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Assume shape functions

ii) Obtain station equations
0€

0

[?]=0 atallx

ok, Ok, are arbitrary

g, P" + PF
Clx,|=|-M"-MF
K, —I\/I?—Mf

C has form
Cuy ye, 2Cy
C= IA YCiy y2C11 Y€y, dA
ACTR ZACT! Z2011

L, These are dependent on position




Sometimes

_ C
A yA 7ZA A modulus weighted area _[ #dA
C= E; yA I_zz I_yz Y location of modulus weighted centroid
ZA 1, 1
.o y:ij ySrga 721 ;Suga
Modulus weighted properties A’ " E, A’ E,
7 A 9
______ ..____________-.. ....:.
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Y
if you set axis location such that y=7 =0 (“principal axis”)
£ = i_(Prn +PF)
EA




< Simple Example Lt engyd C,
.
v ¢
X p
Notes : - we are already at modulus weighted centroid
-1,=0
“M,=0

» Material Properties

Structure Cy =C,

Piezo [T, | |c; -e,|[S
D €31 5353 E,

Piezo in z direction

transverse act




Electric field assumption
Case A : E.,=+E, (z>0) E.=—-E, (z<0)

CaseB: E;=E, all z

Due to symmetry 2 equations (no mechanical loading)
1

& :—_PE — =
°"CA P = [ & o EdA

- L
ky=-Mgicl,  —MJ = 76 ¢ EdA

—

é>r. E - e31Eo
Case A : PE =0
£ %5+ta t 2t )
_My :2bft§ ze,, E dz = be,,E, (ESHa) +(§j
Case B : PE _ 2be, E.t,




Furthermore A IA 11(Z)dA bt +2bt£ j
Cs

3 3 3
I_yzzbJ‘ ZZC“—(Z)dA:Eb(t—Sj +Ebc_p (t_ertaj +(t_s)
A G 3 \2 3 ¢ |\2 2

Case B:
2be, E t, e,E, | 1
go - b 2b = 1 K'y = O
Cs ts + tan CIO Ty Csts
A YT
A

Case A: 2 2
3| S (t5+taj +(tsj
MyE C 2 2




Cp ) — e31 Eo
2t 2t,\ ¢,

Some comments on the Electrical side
- Known E

E=y(Xy,2)v(1)

Limiting case 3£931Eo Jtz
t =0 _381

S

> pE
~ME |=v(t)
—Mf




< Torsion

- very different from bending
- 2-D distribution of stresses on cross section
- 2 ways to approach
a) assumed stress function approach

-membrane analogy T =d_(p T - do

Vip=2Go 0 : rate of twist

b) assumed displacement function _
St. Venant's torsion

“ warping * function

v
<

St. Venant @' = 0 = constant



» Assumption

- Each section rotates as a rigid body

- Rate of twist 8 = constant (“uniform torsion”)

- Cross section is free to warp but, same in all cross sections

z| __
W. Ox vV =-—Xxz20

W= Xy@

2o . u=0f(y,z)
v y
strains S.,S,,5,,5,=0
85:8—u+d—wzt9(ﬂ+yj Seza—u+ﬂ:¢9 ﬁ—z

oz dx 0z oy dx oy

consider the warping function

equilibrium > only shear present

o, o, o, _, Mg
oy oz OX OX




T Ss
assume T =G S > V2f =0 Laplace’s equation
6 6

Vi =2G0O
L—— Stress function
BC's
- along contour

7 - from stress BC's
[ Tm+Tn=0

y; where, m: direction cosine between

—

\Q and y axis
n : direction cosine between z axis

This gives of of
—-1Z m+(——yjn:0
e

on stress-free contour

f must be continuous and differentiable




» Constitutive relations P}T

T=c"S—¢E TS
Only read shear N E,
957 C66 Ei
T5 = C585 _TSE
Te = Cese _TeE

» Variational principle
=0

HL [5_T —0U;" + oW," |dvdt =0

= [ Te3S; + T,08,dV

: Y {0559@_;yj_T;}ge(g_;yHc66e(g_zj_ﬂgg(g_zj}m

= [ [0Ks6—M5d6 ]dx




> Work terms

- assume there is a distributed torque
- end tip torque Sp = 50
OW," =Tdp,_ + J‘X m,Sgpalx
~Tsp, +( [ mtdx)é(pl:— [ ( [ mdx
=0

(T + IoL mth) 5(0X:L - (J. mtdx)§¢xzo —

BC’s

SW," =

m'
Mt :—mt

t . . . )
s [ fow-wtso- sl
00 arbitrary @ each section
Ok =M + M/

i 1 = Cos ( O
K=G,J _GVIA{G_(E+ y
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o0dx

L
Mt:—jo mdx =T t

J, ([ mabx) sax
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