052)2 -2G,dada, = (ds’)lzz

(5.3.29)
In general,
(ds); = gy (dex)’ (5.3.30)
(ds')" =G; (dey)* (5.3.31)
And
(ds); =0;(dar)’ + 9 (day)’ (5.3.32)

(ds’)ﬁ =G, (da,)’ +G; (dozj)2 -2G;deda; (5.3.33)



We are really now to formulate strains. The normal strains are

(ds ) dé i ) || || gll
i = k| (5.3.34)

Noting that since

!

Oi (5.3.35)

We have the expansion



1420 i g =2 Yi
e T2, (5.3.36)
Thus
gzlGii_gii
T g (5.3.37)

Shear strains  %(*) are defined as the angular change of an infinitesimal element:

Gij —E_Hii (5338)

i for |:1 |:2

and IS shown in Fig.2.3.3.



Utilizing the cosine law, we may compute this angle

(ds");

(ds"): + (ds’)?j —2(ds’); (ds’);; cos

(5.3.39)
Substtuting Egs.(5.3.31) and (5.3.33) and solving for °S% gives
G,
cosg, = GG, (5.3.40)
Substtuting Eqgs.(5.3.38) results in
cos(=— &) =sin; = o
2 T 66 (5.3.41)

And since for reasonable shear strain magnitudes



sin gij = gij (5342)
and

G, _ G
\/Giiij :\/giigjj (5343)

We may express the shear strain as

i = J99, (5.3.44)

Substtuting Eqgs.(5.3.21),(5.3.5), and (5.3.1) to (5.3.3) in Eq.(5.3.37) gives,

for instance for '=t



2 L

TR (e, IR)
L0y,
da; A 1+, /R)
1 {8[A1(1+a3/R1)] U dAWa/R)] U, +iU}
All+eg/R)"  day  A(l+a,lR) oa,  Al+alR) R
. 1 U, JA [M+a,/R)] U,

A (l+a,/R) 0, 0a, A (l+a,IR)

(5.3.45)

oA Al+a,/R) oa, Al+a,/R,) oa,

Next, utilize the equalities

AN (e IR)] a5 07

da, R, Oa,

and

1 ANMGa/RY] U dA@+a/R)Y] U, AA(+a/R)]

Us}

L STALY NS (5.3.46), (5.3.47)

ooy R~ 0o



These relations are named after Codazzi

Substituting them in Eq.(5.3.45), we get

LU U oA A

811:A1(1+a3/R1) da, A Oa, 'R (5.3.48)
Similarly,
1, U A
“ Az(l+a3/R2)(8a2+A18a1+ 3R2) (5.3.49)
¥ ba, (5.3.50)

Substituting Egs.(5.3.21),(5.3.5), and (5.3.1) to (5.3.3) in Eq.(5.3.44) gives, for



instance for i=ti=2

o = Al+a;/R) © ( U,

Y A@+a,/R)0a, A(l+a,/R)

AlralR) 0 U
A Q+a;/R) 0oy A1+, 1R,)

)

Similarly,

&= All+ay/R) 5

VR S S

o Al+alR) Al+alR) oo

én=All+aIR) : ( ’ )+ L&
o, A(l+a,/R) A(l+a,lR,) e,

(5.3.51)

(5.3.52)

(5.3.53)



2.4 Love Simplifications

If the shell is thin, we we may assume that the displacement inthe % and “

directions vary linearly through the shell thickness, whereas displacements in the *

direction are independent of « :

U (o, 2, ) =Uy(e, @) + o, B (o1, @) (5.4.1)
U, (o, 0, 0) = Uy (o, @) + 0,8, (e, @) (5.4.2)
Us(an, 2, 0) = U (e, @) (5.4.3)

where % and 7 represent angles. If we assume that we may neglect shear



deflection, which implies that the normal shear strains are zero,
&5 =0 (5.4.4)

&3 =0 (5.4.5)

We obtain,for example, a definition of ~ from Eq.(2.3.52),

U +a,f3, 1 W, 1oy
0= A&(““S’Rl) (A1(1+a3/R1)+A(1+053/R1)5051 R A (5.4.6)
or
u 1 ou,
ﬂl Rl 'Aiaal

(2.4.7)



Similarly, we get

u, 1 du,

B, =
R, A0 (5.4.8)

Substituting Egs.(2.4.1) to (2.4.3) into Eqgs.(2.3.48) to (2.3.51), recognizing that

o, O
-3 _3<<1

R R, (5.4.9)

we get

w

1 1 oA U
61 = A o, (U o)+ AA da, (U, + s f3)) + 5.4.10)



1 8 oA, U
& 7———(u wﬂ%— U+af)+z
"t A O, AAOg R (5.4.11)
£y =0
(5.4.12)
=0
= (5.4.13)
Eyy =0
(5.4.14)
A 0 U,+a,p ﬁ_
& = Aiﬁal( A )+ A da, (U, + o, 8) (5.4.15)

It is convenient to express EQgs.(5.4.10) to (5.4.15) in a form where membrane
strains (independent of %) and bending strains (proportional to as)

are separated:



0
&y =& T O3K,

(5.4.16)
£y = Epp K, (5.4.17)
&, = & T 04K, (5.4.18)
where the membrane strains are
o lou u O0A u
g =——+ +=2
A Oa, A Oa, R, (5.4.19)
o loau, u A U
Epy=——2+ +=2
A Oa, AM 0o, R, (5.4.20)
glzzﬁi(u_z”ﬁi(i)
A oy A A Oa, A (5.4.21)

and where the change-in-curvature terms( bending strains) are



104, B oA

1=

A oo AR oa, (5.4.22)
L1098 B oA
“"p oo, AA, 0o, (5.4.23)

A 0O (ﬂz) A O (ﬁl)
A oy A A Oa, A (5.4.24)

&y =

The displacement relations of Egs.(5.4.1) and (5.4.7) are illustrated in Fig. 5.4.1.

2.5 Membrane forces and Bending Moments

In the following, we integrate all stresses acting on a shell element whose
dimensions

are infinitesimal in the 'and " directions and equal to the shell thickness in the
normal direction. Solving Eqgs.(5.2.10) to (5.2.12) for stresses yields



E
Gaﬂ=m(8aﬁ+ﬁ5aﬁ&g): plane.stress. problem! (551) ~ (553)

Substituting Egs.(5.4.16) to (5.4.18) gives

E 1%
T et 1o O’ s T B ook (5.5.4) ~ (5.5.6)

For instance, referring to Fig.2.5.1, the force in the “*direction acting on a

strip of the element face of height “*and the width

% X
A, 1+ RZ)doz2 i 011A2(1+ Rz)doczdoz3

Thus the total force acting on the element in the * direction is



ay=h/2
(04
L3=—h/2 611A2(1+?z)da3
And the force per unit length of neutral surface Af* s
a=h/2 o,
Nu=[, ; O rpi)e (5.5.7)

Neglecting the second term in parentheses, we obtain ~
N - a3=h/2
af .|.a3_—h/2 O-aﬂ das (558)
ay=h/2
Maﬂ - I a?)aaﬂ das

az=—h/2

Substituting Eq.(5.5.4)~(5.5.6) results in: !!



Naﬂ’ Maﬁ =7?
QaS =

Na Q,
O hﬁ +12 hsﬂ oy

2.6 Energy expressions

The strain energy stored in one infinitesimal element that is acted on by
stresses oy IS

11 11

dU :;(G E e + O33E33)dV

(5.6.1)

The last term is neglected in line with assumption (5.4.3). We do, however,
have to keep the transverse shear terms, even though we have previously



assumed ¢; and €, to be negligible, to obtain expressions for 4 and

b,

The infinitesimal volume is given by

1 a, a,
dvVv :2'A&A2(1+ E)(:I.—F R_Z)dalda2da3

(5.6.2)
Integrating Eq. (2.6.1) over the volume of the shell gives
U=] ;S o f o) F av 563
where
le(o- E At OpuEyy) delet.. oy 64, term
25 (5.6.4)



The kinetic energy of one infinitesimal element is given by

1 . .
dK:Zp(u12+U22+U§)dv (5.6.5)

The dot indicates a time derivative.

Substituting Eqgs. (2.4.1) to (2.4.3) and considering all the elements of the
shell gives

K:,gj oq ] e, ] ag (U7 +U3 U3+ (B + 5 )+2a3(Uy By +Uy f55)]

X 1+ %) 1+ &)daldazdag
AA L+ A+ 2 (5.6.6)



Neglecting the «,/R and «,/R, terms, we integrate over the thickness of
the shell(a,=-h/2 t0 a,=h/2). This gives

K="2“Jalfazfa [u? +u2+u3+ (ﬁl +AAAdoda, (5.6.7)

The variation of energy put into the shell by possible applied boundary
force resultants and moment resultants is, along typical «,=constant and
o, =constant lines

5EB :j (5u2N;‘2+5u1N;‘1+5u Q;3+5,82M;‘2+5,81M;1)A1da1+

Jaz (du N* +0U, N +0uQ +9BM; +38,M )Ada, (5.6.8)

1 11 212



Taking, for example, the «,=constantedge, N, Is the boundary force
normal to the boundary in the tangent plane to the neutral surface. The
units are newtons per meter. Q,, IS a shear force acting on the boundary
normal to the shell surface, and N, is a shear force acting along the
boundary in the tangent plane. M,, is a moment in the «, direction, and
M, Is a twisting moment in the «, direction. (Figure 2.6.1 illustrates this.)

The variation of energy introduced into the shell by distributed load
components in the «,, «, and «, directions, namely «q,, g,and g,(N/m?)
IS

5EL = '[0‘1 Iaz (q15U1 + q25U2 + q35u3) AlAZd ald 052 (5 ' 6 - 9)

All loads are assumed to act on the neutral surface of the shell. The
components are shown in Fig.2.6.2



2.7 Love’s Equations by way of Hamilton’s Principle

Hamilton’s principle 1s given as [note the discussion in Sec. 2.9 and that
Eq. (2.9.13) is multiplied here by -1 for convenience]

Sft U—-K-W, )dt=0 5.7.1)

where W, is the total input energy. In our case

Wi =Eg+E_ (5.7.2)

The times t and t, are arbitrary, except that at t=t and t=t,, all
variations are zero. The symbol ¢ is the variational symbol and is treated
mathematically like a differential symbol. Variational displacements are
arbitrary.

Substituting Eq. (5.7.2) for Eq. (5.7.1) and taking the variational operator



Inside the integral, we obtain

1 (U -SE.—SE —5K)dt=0
Ito ( B L ) (573)

Let us examine these varations one by one. First, from Eq. (5.6.6)

j% SKdt =

. S - - (5.7.4)
Phl g Ialf oy (U1 O'Up +Uy S Uy +Uz SUg +E('81 O Py +5,0 o) ]AAdada,dt

Integrating by parts, for instance, the first term becomes

(5.7.5)
f& u Suy dt=[u, Su, 18— u, Su, dt

Since the virtual displacement is zero at t=t, and t=t, we are left with



(5.7.6)
v u.1 5u.1 dt=—[ ¢ u1 Su, dt

Proceeding similarly with the other terms in the integral, we get

(5.7.7)
f; SKdt=—phf{ [ [, (U St +oocoiinn )AAd o, d ar, it

As in the classical Bernoulli-Euler beam theory, we neglect the influence
of rotatory inertia, which we recognize as the terms involving 4 and 45,.
It will be shown later that rotatory inertia has to be considered only for

very short wavelengths of vibration, and even then shear deformation is a
more important effect.



L SKdt=—ph{ |, J o, (Uy SUy +U, SUp+u; 5U;) AAdadardt (5.7.8)

Next, let us evaluate the variation of the energy due to the load. From Eq.
(5.6.9),

jtt; SE dt=—ph[} [og 1 e, (U +026U,+036 Uz) A Ayd ond arydit (5.7.9)

The integral of the variation of boundary energy is, using Eq. (5.6.8),



t0

t1 tL
I OEg = IJ (N3,0U, +N2,6U; +Q50U; + M 3,56, + M,668,) Ad ey, dt +
to

t1
[] (NSu, +N;6u, +Q)8u; + M1, + M,58,) Ada,dt

t0 oy

(5.7.10)

It is more complicated to evaluate the integral of the variation in strain
energy. Starting with Eq. (5.6.3), we have

1 SUdt=—ph[ ;o FdVvdt
tO C(l 6‘(2 (24
(5.7.11)

where



(5.7.12)
Examining the first term of this equation, we see that
1( 0o oo
OF =0F,,, dey, :2(681111811+0'11+822 851212 jégll
(5.7.13)
Substituting Egs. (5.5.1) and (5.5.2) gives
F 6y 08, =0y,0¢;,
(5.7.14)

Thus we can show that



1 a (04
Ittcl) oUdt=| : .[al .[az.[aB GijggijA&Az(1+ Rj)(1+ Rz)daldazdagdt
(1,)#33) (5.7.15)
We neglect the «,/R and «,/R, terms as small. Substituting Egs. (5.4.10)
to (5.4.15) allows us to express the strain variations in terms of
displacement variations. Integration with respect to «, allows us to
introduce force resultants and moment resultants. Integration by parts will

put the integral into a manageable form. Let us illustrate all this on the first
term of Eq. (5.7.15):



tl Ial Iaz.'. w3 0110611 A A d o d o, d agdt
(i, j=3,3)

=4 Ial jaZIaB[ 511(A25U1’a1+5U2A&,a2+AlRA25“3)

1
+0‘3(711(A25/317a1 +O3 A ,0)]dada,d aadit

:I E Ial jazj a3[ Nll(A25u1’a1 +5u2A’ﬂ.,a2 +A&RA‘25U3)

1
+a3M 11(A25/81’a1 +O5 A ,0)]dad a, dt

(5.7.16)



Now we illustrate the integration by parts on the first term of Eq. (5.7.16):

.[al .[az N11A25U1’a1d051d052:

=] as Ny, Aouda,—| o IaZ (N11A2)’a1 oudada,
(5.7.17)

Proceeding with all terms of Eq. (5.7.15) in this fashion we get



b oUdt=

t _ _ _ 0 AA

J o jal .[az[( (N11A2)’a1 (N21A1)’a2 N12A1’a2+N22A2’a1 Q13 R )ou,
1

N1y ~(NaoA)- g, N, Narfoo, Qo L 2o

+(N11A|f\2+ N, Agjz_(leAz)’al —(Q2; Al),az )ou,

+(—=(M 21'0‘1)’042 _M12A1’a2 +M 22A2’a1 _(M11A2)’a1 —Q1AA)B
+(—(M 12A2)1a1 —(M;, Al)'a2 My A 'y M, A ay —Qu3A A, Jd oy d ax,dt
+ Iaz [(N;16U +M 11658, + Ny, 68Uy +M 5,68, +Q36U5) Ald e, dt+ [ ¢! Ial (-..)Adar,dt

(5.7.18)



We are now ready to substitute Eqgs. (5.7.18), (5.7.10), (5.7.9) and (5.7.8)
in EQ. (5.7.3). This gives

1

b e Ty { [EG+(ch+phus) AAJOU+(Ed,+(d,+phuz) A A ISU,

+(EQ;+(gs+phus) A A)SUs+(..) 5B +(.. )58, ‘dapda,dt
o o (.BCL)Adadt+[3 [, (.BC2)Ada,dt=0

(5.7.19)

The equation can be satisfied only if each of the triple and double intergral
parts Is zero individually. Moreover, since the variational displacements
are arbitrary, each integral equation can be satisfied only if the coefficients
of the variational displacements are zero. Thus the coefficients of the triple
Integral set to zero give the following five equations:



Thus, we can obtain  (5.7.20)~(5.7.24)

5.8 Boundary Conditions

Examining Love’s equations, the stress- strain and strain- displacement
relations, we see that the equations are eighth- order partial differential
equations in space. This means that we can accommodate at most four
boundary conditions on each edge.

However, when set to zero, the two line integrals of Eqg. (5.7.19) are
satisfied only if the five coefficients in each are zero or if the virtual
displacements are zero. This would define as necessary five boundary
conditions. A similar problem was encountered by Kirchhoff [2.3] in the
nine-teenth century, when he investigated the boundary conditions of a
plate.

It appeared as if three conditions at each edge were needed, but the fourth-
order equation would allow only two. Kirchhoff combined the three



conditions into two by noting that the twisting moment and shear
boundary conditions were related.

Following Kirchhoff’s lead, the two line integrals are rewritten utilizing
the definitions of Egs. (5.4.7) and (5.4.8). For instance, for the first line
Integral equation, we get

:1 .[a {(N22_N22)5U1+(N;1_N21)5U1+(Q;3_Q23)5U3

(5 3)] fAdeydt=0

"‘(M 22)5,32+(M 21— M)l F\:J A da,

(5.8.1)

Before collecting coefficients of du,, we have to perform an integration by
parts:



F Ial {(M 21 M21) (5U3)d051dt

= [ (M;1_M21)5U3dt ‘“1 (le M31)d ey du5dt=0

oy
(5.8.2)

Since ™M, =M%, along the entire edge, the term in parentheses is zero.
Thus substituting Eg. (5.8.2) in Eg. (5.8.1) and collecting coefficients of
virtual displacements yields



1 . « M, M
H .[al {(sz_N22)5U2+[(N21+I:\,Zl)—(N21+I:\,21)]5U1

1 1
. «~ 1M, 1 oM
+(M22_M22)5ﬂ2+[(Q23+A1 8ail)_(Q23+A1 80:1)]5“3}

—Ade,dt=0
(5.8.3)

Similarly, for the second line integral, we get



1 « « M. M
:o Iaz {(Nll_N11)5U1+[(N12+Rlz)_(N12+12)]5U2
2 R,

1 oM., 1 oMy,
A G ) Qs+ A, O

+(M 1*1_ M 11)5ﬁ1+[(Q1*3+

—A,da,dt=0

)]5 h

(5.8.4)

These equations are satisfied if either the virtual displacements vanish or
the coefficients of the virtual displacements vanish. Defining, in memory
of Kirchhoff, the Kirchhoff effective shear stress resultants of the first kind

1 oMy, V=0, L Mz

Vi3=Qy3+
13713 Azaz and Ala

(5.8.5, 5.8.6)



and as the kirchhoff effective shear stress resultants of the second kind

M M
My and T21=N21+R21 (5.8.7, 5.8.8)

2 1

To=Np,+

We may write the integrals as

b .[al | (N2, —Nyp)8U,+(T5; —T,,)SU,
(M 55=M )8, +(V3-Vi3) SUs] Ad e, dt=0 (5.8.9)

and



tl .[az [ (Nfl_N11)5U1+(T1Z_T12)5U2
+(M 13 —M ;)88 +(Vi3-Vi3)8U5] Ayd ,dt=0 (5.8.10)

Now we may argue that each of these integrals can be satisfied only if the
coefficients of the virtual displacements, the virtual displacements, or one
of the two for each term are zero. Since virtual displacements are zero only
when the boundary displacements are prescribed, this translates into
following possible boundary conditions for an  « =constant edge

[Eq.(5.8.10)]:



N;;=Nj;..0r..u;=u,

My, =M,.or.B=05

Vy3=M5..0r.U;=Uj

T,,=M/,.0or.u,=u,

e (5.8.11)~(5.8.14)
This states the intuitively obvious fact that we have to prescribe at a
boundary either  forces(moments) or displacements (angular
displacements). However, four conditions have to be identified per edge.
In a later chapter we see that under certain simplifying assumptions we
may reduce this number even further. Similarly, examining Eg. (5.8.3),
which describes an «, =constant edge, the four boundary conditions have to

be



N22:N;2..Or..uZ:u;

Mo=My,.01.5,=4,

V,3=V,5..0r. Uy =Us

T,,=V,;.0r.u=U, (5.8.15)~(5.8.18)

We can therefore state in general that if n denotes the subscript that defines
the normal direction to the edge and if t denotes the subscript that defines
the tangential direction to the edge, the necessary boundary conditions are



N, =N ..or.u,=u;
M nn =M :n"or"ﬂn ::8:
Vn3 :Vn*3. 0r. .U3 =U;
T, =V .or.u=u;
(5.8.19)~(5.8.22)

Let us consider a few examples. First there is the case where the edge is
completely free. This means that no forces of moments act on this edge

N, =0, M

nn

v 0% &= TO0m (5.8.23)~ (5.8.26)

The other extreme is the case where the edge is completely prevented from
deflecting by being clamped

Uy =0, u =0, Uu;=0, f,=0 (5.8.27)~(5.8.30)

If the edge is supported on knife edges such that it is free to rotate in
normal direction but is prevented from having any transverse deflection,



clearly the two conditions

Uz =0, M;,=0 (5.8.31)~(5.8.32)

apply. If the knife edges are such that the shell is free to slide between
them, the other two conditions are

N =0, T =0 (5.8.33)~(5.8.34)
If the shell is somehow prevented from sliding, the conditions
Up =0, u =0 (5.8.35)~(5.8.36)

should be used.



5.9 Hamilton’s Principle

Hamilton’s principle 1s a minimization principle that seems to apply to all
of mechanics and most classical physics. It is the end of a development
that started in the second century B.C with Hero of Alexandria, who stated
that light always takes the shortest path. This indeed governs reflections,
by the minimum principle that includes refraction was not found until
Fermat in 1657 postulated that light travels from point to point in the
shortest time. On theological grounds, Maupertius in 1747 asserted that
dynamical motion takes place with minimum action, where action is
defined as the product of distance and momentum, or energy and time.
Lagrange formulated the mathematical foundation of this principle in 1760.
In 1828, Gauss formulated the principle of least constraint, which was
extended later by Hertz when formulating the principle of least curvature.
Finally, in 1834, Hamilton announced his general principle, which
Included all the others. He postulated that while there are usually several
possible paths along which a dynamic system may move from one point to



another in space and time, the path actually followed is the one that
minimizes the time integral of the difference between the kinetic and
potential energies. In terms of the calculus of variations, developed
primarily by Euler and Bernoulli in the eighteenth century, it is usually
stated as

5;% (T -U +W, . )dt=0 (5.9.1)
where ot are the variations of displacements(virtual displacements,) T
the kinetic energy, U the strain energy, W,  any additional energy input to
the system, and o the variation, operationally equivalent to a total
differential. In general, Hamilton’s principle can be viewed as an axiom,
replacing the axiom of Newton’s second law for dynamic problems. With
other words, we cither accept Newton’s second law for dynamic problems.
With other words, we either accept Newton’s second law as an axiom and
derive Hamilton’s principle from it for dynamic problems, or we accept



Hamilton’s principle as an axiom and derive Newton’s second law from it.
In the following, let us derive Hamiltion’s principle from the axiom of
Newton’s second law, utilizing D’Alembert’s principle for the restricted
case of interest here, namely, the motion of masses under constraints. Let
the virtual displacements &x,6y,,6z, -+, 5,8y, 5z, be infinitesimal, arbitrary
changes in the displacement coordinates of a system. They must be
compatible with the constraints of the system. If each mass particle
i=1...,n, isacted on by forces with the resultant F;, it must be that

n (IEI _ﬁi)°5rizo

1

(5.9.2)

where p. is the rate of change of the linear momentum vector p. and

ST =o%1 +0Y,] +0zk . Since



ol
Il
3

=5

(5.9.3)
Eqg. (5.9.2) may be written as

n MLOT, =W

=1
(5.9.4)

where
SW=3 F5F,
i=1

(5.9.5)

and represents the virtual work due to the applied forces alone. Using the
mathematical identify



[eOT, = (F[*OT.) —O (=Tl
, dt( ) (2 )

(5.9.6)

gives, after multiplying it by m; and summing over all particles,

MiGeor, =2m; —(F+0F)—5 % _m;TeF,
] i1 dt i-12

(5.9.7)

Recognizing that the Kinetic energy is



n1 ..

K="mM-T.I

i=z12m'r' i
(5.9.8)

and that work done by the applied forces is equal to the input work minus
what is stored in terms of strain energy,

W=W, -U
(5.9.9)
we obtain, utilizing Eq. (5.9.4),

o(K-U+W, )dt=>m, dt(ri.gri)
i=1

Integrating between two points in time, &, and t,, where the virtual



displacements or variations are zero, we obtain

t g " (5.9.11)
5] (K-U+Wi)dt=3 | m;  (f-T)dt=2 m; 7+, |2

tl izltl dt i=1 t]_
If we select of, such that

or,=0 t=t.t, (5.9.12)

The final result is

t
5f (K_U +Win)dt:O . Hamilton Priciple ! (5913)

b



