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Kendall’s Notation (1)

e One way to describe gueuing system

Population
psize / > Server SR
o Arrival * Queue size * Number of servers
process * Queuing discipline ¢ Service time distribution

Queuing System



Kendall’s Notation (2)

Arrival [ Service time [ Number [ Size of [ Size of CO{_ueum
process/ distribution/of servers/ queue [population/ discipline
\ )

Y
mandatory

— Aurrival process/service time distribution

- M: Poisson arrivals or exponential service time distribution

« Ey: k-stage Erlang distribution

« D: deterministic distribution

« G: general distribution (GI - general & independent arrival)
— Size of queue (including jobs in the server): co (default)
— Size of population: co (default)
— Queuing discipline

« FCFS (default)

- LCFS

« RS (random selection)

« PR (priority): preemptive or non-preemptive



Kendall’s Notation (3)

— Kendall’s notation is only for continuous time stochastic
process

— Examples of Kendall’s notation
- M/M/1
- M/G/1
« Ex/M/1
« M/M/c/c : (no queueing)
« M/M/c/K: K is typically larger than c
¢ M/M/c0 : no waiting
« M/G/0
- GI/M/1



M/M/1 (1)

— Poisson arrival process (exponentially distributed inter-arrival time)
— exponentially distributed service time
— One server

» A special case of Birth & Death process

— Birth & Death process with fixed arrival rate A and fixed service rate u,
which are independent of system state

» Stochastic process representation of M/M/1.
— {N(t), t=0}

« N(t) is a random variable that represents the number of jobs in the
system at time t



M/M/1 (2)

 Derivation of state probability distribution
Let ,(t) = Pr{N(t)=n}
Since M/M/1 is a birth and death process,

Po(t + h) = Py(6)(1 — AR)+Py (t)ph
P,(t+h)=P,_i(t)Ah + P, (t)uh + B,(t)(1 — Ah — uh), forn=>1

lim RO 2 i) = ap ) 4 uP() ()
P,(t + h) — P,(t
tim PEE 2B ) 2 APt (6 4 1Pasa () = 2P 0) — Pa(®

forn>1 - (2)



M/M/1 (3)

— In steady state, since B,(t) = 0, B,(t) = B,
— From (1) and (2),
—APy +uP; =0
AP,_4 + uPyyq — AP, — ubP, =0, forn=1

=  AB, = uP,y;, forn=0 -+ (3)

— From (3), state transition rate diagram is

A //1\@{/_1\ A A

u u



M/M/1 (4)

— From the state rate transition diagram
APy = Py
APy = P,

X APp_q = uby
AMPPy Py oy = P PPy Py Py = APy = u"PB,

— Letp = % For stable system, A<u (p < 1)

- P, =p"P

— Since Ym—o Py =1
Po=1—p from P(1+p+p?+p3+-)=1
« P,: the probability that the server is idle
« p . the probability that the server is busy

— Pp=p"(1-p)



M/M/1 (5)

e Performance Measures

— N: the mean number of jobs in the system
« N=37onh, =25z onp™"(1—p) = (1 —p) Xr_onp™

p - 0o n _ p
— (since )., _qgnp™ =
( n=0npP (l—p)z

1=p
— M: the mean number of jobs in the server
+ M=1p+0(1-p)=p

— @: the mean number of jobs in the queue
» Q=X7-1(n— DB, = X3o(n — Dp™(1 - p)

p2

1=p

=p(1—p)Yn—onp™=

By Little’ =N — p= bty = P
- By Little’s Law, Q = N P=1, P = 1=

p



M/M/1 (6)

— T: the mean sojourn time of a job in the system
+ T=Yp0(n+ 1)ipn = i(Z?{’:onPn + 2n=0Pu)

= (5+) =15

« By Little’s Law, T =

1 _ 1 p

. . = 1
mean service time: § = ;

W)
|

By Little’s Law, W = T —



M/M/1 (7)

— Throughput: mean departure rate
1 1

A= = =

mean departure time B p%+(1—p)(%+%) -

— Sever utilization: p

: Server busy probability
: Mean number of jobs in the server
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M/M/oo (1)

— arrival rate: A(n) = 1
— load dependent service rate: u(n) = nu
e State transition rate diagram

A A A A A
N \J/\@C

u 2p 3u np  (n+1u
APy = upby

/1P1=2,UP2

X APTL—l - Tl/,tPn
APyPy Py =nlptPiPy Py g By

= B, = %p"PO, where p = %

11



M/M/oo (2)

Since Yp—o P, =1,

P02%°=o%=1 = Py=e"

n pdf of Poisson
P, = P o—p distribution
n M/G/oo :

Performance Measures

— Mean number of jobs in system

p = GE[sD™ -aE[S]

n!

N_ o0 p" -p _ —p V"0 p" _
_Zn:On_e = pe Zn:O__p

« When using Little’s Law, N =T x 1 = % XA=p

— System utilization: 1 — Py =1—e7°

- = 1
— Mean response time: T = -
u

— Throughput: 4
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M/M/L/K (1)

— Arrivalrate A(n) =4, forn<K

— Servicerate u(n) = u, forn<K

— One server

— The number of jobs in system: at maximum K

K: fixed total number of jobs

é (
N ‘ Service} i ‘ Service
rate: A J i rate: u
\_ .

M/M/1 M/M/1




M/M/L/K (2)

» A state transition rate diagram

A A A
U K U
APy = puPy
APy = P,




M/M/1/K (3)

« SinceYX_ P =1

1= P+ (%) P, + (i)z P, + (’1)3 Py + .. + (%)K P,

rf

A

U

)+ (

A

U

u u

)+ (%)3 + ot (%)K}
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M/M/m (1)

o State transition rate diagram

ojojo @Io

" 2u 3u (m—1)u

e If n<m
APy = pPy
AP1=2‘UP2

X APy = nuhb,
/lnPO P1P2 ---Pn—l = n!,unP1P2P3 Pn

= APy, = n!u"P, . P == (&

mu



M/M/m (2)

e If n>m,

ABp = MpPpiq
APmy1 = MUPpy o
APpy2 = MUPp 43

X AP,_1 =muP,
AT P PPz o Pnor = (M) " P 1 P2 Pas - Po

= AP, = (mu)""™P,

A (L)n_mi (&)m Py forn>m

mu m! \u
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M/M/m (3)

e Since ) —oP,=1

1= 2 2 () Pt S (B ()" Ry

- mafsd () + 20 52 ()

=n (o () + (D) )

1
0= m m
2o (i) i) ()

« Erlang’s C formula

— The probability that an arriving customer enters the queue

_ o 1 (A" mp-2
Pr{queuing} = ».7, P, = E(;) mn!i# Py
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M/M/m/m (1)

 State transition rate diagram

000 @Io

e n=0,1,2,.., m
APy = pPy
AP1=2‘UP2

X APn_1=n,uPn
/lnPO P1P2 ---Pn—l = n!,unP1P2P3 Pn

= APy, =nlu*pP, B L (&)n P,
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M/M/m/m (2)

e Since ) —oP,=1

1N\, _ _
?zoa(;) Ph=1 = Py= — 1(&)”

e Erlang’s B formula
— Probability that an arriving customer is blocked: Erlang’s loss formula
1 A\
Pm= m!(u)

m 1"
o i)
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Mx/M/1 (1)

e Compound Poisson arrival process (CPP): Batch (Bulk) arrival
« Size of a batch: a random variable G with general distribution

PriG=n}=gn (n=>1)

 State transition rate diagram

gnl
.gn—l/1

g-A
; gn—z/1

g/ 9o

g4 g:4 giA
U U U

gn—3/1
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Mx/M/1 (2)

1.

2.

APy = pPy ... (1)

(A+u)Py= A1g1Py + uP;

(A+u)P= AgaPy + Ag1P1 + Ps
(A+u)P3= AgsPy + Ag, Py + Ag,1P, + P,

= (AHPR= Py + A2z gk Ppe (n21) .. (2)

How to calculate the mean number of jobs in the system, N

Calculate Py, Py, P, ... until (nP, < €) and approximate N = Y7_, kP

Derive N using probability generating function

22



Mx/M/1 (3)

~
AE[G] Service rate
' u
J
Mean number of jobs in server: p = AELEG]

(server busy probability)

1. Calculation of state probability distribution: {P,}

Po=1—-p=1-AE[G]/u

Plzipo

u

P, = (1+%)P1—§g1P0

‘ 23
until (nP, < €)



Mx/M/1 (4)

2. Derivation of N using probability generating function

 Using the probability generating function, we define
Y(z) = E[z%] = X7-02"P,
B(z) = E[z°] = Xx12"g,

« Using (2)

Yn=1A+wWz"P, =y 1(uz"Pyyq + AZZ=1Zn9k Pn_x)
A+ w)Xn=12"P, = %Z%oﬂ Zn+1pn+1 + A =1 Z;cl=1zkgk Zn_kpn—k
A+ w)Qn=oz™P, — Py)

= %(Z,‘f:o Z"Py — Py — 2P) + A X1 Yiee1 2591 2" ¥ Py

5 A+ (Y (@) = Py) =LV (2) = Py — 2P) + AN, $hoy 28 gz ¥ Py
24



Mx/M/1 (5)

v Y1 DRe1 25 Gk 2Py,
= ( 2z19,2°P, )

+ Zlglzlpl

Crgm

z% g,z

+ z1g,2°P, ||+ z%g,z'P, 423932013?

+ z1g,23P; ||+ 2z%29,2°P, | |+ z3 g3zt P ||+ z* g,z P,
YA U A U

@® @ ©
@ =z1g9,(z°Py + 2P, + z?P, + ---) = z1g,Y(2)
@ =22g,(2°Py + 2 Py + 2%P, + ) = 22 g,Y (2)

@ =2z395(z°Py + z1P; + z?P, + -++) = z3g3Y (2)

D+ @+ @+ = V(D)@ gy + 220, + 203 + ) = Y (2) B(2)
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Mx/M/1 (6)

= A +wz(Y(2) — Py) = u(Y(2) — Py — zP,) + AzY (2) B(2)

_ [,LPO(].—Z)
« From (1) and (3), Y(z) = D ziEE (4)

. . UP,(1-1) _0
« Y(1)=1,butY(1) = T D-132800 — o from (4)

- By using L'Hopital's rule,

_ (uP (1-2))’ _ —UP,
Y(Z)  (u(1-2)-2Az41AzB(2))  —u—A+AB(2)+AzB'(z) (5)

« Since B(1) =1 and B'(1)=F[(], from (5)

— —HP, — 5 — 1 _ AE[G]
YD) = — =1 s Pp=1-%

. (3)
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Mx/M/1 (7)

« Performance Measures
~ N: the mean number of jobs in the system

A(E[G]+E[G?))
2(u—AE[G])

N =E[X]=Y(Q1) =
- p: the mean number of jobs in server

p = AE|G]E[S]
- Q: the mean number of jobs in the queue

Q=N-p
- W:the mean sojourn time of a job in system

— N o
W= EIG] by Little’s law



M/E, /1 (1)

o Y =X1 +X2 ++Xk
— Y: k-stage Erlang r.v. with service rate u

. . 1
¢ mean service time = ;

— X: exponential r.v. with service rate ku

. . 1
e Mmean service time = E

System

Asingle server

tage 1 Stage 2 Stage k

- Each stage is modeled as exponential sever with service rate ku



M/E, /1 (2)

* We will take the system state as the total number of service
stages left in the system

1 A
A A
— A/’\A/’\ a
oo NES
ku ku ky ku ku ku
Aty = kum,
A+ kw)m,, = kum,, 44 1<n<k-1)

A+ k)t = Aty + kptty 44 (n = k)

29



M/E, /1 (3)

e Solution approach 1

A
T = Eno
n = - -Ilc_ykﬂ Mp—1 2=n=<k
A A+ ku
T = = k-1 T T m>k+1)
— If we know m, we can calculate r,, based on the above
equations

+ Stopping criteria: [1 — XN_m,| <€

— 1,: the probability that the server is idle

A
my = 1 — Sever utilization =1 ——
U

30



M/E, /1 (4)

o Solution approach 1
— P,: the probability of n jobs in the system
P = 7iﬂl:l!c(n—1)1'<+177i
— N: Mean number of jobs in the system
N = ¥r_onp,
— T: Mean sojourn time of a job in the system

T =

N
1 by the Little’s law

31



M/E, /1 (5)

« Solution approach 2
— Using a probability generating function (PGF)

A(z) = E|Zz*] = Z z"m,
n=0

k—1 k—1
D (k4 Dy = ) kit
n=1 n=1

z (kpu + V), = z ATty + z KUty 11
+_> n=~k n=k n=k

(0.0)

Z (ku + Dm, = 2 AT + 2 Kty 44
n==k n=1

n=1

32



M/E, /1 (6)

« Solution approach 2

Z(k.u + D1y, = z ATty—x + z Kty 11

n=1 n==k n=1

Z z"(ku + Vm,, = Z Z" AT, + z Z"kUm, 44
n=1

n=1 n==k

co

(ku + A) z z"r, = Az" z zZV R A, + —M
n=1

1
7 n
n=k

ﬁMS

(kp + D) (A(2) — mp) = A1z8A(2) + k;” (A(z) —my — zmy)

z(kp + ) (A(2) — my) = 2128 1A(2) + ku(A(2) — mg — zmy)

33



M/E, /1 (7)

« Solution approach 2

z(kpu + D) (A(2) —my) = 12" 1A(2) + ku(A(2) — mg — zmy)

Since Amy = kum,,
A(z)(kpz + Az — ku — Az%*1) = kuzmy — kum,

A(Z) — ku(z—1)my — kumg
ku(z—1)-2Az(z%-1)  ku-A(z+z2+z3+--+zk)

- kum
Since A(1) = kuﬂ— Co=1, m=1-A/u
A(2) = kA(u—2) (1 + 2z + 322 + 423 -+ kzFk™1)
“ = {ku — /1(Z + 72 4+ 73 ... 4 Zk)}z
k(k+1
kA =) (2 ) Atk +1)

A'(1) = : average number of stages (Nstage)

k?(u— 2A)? S 2(u-A)

34



M/E, /1 (8)

« Solution approach 2

— Mean number of stages in the server

1 1 1
0-my+ (1 —myp) E-1+—-2+~-+—-k

k k
1-my k(k+1) A (k+1)
-k 2 u 2

— Mean number of stages in the queue

= — A (k+1)
=N — = = — =
Qstage stage ~ > 2(u=A) 1

— Mean number of jobs in the queue

~ Qst
Qo = 22

— Mean number of jobs in the system

_ _ A
Njob = Qjob + ;

_A(k+1) A (k+1)

35
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