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CHAPTERA.
THE FINITE VOLUME METHOD FOR DIFFUSION
PROBLEMS
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Introduction

¢ General transport equation

(py)

ot

+ div(pgu) = div(T grad 9) + S,

® Deleting the transient and convection terms,

div(T grad ¢) + S, =0

** Integral form

Jdiv(l“ grad @)d ) + JS(pdV =

CV CV

** From this 1D steady state diffusion equation, the discretized egs. are introduced.
** The method is extended to 2D and 3D diffusion problems.
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FVM for 1D steady state diffusion

*» 1D diffusion equation

Control volume boundaries

d d i} /_W\ )
I ? +S5=0 5 £ P £ N . g
dv| dv g AW P % T v Bs

Pa=
?
¢B=

Control volume Nodal points
*» Step 1: grid generation
Control volume for FVYM

OXwp OXpg

— > -
OXyp ol OXpe
w w P e E
AX = OXye
— -

Usual convention of CFD methods



FVM for 1D steady state diffusion

*» Step 2: discretization

Ji(rd¢]dV+JSdV jn( —¢jdA+j3dv (m‘wj ( %j +SAV =0
dv| dx d dx . dx "
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FVM for 1D steady state diffusion

*» Step 2: discretization

(FAd—ﬂ —(FAd—ﬂ +SAV =0 95 (0),r), ?
dx /, dx /,

® Taylor series approximations

¢(x+Ax)=¢<x>+[%] A’”(@z{fj A dg gx+AX) —g(X)
ex o, ox” ) 2 dx AX

OXwp OXpe
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FVM for 1D steady state diffusion

*» Step 2: discretization

— d
FAd—¢ — FAd—¢ +SAV =0 a¢ ? (1“)e (1“)W ?
dx /, dx /J,, dx
| SXyp .y SXpe |
® Interface properties (for uniform grid) |‘ "~ 1 o ,‘
b= = ° — 0
W w P e E
- Ax = Ox, _




FVM for 1D steady state diffusion

*» Step 2: discretization

(FAd—¢j —(FAd—¢j +SAV =0

dx dx
d¢ e — dg) _ Po — P SAV =S +5
(FAdXJ eAe[ o ] (rAdX)W FWAN[ e j . T9,9,
¢E ¢P ¢P ﬁN —
eA{ Xpe ) WAN( Oy ]+Su+5p¢p—0

Op= Oy + Or+ S,




FVM for 1D steady state diffusion

*» Step 2: discretization

F, F ) rm Ft’
( : Ag + - Am o S[)J ¢P — ( 5 An?] ¢I’V+ [ 5 AL’\J ¢E W SH

OXpr OXyyp Xwp XPE

apPp= ayQy+ apQr + \) U

Ay ar adp
I I
—A —A, |ayp+ta,—S
6 n 5 ¢ 14 E P
Yiyp YPE




FVM for 1D steady state diffusion

**» Step 3: Solution of equations

ap@p=ayPy + agPp +3,

® Set up the discretized equation at each of the nodal points

® Modify the equation for the control volumes that are adjacent to the domain boundaries.
® Derive the system of linear algebraic equations

® Matrix solution techniques
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Worked examples: 1D steady state diffusion

*¢* 1D Heat conduction equation

d T
kd +5=0
dae| da

**» Example 4.1
® Consider the problem of source-free heat conduction in an insulated rod
Whose ends are maintained at constant temperatures of 100 °C and 500 °C respectively.
Calculate the steady state temperature in the rod.
Thermal conductivity k = 1000 W/mK
Cross-sectional area A =10x103m?




Worked examples: 1D steady state diffusion

* Example 4.1 r r r r
. - AL’ + - AH’ o S[J ¢P = - Aw ¢”"+ - Ae ¢E + SH
® Five control volumes (CE”S) Oxp Oxyyp Xypp Oxpy;

= Cell center nodes: 5
= Cell faces: 6 (4 internal faces, 2 boundary faces)

k, k, k., k,
- AL’ + “ A.’P TP = —Am T”; + - AL, TE
OXpp Oxyyp Oxpyp OXp;

Constant thermal conductivity

Constant node spacing

Constant cross-sectional area

No source term

=
N
w
TN
o1

| 5x/2 ‘ X Sx 5x/2
———p | ¢ ———



Worked examples: 1D steady state diffusion

* Example 4.1
® Five control volumes (cells)

k » k b k w k&’
: A e + - A w TP = A w TI’V + A e TE
5x PE 5x WP 5x WP Sx PE

a P Tp =d I‘VTT-"V + a i TE

Ay ag dp
ke k
_A _A a W + a E
Ox Ox
1 2 3 4 5
] ee—_———————— | |
T4 I ® I______! _____ —{I ¢ I ¢ I ¢

| 5x/2 ‘ X Sx 5x/2
———p | ¢ ——



Worked examples: 1D steady state diffusion

* Example 4.1
® For boundary #1

T - T,

T, T,
ke Ae B kw'A\N 0
o T Xpg Xyyp
kA — =0
Ox
ke 2k
Ox Ox
iplp=ayTyy+apTp+ S,
il Al A oY ayy ap ap Sp S,
ayy arp ap
Ly A L A, |ay+ap—Sp
Oyyp Opp
1 2 3 4 5
1 1 i | [
I e —————— T
| O0X/2 ‘ OX OX OX/2
L - — L




* Example 4.1

Worked examples: 1D steady state diffusion

® For boundary #5 ‘ A{TE —TP] ‘ /A\N(TP —TW] 0
Ne — Dw
1p— Ty Xpg Xyyp
— kA -1 =0
k 2k
ox Ox
To=ay,Ty+a,T;+
dp VP ay I.I apTy+ S, ay dp ap S, S,
Ly A L A, |ay+ap—Sp
Oyyp Opp
1 I 2 4
| e pmmmmgmmoe- !
TA i . |______! _____ —I . TB
| OX/2 ‘ OX < 0X 0X/2




Worked examples: 1D steady state diffusion

* Example 4.1

® Systems of algebraic equations
= Constant thermal conductivity (1000)
= Constant node spacing (0.1)

kA/ox = 100

= Constant cross-sectional area (10x1073)

Ay agp ap Sp S,
Forcell#1  dp TP —d I'VTIV i AE TE o S” 0 % ay+ag—S, | — 2k | 2k4 T,
Ox ! ov | ov
Ay ar ap
Forcell#2 aplp=ayl;y+ a1} ! b
~H4 —A —A Ay + ag
ox Ox
Ay ar ap Sp S,
Forcell#s aplp=ayT, +a,T;+S, kA 2kA | 2kA
5_ O Clﬂ/‘" ﬂE_Sp — 5 6 TB
v v v




Worked examples: 1D steady state diffusion

* Example 4.1
® Systems of algebraic equations

For cell #1 (lPTP — (l”/TH/‘F aETE + S“ 3OOT1 =100 Tz + 200714

2007, = 1007, + 1007
Forcell#2 aplp=ayl;y+ aply ZOOTi . IOOT; - IOOTj
" 2007, = 1007 + 1007

Forcell#5 aplp=ay1y+ apl;+ SH 300 15= 100T4 + 2007



Worked examples: 1D steady state diffusion

* Example 4.1

® Systems of algebraic equations = matrix form

Linear solver
300 Tl = IOOTZ + 200T4 - Gaussian elimination
200 TZ - IOOTI i 100T3 - LU decomposition
2007 = 1007, + 1007, o
30075 = 1007, + 2007 o Cestan

- Etc.

C300 100 0 0 01777 2007,

—-100 200 -100 0 0175 0
0 —-100 200 —-100 0| 75| = 0
0 0 —-100 200 —100 || 7, 0

0 0 0 -100 30075 2007,



Worked examples: 1D steady state diffusion

* Example 4.1

T, = 500

T, [140]
| |220
T, = | 300
.| |380

T 460

7= 3800x + 100

Temperature (°C)

600

500

400

300

0

1 I | I I I | l |

Exact

| | | | | |

T

Numerical

I

0.05 0.15 0.25
Distance x (m)

0.35

0.45 0.5



Worked examples: 1D steady state diffusion

*** Example 4.2
® A problem that includes sources other than those arising from boundary conditions.
® A large plate of thickness: L =2 cm

® Constant thermal conductivity: kK = 0.5 W/m.K

® Uniform heat generation: g = 1000 kW/m3

® The faces A and B are at temperatures: 100°C and 200°C respectively.

®

1D problem
= Dimensions in y- and z- are so large.
4’
1
A B
./l-\. Ts
T
‘—‘- X ‘;l N~
1 I 2 1 3 | 4 | 5 |
———————————— | ! ! Z
T o e L —— = ° | ° i ° Ts ol
w w P e E y
5x/2 5 5 5x/2
.<X_/..!: X ;]: X =! Sv = 0.004 m X2, k




Worked examples: 1D steady state diffusion

*** Example 4.2

® Integral form and discretization

dT a7 |
d . dF PA— | — /eA—J + AV =0
k dV+ | adV=0 q
de{ dx] Jq ( dx J ( dx »

Al

AV -
<
bA koA b A b A IPNC
— L e To=|—— |Tw+ | =— |Tx+ qgAdx l\.TB
(5@ ox ] d [ Ox ] 4 ( OX ] 5 T"./
e 2N

"-i
>
X
)
Ser
TTIT
I
Al
Al
Al
Al
T Sieln
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H
oddl
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Worked examples: 1D steady state diffusion

*** Example 4.2

® General form

kA kA kA kA
ox ox ox ox
aplp=ayly+agly+.5, S U Se_ | S
® For boundaries
_ _ —_
Tp—T, Tp—T
oA L — b, A L—2L || +446x =0
Oox ox/2 " I .
i ] N|
[ (Ty-T Tp—Ty )] ./ T,
bpd| —2—L | =k A| L—L || + 446 =0 X 2
ox/2 ox
- - L~
F A
1 | =% 52X - ! 3 4 5 L ‘\
|- —————=———— i I I ] y
T4 & @ } @ & & Ts
posSSeSoones L | I ‘
w w P e E }
0Xx/2 | P OX . | - OX N | | 0x/2 l
4—)—-| -t L -t Po= ———————




Worked examples: 1D steady state diffusion

*** Example 4.2
® For boundaries

Ty - T T,-T, Ty— T, Tp- Ty
A kA Ady = by A b A2 4 A4Sy =0
[k‘ ( S J £ ( 5¢/2 HW or =10 {" ( 5v/2 Se e

ﬂPTP — ﬂH/TI/V‘I' dETE + Sll

(I”' HE ﬂ[} S[) S”
kA 2kA 2kA
0 — layp+ap—Sp | —— | gAw+—T,
Ox o Ox
dw ar ap SP Su
kA 2kA 2kA
— 0 aw+ap—Sp | ——— | gA0x +—T
5 1 E P S . S B
| 3 OX N
1 - 2 o 3 4 5
———————————— I |
T, ° ——o—— : . i * i ¢ | Ta
w w P e E
ox/2 | OXx | OX | | 0x/2 l
| 3= | =2 = —~——




Worked examples: 1D steady state diffusion

*** Example 4.2

® Five discretized equations = matrix form
apTp=ayTy+ayTy+S, A=1,k=05W/mK ¢=1000kW/m’

T, =100°C T, =200°C

" 375 125 0 0 017,17 290007
_125 250 —125 0 0|l 7, 4000
0 —125 250 —125 oll 7.1 = | 4000

200 |—

0 0 —125 250 —125||7,| | 4000
0 0 0 -125 375|| 75| |54000]

150 Exact

N

100 Numerical n

Error=1.5~2.8 %
50 ] | | ] | | | |

|
0.0 0.4 0.8 1.2 1.6 2.0
Distance (cm)

Temperature (°C)

1,—1T
T B A et T,
L 2k




Worked examples: 1D steady state diffusion

*** Example 4.3
® Cooling of a circular fin by means of convective heat transfer along its length.
® Convection gives rise to a temperature-dependent heat loss or sink term
® A cylindrical fin with uniform cross-sectional area A.
® The base is at a temperature of 100°C (T:)
® The end is insulated.
® The fin is exposed to an ambient temperature of 20°C.

% Governing eq. Analytical solution

d d7T 17— T, cosh[n(L —x)]

ol e | =Gl — 1) = Ty—T.  cosh(nl)

Insulated
(zero heat flux
across this boundary)

/

® h:the convective heat transfer coefficient
® P:the perimeter

® k:the thermal conductivity of the material 0

Tambient

® T_:the ambient temperature

-
e




Worked examples: 1D steady state diffusion

*** Example 4.3
® Cooling of a circular fin by means of convective heat transfer along its length.
® Convection gives rise to a temperature-dependent heat loss or sink term
® A cylindrical fin with uniform cross-sectional area A.
® The base is at a temperature of 100°C (T:)
® The end is insulated.
® The fin is exposed to an ambient temperature of 20°C.

% Governing eq. Analytical solution

T —1T. cosh|n(L — )]
i[kd—Tj—hp&((T ~T,)=0 =
dx\ dx OXA

Tp,—T., cosh(nL)

Insulated
(zero heat flux
across this boundary)

/

® h:the convective heat transfer coefficient
® P:the perimeter

® k:the thermal conductivity of the material 0

Tambient

® T_:the ambient temperature

-
e




Worked examples: 1D steady state diffusion

+»* Data and meshes
L=1m, hP/(kA) = 25/m?

® Uniform grid, divided into five control volumes Oy = ().2 m

**» Modified governing equation and its integral form

d(dT
( )—nZ(T— T.) =0 where n* = hp/(kA)

dv| dv
d(dT
J dl — JnZ(T— T.)dl"=90
dy| dx
AV AV
T,=100°C 4 5 ” A 5 g=0




Worked examples: 1D steady state diffusion

+s» Discretization

Ag — Ag — [ (Tp—T.)Adx] =0
dx | dx

*** For mesh 2~4

(TE‘ TP] ] ( T~ T] (T — T )86 = 0
Ox




Worked examples: 1D steady state diffusion

*** For mesh 2~4

dPTP — (l”/TH/ + aETE + S”

s Formesh 1

Iy —Tp
ox

** For mesh 5

0 (Tr=Ty
Ox
v :kTend _T5 -0
X[ 2

ay ar ap Sp S!t
1 1
5% 5 ay+ap—Sp| —n?éy | n*owT..
\ X
To—T
oy B
— [ (Tp—T.)0x] =0
ox/2
N ay ag ap Sp
1 2 s
0 = ay+ag—Sp —1135.\‘—5 1135.\'7;—1-5]%
2 —
— [n (TP — Too)éx] _ O dy drp dp SP S“
1
= 0 agp+ap—Sp | —n*éx | nowT.
X
Ts=100°C 4 5 4 B q=0
. ——— : . .
ox/2 ‘F ox ol ox . ‘ 0x/2




Worked examples: 1D steady state diffusion

**» Matrix form of the algebraic equations

ay ap ap Sp S, ’ hP

1 R 2 R 2 = — = —
0 a ay+ap—Sp —n‘&r—a :r&rTm+aTB n kA 25 5x 02 m
dyy arp dp Sp SH

— — ay+ay—Sy, | —n*éx | n*onT.,
wtdp— 9

Ay ar ap Sp S,

i 0 dyy + adp— S]J —”26.\" ﬂza\’Tw

Ox
20 =5 0 0 O|[7y] [1100 7] [64.227
-5 15 -5 0 0|7, 100 T, 36.91
0 =5 15 -5 0|[7y] =] 100 T, | = | 26.50
0 0 -5 15 —=5||7,| | 100 .| |22.60
0 0 0 -5 10||7| | 100 T, |2130




**» Matrix form of the algebraic equations

Worked examples: 1D steady state diffusion

80 |—

60 |—

Temperature (°C)

40 |-

20

== The analytical solution
® Numerical solution (coarse grid)
Bl Numerical solution (fine grid)

0.0

® Error
® Error

0.2 0.4 0.6 0.8
Distance (m)

s max. 6.3 % with 5 meshes
s max. 2.1 % with 10 meshes

HW#1

- Solve Example 3 by yourself
e Derive the discretized equation
 Write a code.
* Find the analytical solution
e Compare the calculation result
with the solution
e With 5, 10, 20 meshes



Homework Assignment

“ HW #2

. : Check the unit of each parameter!
® 1D conduction equation for nuclear fuel rod P

® Check the heat transfer area carefully! AR W5 [ 928l 3437 [System 80+ | &4 3,457
AEdA w4l YFE 54
® Using FVM A F Az, MWt 3,983 3,914 2815
= Constant conductivity, k w4 % 2%, 10° Keal/h(MBtuw/h) 3425(13590) [3,367(13,360) | 2,421(9,608)
Wi Any oﬂ A A 0975 0975 0975
— For pellet 8 ARE oA A7) 0975 0975 0975
— For cladding 1475 ¢he, kg/cm’Alpsia) 158(2,250) 158(2,250) | 158(2,250)
- Gap conductance WAL G WA EE, COF) 291(555) 291(556) | 296(564.5)
QA 27 W24 %, TCF) 324(615) 324(615) | 327(621)
— 1) Xenon conductivity w4 FT 3d WA &, CCF) 325(617) 325(617) | 328(623)
_ 2) Constant gap conductance value wA W A9y A%, KealkgBw/lbm) |  467(841) | 461(830) | 453(815)
1689000 | 1,683,000 | 1,249,000

1471% #2 A § %, L/min(gom)

— 3) Gap conductance model (446,300) (444,650) | (330,000)

wil Ao A4 86

* Flow condition O A% As A S 90 3.0 3.0 30
- HT(.:: D'ttuf'Boe'ter w4l #2 4A #3, Lmin(gom) o | @0 | oo
— Fluid velocity R #9474, em(in 1.264(0.498) | 1.196(0.471) | 1.264(0.498)
AR A H 2w A mi(ft) 5825(62.7) | 5649(60.8) | 4.293(46.21)
Ase AAERAA) UO: Al W A ke 4
7 %] A]I,gEJ 2)) ,‘ cm(in) 0.819(0.3225) ;nnT.oné gg/i ?ﬁ;{lhm Ibm/h-ft%) 1260(2.58) | 12.94(265) | 12.45(255)
244 Ael, em(in) 0.983(0.387)(% & ¥- 2+ ) w4 Wi WA 4, m/sEs) 494162) | 5100167) | 494(162)
AadAd AE(FA), (g/em?) ' 10.44 NPT — 1 197200 197850
=AA ol & W, (g/em) 10.96 Keal/horr?(Bou/hett®) PITABLUNTIN  (yadan0y | (183.545)
2 BE(FA), CIF F= %) = 90,25 F 949 A3, m'(ft) 6,454(69,470)  |6,592(70,960) |4,740(51,023)
# Z(stack height) @ %=(&#), (g/cm’) 10.313 — —— -
FEE T ZIRLO A5l W AEY AAE, WemkW/ft)| 179.2(5.46) | 175.9(5.36) | 172.6(5.26)
9123 Y7, em(in) 0.836(0.329) Z9EE, kW/L 100.5 984 96.6
o) 29 9] 4 (FA), emlin) 0.950(0.374) Ay F 56,876 56,876 41,772




* HW #2
® Gap conductance

3
ol

h,[W /m?C]= Ko
g[\Nm ]_5

e

_|_
« lle +1leg, -1

Oin = q;,foAin — hg Ain (Tfo _Tgap)

A

ut

qout — q;,ci Aout — hg

= Non-linear dependency

= Start calculation with the gap conductance graph.

— hgvalue from the graph

Aout (Tgap _Tci )

= With the calculated temperature, update hg.

— Repeat the calculation
— Update hg

— Repeat until the solution converges.

Homework Assignment

Gap conductance (Btu/h-ft>-°F)

2800

2400

2000

1600

1200

800

400

0

Check the unit of each parameter!

- 1.50
- Gap conductance .
b R |
L 14 KW /ft

(460 W/cm) 1.00
0.75
; 0.50
o 40.25
" i i i 1 " A A L " " . " 0.00

0 5000 10,000 15,000

Burn-up (MWd/Mt;; )

Gap conductance (W/cm?'C)

Nuclear Systems, vol. |, p. 418




Homework Assignment

@ HW #2
® What you need to report
= Discretized equations
= Calculation conditions
= Temperature profiles for three cases

= Gap conductance



