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Transformation (1)

* Probability generating function
— Nonnegative discrete random variable X

Gy (2) =E[2*]=2"P, ()
— Properties -
- Gy()=1

. dGy (2) ~G'y (2)= in Zn—lpx (n)
dz n=0

= G'y@= ian (n) = E[X]
n=0

. 42 -
: cjzxz(z) =G"x (2) =2 ,n(n-1) 2" Py (n)
n=0

— Gy ()= n(n-1Py (n) = E[X ?] - E[X]
n=0



Transformation (2)

o Laplace transform
— Nonnegative continuous random variable X

F™x (s) = E[e "% ] = j;” fy (x)e~dx

— Properties
. F*X(O)zf f (X)dx =1
. dF*(S)_ ] x —sX N _
. ISIDQ :j(s _|S|DQI0'X6 fx(x)dx_—joxfx(x)dx——E[X]

im ) [ Xt (dx =[x f, (x)dx = E[X’]
. |SI£E1 e —|SIE)10 X =], X Ix =




Transformation (3)

e Why the transformation?

1. Itis easy to obtain the convolution, which is a
distribution of sums of independent random variables

G, (z) = E[z+ X = E[Z ]E[Z**]...E[Z "]
F; (S) _ E[e—s(X1+X2+...+Xm)] — E[e_sxl]E[e_sz ]E[e—Xm]

« Summation => multiplication

2. Itis easy to calculate the moments of a random
variable

« Integral => differential



Examples:

Probability generating Function (1)

e For Bernoulli r.v. X with parameter p
— Gx(2) = E[z*]
=zp+z2°A—-p)=2zp+1-p
- Gx(2)=p, G"x(2)=0
- EX]=6x(1) =p
— Var[X] = E[X?] — {E[X]}’

=G"x(D+ 6y - {G'x(D}Y¥ =p (A -p)



Examples:

Probability generating Function (2)

e For binomial r.v. Y with parameters n and p
— Average of Y using probability density function
E[Y] = X0k ()p* (1 - p)”"‘

n!

-k

It is simpler to find the average using probability generating function
— Average of Y using probability generating function

e Y=X;+X,+--4+X,, (X;:Bernoullir.v.)
* Gy(2) = le(Z)ze(Z) Gxn(Z)

={zp+1-p}"
G'y(z) =n{zp+1—-p}"'p

E[Y] =G'y(1) =np



Examples:

Probability generating Function (3)

e For binomial r.v. Y with parameters n and p
— Variance of Y using probability generating function

G"y(z) =n(n—1{zp + 1 —p}"~*p?
G"y(1) = E[Y?] — E[Y] = n(n — 1)p?
Var[Y] = E[Y?] — {E[Y]}?
=G"y(1) +6'y(1) = {G'y (D)}
=n(n — Dp? + np — (np)*
=np(1—p)



Examples:

Probability generating Function (4)

o For geometric r.v. A with parameter p
— Average of A using probability density function
- E[A]l =Xl k(1 —-p)'p
— Average of A using probability generating function
+ Gu(2) =E[z4] =X, 2 (A -p)* T
= zp Lp={z(1 —p)}*!
=zp[1+z(1—p) +{z(1 —p)}* + -]

___zp
~ 1-z(1-p)

’ _ p — _1
G'a(z) = A—2(1-p)}? = E[A] =G6"4(1) = >




Examples:

Probability generating Function (5)

e For geometric r.v. A with parameter p
— Variance of A using probability generating function

17 _ 2p(1-p)
G"a2) = G o)y

/" 2p(1- 2(1-
6"4(1) = E[4?] - E[4] = 2252 = 2212

Var[A] = E[A%] — {E[A]}?

= G",(1) + G, (1) — {G',(1)Y?

_20-p) 11
B +p p2

p2
1-p
p2



Examples:

Probability generating Function (6)

e For negative binomial r.v. B with parameter k and p
— Average of B using p.d.f.
« E[B] =X n (G_1)p* 1@ — p)"*p
« Itis not easy to directly calculate the above equation
— Average of B using probability generating function
« B=A4,+A4,+--+A4;, (A;: geometricr.v.)
* Gp(2) = Gy, (2) Gu,(2) -+ Gy, (2)

- (1—zz()f—p))k

k—1
!/ —_ pZ p
G'p(z) =k (1—z(1—p)) 8 {1-z(1-p)}?

E[B] = G'5(1) =~



Examples: Laplace Transform(1)

For exponential r.v. X with parameter A
— Average of X using p.d.f.

- E[X] = fooox/le_’lxdx
- Itis not easy to directly calculate the above equation
— Average and variance of X using Laplace transform

e F*y(s) = E[e 5] = foooe‘sx/le"lxdx

= Afooo e~ A+ Xy = /1[

—(A+s)x o — L
€ ]0

—(A+5s) A+s
- i dF*X(S) R -A _ l
R Rl T U YO P
21 d?F*x(s) _ . 2 _ 2
ELX"] = s50 ds?2 550 (A+s)3 A2

10



Examples: Laplace Transform (2)

e For k-stage Erlang r.v. Y with parameter k and 1
— Average of Y using probability density function

Ae—lx(}{x)k—l

« fy(x) = (k—1)!
o A —-Ax 2 k-1
Y] = J xS

- Itis not easy to directly calculate the above equation

— Average of Y using Laplace transform
e Y=X;+X,+--+ X, (X;:exponential r.v.)

+ Fry(s) = F*x, (S)F*x,(s) -+ Fx,(s) = (L)k

A+s
L dFy(s) . Ak -1\ _k
+ ElY] =-lim—"==—limk ()l+s) X ((/1+s)2) 2
- Var[Y] = X

=7

11



	Preliminary Study
	Transformation (1)
	Transformation (2)
	Transformation (3)
	Examples:�      Probability generating Function (1)
	Examples:�      Probability generating Function (2)
	Examples:�      Probability generating Function (3)
	Examples:�      Probability generating Function (4)
	Examples:�      Probability generating Function (5)
	Examples:�      Probability generating Function (6)
	Examples: Laplace Transform(1)
	Examples: Laplace Transform (2)

