
Chapter 5
AUXILIARY FUNCTIONS
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5.1 Introduction

• The main power of the thermodynamic method stems from 
its provision of criteria for equilibrium in materials systems

• S and V are an inconvenient choice of independent 
variables.

• Using P and T as the independent variables, and a criterion 
for equilibrium in  a constant-P constant-T system are thus 
desirable. (V, T for theoretician to fix εi & P function)
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5.1 Introduction

• From the theoretician’s point of view the most 
convenient choice of independent variables would 
be V and T

A = U-TS  (The Helmholtz F.E.) (5.1)

G = (U + PV) – TS (The Gibbs F.E.) 
= H – TS                     (5.2)

3



5.2 The Enthalpy, H

• For a closed system with const. P
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5.3 THE HELMHOLTZ FREE ENERGY, A

(A2-A1)=(U2 - U1) –(T2S2 -T1S1)

If the system is closed
(U2-U1)=q-w

(A2-A1)=q-w –(T2S2 -T1S1)

• If the process is isothermal, T2=T1=T, then, from the 
2nd Law

q≤T(S2-S1)
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5.3 THE HELMHOLTZ FREE ENERGY, A

• Hence
(A2-A1) ≤-w

(A2-A1) +TΔSirr=-w            (5.3)

• For a reversible isothermal process, Δsirr = 0, the 
amount of work done by the sys., wmax, is equal to 
the decrease in the value of the Helmholtz free 
energy.
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5.3 THE HELMHOLTZ FREE ENERGY, A

• For an isothermal process conducted at const. V, no P-V work,

(A2-A1) +TΔSirr=0 

dA + TdSirr=0

• For an irreversible process, 
TdSirr>0 and dA< 0  reaction!

• For a reversible process, dA = 0, reversible means equilibrium!
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5.3 THE HELMHOLTZ FREE ENERGY, A
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5.3 THE HELMHOLTZ FREE ENERGY, A



5.4 THE GIBBS FREE ENERGY, G

(5.6)

For a closed system,

If T1=T2=T, and P1=P2=P

w is the total work

As dSirr=0 is a criterion for thermodynamic equilibrium
at equilibrium: dG=0 



5.4 THE GIBBS FREE ENERGY, G

(5.7)

(5.8)

(5.9)



5.5 SUMMARY OF THE EQ. FOR A CLOSED SYS.

dU = TdS - PdV

H = U + PV,     dH = TdS + VdP (5.10)

A = U - TS,     dA = -SdT - PdV (5.11)

G = H - TS,     dG = -SdT + VdP (5.12)



5.6 THE VARIATION OF THE COMPO. & SIZE OF THE 
SYS.

• If the size & composition can vary during a process, 
then the specification of only two variables is no longer sufficient to 
fix the state of the system

G=G(T,P,ni,nj,nk,…)                            (5.13)

• Differentiation of Eq.(5.13)

(5.14)



5.6 THE VARIATION OF THE COMPO. & SIZE OF THE 
SYS.

(5.15)



5.7 The Chemical Potential

(5.17)

(5.18)

(5.20)

(5.19)

(5.16)

µi is the amount by which the capacity of the system for doing work, other 
than the work of expansion, is increased, per mole of i added at const. T, P and 
i ≠ j.

Applicable to open system which exchange matter as well as heat with surrounding,
to closed system which undergoes compositional change.

To open system



5.7 The Chemical Potential

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

Fundamental Eq.

From the 1st & 2nd laws

The comparison gives
= w’ = chemical work



5.8 Thermodynamic Relations

(5.26)

(5.27)

(5.28)

(5.29)



5.9 Maxwell’s Equations

If Z is a state function, then



5.9 Maxwell’s Equations

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

If Z is a state function, the change in Z
is indep. of the order of differentiation.

dU = TdS - PdV

dH = TdS + VdP (5.10)

dA = -SdT - PdV (5.11)

dG = -SdT + VdP (5.12)

(5.33) & (5.34) are measurable quantities!



5.9 Maxwell’s Equations

(ii)

(i) (iii)

(iv)

(v)

(5.33)



5.9 Maxwell’s Equations

For closed system of fixed composition,

Similarly, dH = TdS + VdP

From (5.34)

From (5.33)

T



5.10 The Upstairs-Downstairs-Inside-Out Formula

(5.35)

For closed system of fixed composition, with 3 state properties, x, y, & z:

For an incremental change of state at const. x,

then,

or,



5.11 The Gibbs-Helmholtz Equation

dG = -SdT + VdP (5.12)



5.11 The Gibbs-Helmholtz Equation

(5.36)

(5.36a)

(5.37)

(5.37a)

∆G can be determined from an experimentally measured ∆H,

Similarly,
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