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Linear representation of Newton-Raphson method (N-R)
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Review: Combined incremental/iterative solution
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Review: Strategy A - iterative strains
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Review: Strategy B - incremental strains
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1( ),n n tfn -D = Dσ σ ε• What we have to formulate:
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 [eq. 6.37]

• What plasticity theory gives:

depends on σ

• Issue:          is finite, but is infinitesimal.  Dε ε

1 1
1

( 1)
2

3 :
1

3

:

n
n tn

t

ne
n

elasti

p

c

lastic
A

µ

s
µ

- -
-

-

®ì
ï
ïï= í - Äï ¢æ öï ç

æ ö
ç ÷
ç ÷®
ç ÷

÷ï è

D

D

+ç
ø

D

è øî
÷

C ε

σ
C s s ε

• Pure incremental (forward Euler) approach:

accumulation of error

drift from yield surface
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Stress update 
(integration) 

algorithm
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Stress 
update(integration) 

algorithm

1n-σ

1n-ε 1
p
n-ε 1

e
n-ε

tDε ( 1)ps ne -

...etc
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...etc

( )l
t

T a g dV initial stress matrix+= ò C BK B

: ‘consistent’ tangent modular matrix algC

• 3 categories of stress update(integration) algorithm:

1. Forward Euler scheme + return to yield surface
2. Sub-increment scheme
3. Backward (or mid-point) Euler scheme

• Even though backward Euler scheme is difficult to implement, it can calculate          , which ensures 
quadratic convergence of                             .
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Representation of normality rule (flow rule)
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6.6.1 Crossing the yield surface

[Fig 6.9 The forward-Euler procedure]
(a) Locating the intersection print, A
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• If the elastic guess results in                                , in some cases, 

the point A is required.  
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• For Mises criterion,      can be obtained by
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• For general yield criterion,      can be obtained by N-R. 
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6.6.2 Two alternative ‘predictors’

A AfÑ = a

0Af =

l-D Ca

[Fig 6.9(b) predictor by Owen] [Fig 6.10 alternative predictor]
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[Fig 6.9(b) predictor by Owen]

• Move from X to A by previously obtained     . 
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• Use forward Euler method from eq.6.5.

[eq. 6.5]
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• A → B is called elastic increment, and 
B → C is called plastic return.

[eq. 6.57]

• B → C is normal to               .0Af =

• C is Owen’s predictor.

:
:
:

:

T

T A A
l = =

¢ ¢+ +
a Cε a C ε

a Ca a C a
 

 :
:
:
:

T

T A A
l D D

D = =
¢ ¢+ +

a C ε a C ε
a Ca a C a



Ch. 6 6.6�INTEGRATING�THE�RATE�EQUATIONS

• Do not use      , just calculate B by elastic trial. 
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• Actual stress state is 

[Fig 6.10 alternative predictor]
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• For C to represent actual stress state,               should be 
perpendicular to                ,  not                 .

[Fig 6.10 alternative predictor]
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• However, this is nonsense:
To obtain       , we have to know        .  
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• This can be solved by full backward Euler method (section 
6.6.6).  

• in 3D von Mises criterion: 
The full backward Euler method can be simplified to radial 
return algorithm (section 6.6.7). 
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Thank you!


