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Transformation (1) 
• Probability generating function 

− Nonnegative discrete random variable X 
 

− Properties 
•   

•   

 

•    
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Transformation (2) 

• Laplace transform  
− Nonnegative continuous random variable X 

 
 

− Properties 
•   

 
•   

 
•   
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Transformation (3) 

• Why the transformation? 
1. It is easy to obtain the convolution, which is a 

distribution of sums of independent random variables 
 
 

 

• Summation => multiplication 
2. It is easy to calculate the moments of a random 

variable 
• Integral => differential  
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Examples: 
      Probability generating Function (1) 

• For Bernoulli r.v. 𝑋𝑋 with parameter 𝑝𝑝 

− 𝐺𝐺𝑋𝑋 𝑧𝑧 = E 𝑧𝑧𝑋𝑋  

               = 𝑧𝑧1𝑝𝑝 + 𝑧𝑧0(1 − 𝑝𝑝) = 𝑧𝑧𝑝𝑝 + 1 − 𝑝𝑝 

− 𝐺𝐺𝐺𝑋𝑋 𝑧𝑧 = 𝑝𝑝,     𝐺𝐺𝐺𝐺𝑋𝑋 𝑧𝑧 =0 

− E 𝑋𝑋 = 𝐺𝐺𝐺𝑋𝑋 1 = 𝑝𝑝 

− Var 𝑋𝑋  = 𝐸𝐸 𝑋𝑋2 − E 𝑋𝑋 2 

                 = 𝐺𝐺𝐺𝐺𝑋𝑋 1 + 𝐺𝐺𝐺𝑋𝑋 1 − 𝐺𝐺′𝑋𝑋 1 2 = 𝑝𝑝 (1 − 𝑝𝑝) 
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• For binomial r.v. 𝑌𝑌 with parameters 𝑛𝑛 and 𝑝𝑝 
− Average of 𝑌𝑌 using probability density function   

• E 𝑌𝑌 = ∑ 𝑘𝑘𝑛𝑛
𝑘𝑘=0

𝑛𝑛
𝑘𝑘 𝑝𝑝𝑘𝑘(1 − 𝑝𝑝)𝑛𝑛−𝑘𝑘  

            = ∑ 𝑛𝑛!
𝑘𝑘−1 ! 𝑛𝑛−𝑘𝑘 !

𝑝𝑝𝑘𝑘(1 − 𝑝𝑝)𝑛𝑛−𝑘𝑘𝑛𝑛
𝑘𝑘=0  

 
It is simpler to find the average using probability generating function 

− Average of 𝑌𝑌 using probability generating function 
•  𝑌𝑌 = 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋𝑛𝑛     (𝑋𝑋𝑖𝑖: Bernoulli r.v.) 

•  𝐺𝐺𝑌𝑌 𝑧𝑧 = 𝐺𝐺𝑋𝑋1 𝑧𝑧 𝐺𝐺𝑋𝑋2 𝑧𝑧 ⋯𝐺𝐺𝑋𝑋𝑛𝑛 𝑧𝑧  

        = {𝑧𝑧𝑝𝑝 + 1 − 𝑝𝑝}𝑛𝑛 

     𝐺𝐺𝐺𝑌𝑌 𝑧𝑧 = 𝑛𝑛{𝑧𝑧𝑝𝑝 + 1 − 𝑝𝑝}𝑛𝑛−1𝑝𝑝 

     E 𝑌𝑌 = 𝐺𝐺𝐺𝑌𝑌 1 = 𝑛𝑛𝑝𝑝 

 5 

Examples: 
      Probability generating Function (2) 



• For binomial r.v. 𝑌𝑌 with parameters 𝑛𝑛 and 𝑝𝑝 
− Variance of 𝑌𝑌 using probability generating function 

 𝐺𝐺𝐺𝐺𝑌𝑌 𝑧𝑧 = 𝑛𝑛(𝑛𝑛 − 1){𝑧𝑧𝑝𝑝 + 1 − 𝑝𝑝}𝑛𝑛−2𝑝𝑝2 

 𝐺𝐺𝐺𝐺𝑌𝑌 1 = E 𝑌𝑌2 − E 𝑌𝑌 = 𝑛𝑛(𝑛𝑛 − 1)𝑝𝑝2 

 Var 𝑌𝑌 = E 𝑌𝑌2 − {E 𝑌𝑌 }2 

              = 𝐺𝐺𝐺𝐺𝑌𝑌 1 + 𝐺𝐺𝐺𝑌𝑌 1 − {𝐺𝐺′𝑌𝑌 1 }2 

              = 𝑛𝑛 𝑛𝑛 − 1 𝑝𝑝2 + 𝑛𝑛𝑝𝑝 − (𝑛𝑛𝑝𝑝)2 

              = 𝑛𝑛𝑝𝑝(1 − 𝑝𝑝) 
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Examples: 
      Probability generating Function (3) 



• For geometric r.v. 𝐴𝐴 with parameter 𝑝𝑝  
− Average of 𝐴𝐴 using probability density function 

• E 𝐴𝐴 = ∑ 𝑘𝑘∞
𝑘𝑘=1 (1 − 𝑝𝑝)𝑘𝑘−1𝑝𝑝 

− Average of 𝐴𝐴 using probability generating function 

•  𝐺𝐺𝐴𝐴 𝑧𝑧 = E 𝑧𝑧𝐴𝐴 = ∑ 𝑧𝑧𝑘𝑘∞
𝑘𝑘=1 (1 − 𝑝𝑝)𝑘𝑘−1𝑝𝑝 

               = 𝑧𝑧𝑝𝑝∑ {𝑧𝑧(1 − 𝑝𝑝)}𝑘𝑘−1∞
𝑘𝑘=1  

               = 𝑧𝑧𝑝𝑝[1 + 𝑧𝑧 1 − 𝑝𝑝 + 𝑧𝑧 1 − 𝑝𝑝 2 + ⋯ ] 

               = 𝑧𝑧𝑧𝑧
1−𝑧𝑧(1−𝑧𝑧)

 

 𝐺𝐺𝐺𝐴𝐴 𝑧𝑧 = 𝑧𝑧
{1−𝑧𝑧 1−𝑧𝑧 }2

    ⇒  E 𝐴𝐴 = 𝐺𝐺𝐺𝐴𝐴 1 = 1
𝑧𝑧
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Examples: 
      Probability generating Function (4) 



• For geometric r.v. 𝐴𝐴 with parameter 𝑝𝑝 
− Variance of 𝐴𝐴 using probability generating function 

•  𝐺𝐺𝐺𝐺𝐴𝐴 𝑧𝑧 =  2𝑧𝑧(1−𝑧𝑧)
{1−𝑧𝑧(1−𝑧𝑧)}3

 

     𝐺𝐺𝐺𝐺𝐴𝐴 1 = E 𝐴𝐴2 − E 𝐴𝐴 = 2𝑧𝑧 1−𝑧𝑧
𝑧𝑧3

  = 2(1−𝑧𝑧)
𝑧𝑧2

 

     Var 𝐴𝐴 = E 𝐴𝐴2 − {E 𝐴𝐴 }2 

                  = 𝐺𝐺𝐺𝐺𝐴𝐴 1 + 𝐺𝐺𝐺𝐴𝐴 1 − {𝐺𝐺′𝐴𝐴 1 }2 

                  = 2(1−𝑧𝑧)
𝑧𝑧2

+ 1
𝑧𝑧
− 1

𝑧𝑧2
 

                  = 1−𝑧𝑧
𝑧𝑧2
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Examples: 
      Probability generating Function (5) 



• For negative binomial r.v. 𝐵𝐵 with parameter 𝑘𝑘 and 𝑝𝑝 
− Average of 𝐵𝐵 using p.d.f.  

• E 𝐵𝐵 = ∑ 𝑛𝑛∞
𝑛𝑛=𝑘𝑘

𝑛𝑛−1
𝑘𝑘−1 𝑝𝑝

𝑘𝑘−1(1 − 𝑝𝑝)𝑛𝑛−𝑘𝑘𝑝𝑝 
• It is not easy to directly calculate the above equation 

− Average of 𝐵𝐵 using probability generating function 
•  B= 𝐴𝐴1 + 𝐴𝐴2 + ⋯+ 𝐴𝐴𝑘𝑘      (𝐴𝐴𝑖𝑖: geometric r.v.) 
•  𝐺𝐺𝐵𝐵 𝑧𝑧 = 𝐺𝐺𝐴𝐴1 𝑧𝑧  𝐺𝐺𝐴𝐴2 𝑧𝑧 ⋯  𝐺𝐺𝐴𝐴𝑘𝑘 𝑧𝑧  

                = 𝑧𝑧𝑧𝑧
1−𝑧𝑧(1−𝑧𝑧)

𝑘𝑘
 

 𝐺𝐺𝐺𝐵𝐵 𝑧𝑧 = 𝑘𝑘 𝑧𝑧𝑧𝑧
1−𝑧𝑧(1−𝑧𝑧)

𝑘𝑘−1
⨯ 𝑧𝑧

{1−𝑧𝑧(1−𝑧𝑧)}2
 

 E 𝐵𝐵 = 𝐺𝐺𝐺𝐵𝐵 1 = 𝑘𝑘
𝑧𝑧
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Examples: 
      Probability generating Function (6) 



• For exponential r.v. 𝑋𝑋 with parameter 𝜆𝜆 
− Average of 𝑋𝑋 using p.d.f.  

• E 𝑋𝑋 = ∫ 𝑥𝑥𝜆𝜆∞
0 𝑒𝑒−𝜆𝜆𝜆𝜆𝑑𝑑𝑥𝑥 

• It is not easy to directly calculate the above equation 
− Average and variance of 𝑋𝑋 using Laplace transform 

•  𝐹𝐹∗𝑋𝑋 𝑠𝑠 = E 𝑒𝑒−𝑠𝑠𝑋𝑋 = ∫ 𝑒𝑒−𝑠𝑠𝜆𝜆𝜆𝜆𝑒𝑒−𝜆𝜆𝜆𝜆𝑑𝑑𝑥𝑥∞
0  

                  = 𝜆𝜆 ∫ 𝑒𝑒−(𝜆𝜆+𝑠𝑠)𝜆𝜆𝑑𝑑𝑥𝑥∞
0   = 𝜆𝜆 1

−(𝜆𝜆+𝑠𝑠)
𝑒𝑒−(𝜆𝜆+𝑠𝑠)𝜆𝜆 ∞

0   = 𝜆𝜆
𝜆𝜆+𝑠𝑠

 

• E 𝑋𝑋 = − lim
𝑠𝑠→0

𝑑𝑑𝐹𝐹∗𝑋𝑋 𝑠𝑠
𝑑𝑑𝑠𝑠

= − lim
𝑠𝑠→0

−𝜆𝜆
𝜆𝜆+𝑠𝑠 2 = 1

𝜆𝜆
 

• E 𝑋𝑋2 = lim
𝑠𝑠→0

𝑑𝑑2𝐹𝐹∗𝑋𝑋 𝑠𝑠
𝑑𝑑𝑠𝑠2

 = lim
𝑠𝑠→0

2𝜆𝜆
(𝜆𝜆+𝑠𝑠)3

= 2
𝜆𝜆2

 

• Var 𝑋𝑋 = E 𝑋𝑋2 − (E 𝑋𝑋 )2 = 2
𝜆𝜆2
− 1

𝜆𝜆

2
 = 1

𝜆𝜆2
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Examples: Laplace Transform(1) 



• For 𝑘𝑘-stage Erlang r.v. 𝑌𝑌 with parameter 𝑘𝑘 and 𝜆𝜆 
− Average of 𝑌𝑌 using probability density function  

• 𝑓𝑓𝑌𝑌 𝑥𝑥 = 𝜆𝜆𝑒𝑒−𝜆𝜆𝜆𝜆(𝜆𝜆𝜆𝜆)𝑘𝑘−1

𝑘𝑘−1 !
 

• E 𝑌𝑌 = ∫ 𝑥𝑥∞
0

𝜆𝜆𝑒𝑒−𝜆𝜆𝜆𝜆(𝜆𝜆𝜆𝜆)𝑘𝑘−1

𝑘𝑘−1 !
𝑑𝑑𝑥𝑥 

• It is not easy to directly calculate the above equation 

− Average of 𝑌𝑌 using Laplace transform 
• 𝑌𝑌 = 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋𝑘𝑘      (𝑋𝑋𝑖𝑖: exponential r.v.) 

• 𝐹𝐹∗𝑌𝑌 𝑠𝑠 = 𝐹𝐹∗𝑋𝑋1 𝑠𝑠 𝐹𝐹
∗
𝑋𝑋2 𝑠𝑠 ⋯𝐹𝐹∗𝑋𝑋𝑘𝑘 𝑠𝑠  = 𝜆𝜆

𝜆𝜆+𝑠𝑠

𝑘𝑘
 

• E 𝑌𝑌 = − lim
𝑠𝑠→0

𝑑𝑑𝐹𝐹∗𝑌𝑌 𝑠𝑠
𝑑𝑑𝑠𝑠

= − lim
𝑠𝑠→0

𝑘𝑘 ⨯ 𝜆𝜆
𝜆𝜆+𝑠𝑠

𝑘𝑘−1
⨯ −𝜆𝜆

(𝜆𝜆+𝑠𝑠)2
 = 𝑘𝑘

𝜆𝜆
 

• Var 𝑌𝑌 = 𝑘𝑘
𝜆𝜆2
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Examples: Laplace Transform (2) 
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