
30 

 

2.2.2  Disk of orthogonal reinforcement 

 

Consider a square disk of a unit length under shear and normal stresses 

 
Concrete : cxσ , cyσ , cxyτ  

Steel : sxσ , syσ  

• Total stresses are decomposed into concrete and steel stresses 

   x cx sxσ σ σ= +  

             y cy syσ σ σ= +  

xy cxyτ τ=  

• principal concrete stresses are denoted as 1cσ , 2cσ  

• reinforcement ratio 

  
1
sx r

c

A f
t f

Φ =
⋅

        

Cf : '0.85
ys

c

fA
bd f

ω =  

① Tensile strength 

1
sx Y

tx x c
A ff f
t

= = Φ
⋅

 

1

1 2cσ

yσ

xσ

x

y
yxτ

xyτ

cf

3σ

1σ

cf

σ

ε

rf
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1
sy Y

ty y c

A f
f f

t
= = Φ

⋅
 

② compressive strengths 

( )1cx Y c x cf f f f= + = +Φ  

( )1cy Y c y cf f f f= + = +Φ  

③ pure shear 

 

• concrete : uniaxial stress state 

                  1 0cσ = , 2c cσ σ= −  

• steel : sx Yf f= , syf f=  → ductile 

 

( )
2

cos 2
2 2

1 cos2
2

sin

c c
cx

c

c

σ σσ θ

σ θ

σ θ

= − −

= − +

= −

 

( )
2

cos 2
2 2

1 cos2
2

sin

c c
cy

c

c

σ σσ θ

σ θ

σ θ

= − −

= − +

= −

 

 

 

 

sin 2 sin cos
2

c
cxy c

στ θ σ θ θ= =  

0xFΣ =  : 2cos
cx sx Y

c sx Y

t A f

t A f

σ

σ θ

⋅ =

⋅ =
 - ④ 

0yFΣ =  : 
2sin

cy sy Y

c sy Y

t A f

t A f

σ

σ θ

⋅ =

⋅ =
 - ⑤ 

 

From  Eqs. ④ & ⑤ 

2 2

1
cos cos

sx Y
c x c

A f f
t

σ
θ θ

= = Φ  - ⑥ 

2 2

1
sin sin

sy Y
c y c

A f
f

t
σ

θ θ
= = Φ  - ⑦ 

 

Since ⑥ = ⑦ 

x

y

θ

cσ

vf

vf

2θ

cσ−

,( )cx cyσ τ

( )cy cxyσ τ−

θ

xσ

yσ

1

cσ
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2 2

1 1
cos sinx c y cf f

θ θ
Φ = Φ  

2tany

x

θ μ
Φ

= =
Φ

 - ⑧ 

( )2

1 1
cosc x c x cf fσ μ

θ
= Φ = Φ +  

sin cosv cf σ θ θ=  - ⑨ 

 

Substituting ⑥ into ⑨ yields 

2 sin cos tan
cos

sx Y
v x c

x c

A ff f
t

f

θ θ θ
θ

μ

= = Φ

= Φ
 - ⑩  

y
v x c c x y

x

f f f
Φ

= Φ = Φ Φ
Φ

 - ⑪ 

 

 
First yield condition (No crushing failure of concrete) 

c cfσ <  

( )2 1
sin cos

v
x c

f f fμ
θ θ

= Φ + <  

1y
x x

x

Φ
Φ + Φ <

Φ
 

1x yΦ +Φ <  Max reinforcement 

 

 

Under pure shear → different approach! 

 

Aim is to find the shear strength vf  

syA

syA

Shear keys

Unit length

II
Unit 

length
〡

I

x
y

vf
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Subject to c cfσ <  

          s sx sy yf f f f= = =  

 

 

 

 

 

 

 

 

tan
cos sin

v x c

v c

f f
f

θ
σ θ θ

= Φ
=

 

 

 
cos sin

tan
v c

v y c

f
f f

σ θ θ
θ

=
= Φ

 

 

∴ 

2
v v x y c

v x y c

f f f

f f

⋅ = Φ Φ

= Φ Φ
 

 

 

to find vf  under combined stresses  

vf

x cfΦ

Stress free

θ
coscσ θ

x cfΦ

1vf i

cσ

θ

y cfΦ

vf

θ

1vf i

y cfΦ
sincσ θ

vf

vf

xσ

yσ



34 

 

(i.e. xσ  or/and yσ ) 

 

 

 

 

 

 

 

x yΦ = Φ = Φ  

At B Point 

0
sx sy y

cx cy

fσ σ

σ σ

= =

= =
 

 

 

 

 
 

2 2cos sin s y
x y

A f
t

σ σ θ σ θ= + =  

(First term : 
sx yA f
t

, second term : 
1

sy yA f
t ⋅

) 

Equivalent stress 

( )c x yfσ = Φ Φ = Φ  

1 2σ σ= = principal stress  → 0τ =  

 

B point

σ

τ

Mohr’s circle

σ sy yA f

sx yA f

σ

θ

xf

yf

= + Con’c

0

0
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1 2 0c cσ σ= =  

0τ =  

 

 

 

 

 

Keeping the steel stress Yf=  

And varying 2 0c cf σ− ≤ ≤  

1 cfσ =Φ  - ① 

2c c c cf f fσΦ − ≤ ≤Φ  - ② 

( )2 2
1

1
2 4

x y
x y xy

σ σ
σ σ σ τ

+
= + − +  - ③ 

( )2 212
2 4

x y
x y xy

σ σ
σ σ σ τ

+
= + − +  - ④ 

Since ① = ③ 

( )2 21
2 4

x y
c x y xyf

σ σ
σ σ τ

+
Φ = + − +  

( )
2

2 21
2 4

x y
c x y xyf

σ σ
σ σ τ

+⎛ ⎞
Φ − = − +⎜ ⎟
⎝ ⎠

 - ⑤ 

( )( ) 2 0c x c y xyf fσ σ τ− Φ − Φ − + =

 - ⑥ 

Substituting Eq ⑤ into ② 

yields 

Eq ③ 

( ) ( )2 21 1
4 2x y xy c x yfσ σ τ σ σ− + = Φ − +

 

Eq ② 

( ) ( ) ( )1 11
2 2c x y c x y cf f fσ σ σ σΦ− ≤ + −Φ + + ≤ Φ  

( )1 c x y c cf f fσ σΦ − ≤ + −Φ ≤ Φ  

( )1 2 2c x y cf fσ σ− − Φ ≤ + ≤ Φ    (FG Line) 

 

1σ2σ

cf fΦ −
0τ =

cfΦ

0R =

σ

τ

2σ
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- BFG Region 

 

at Point B 

sx sy Yf f f= =  

1 2 0c cσ σ= =  

 

 

 

( )
1

21
c

c c

f
f f

σ
φ σ φ
= Φ

− ≤ ≤
           in BFG region : 

2 0
sx sy Y

c c

f f f

f σ

= =

− < <
 

 

Conical 

( )( ) 2 0c x c y xyf fσ σ τ− Φ − Φ − + =

 

 

FG Line 

( )1 2x y cfσ σ+ = − − Φ  

x

cf
σ

A B

C
D

E

F

G

H

y

cf
σ

K

L

N

M

(1 2 )yx

c cf f
σσ

+ = − + Φ

(1 2 )yx

c cf f
σσ

+ = − − Φ

xf

yf

= + Con’c

1 0cσ =

1σ

2σ

1σ

2σ

cf−

1cσ
2cσ

rfrf− 0
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- In DEH Region 

At D Point 

 

Keep : 2

1 0

sx sy Y

c c

c c

f f f

f
f

σ
σ

= = −

= −
− ≤ ≤

 

 

Equivalent 

( )2 1 cfσ = − Φ +  

1 1 1s c

c cf f
σ σ σ= +

= −Φ −
 

1 0c cf σ− ≤ ≤  & 1s Yfσ = −  

∴ 1 1c Y s c Yf f fσ σ− − < + < −  

  ( ) 11 c c cf fσ− Φ + < < −Φ  - ① 

 ( )2 1 cfσ = − Φ +          - ② 

Since 

( )2

2
2 2 4

x yx y
xy

σ σσ σ
σ τ

−+
= − +  - ③ 

③ = ② 

( ) ( )2

21
2 4

x yx y
c xyf

σ σσ σ
τ

−+
− Φ + = − +  

( ) ( ) 21 1 0c x c y xyf fσ σ τ⎡ ⎤− Φ + + Φ+ + + =⎡ ⎤⎣ ⎦ ⎣ ⎦  - ④ 

 

We know that 

1 2 x yσ σ σ σ+ = +  

( )1 1 c x yfσ σ σ= +Φ + +  - ⑤ 

Substituting Eq ⑤ into ① yields 

( ) ( )1 1c c x y cf f fσ σ− +Φ ≤ +Φ + + ≤ −Φ  

( ) ( )2 1 1 2c x y cf fσ σ− +Φ ≤ + ≤ − + Φ  

2cσ

1cσ

cf−
cf−

0 yf−
yf



38 

 

 

At Line LG    →    Line NC   ←    Line KH 

sx sy Yf f f= =        
sx Y

sy Y

f f
f f

=
= −

      sx sy Yf f f= = −  

 

1 0cσ = , 2c cfσ = −   

  : only change in steel stresses result in no variation of xyτ  

   xyτ  along KH is constant in KHNC 

 

In Region LMKN 

At point L  x yσ σ=  

( )2 1 2x

cf
σ

= − − Φ  

( )1 1 2
2

x

cf
σ

= − − Φ  

( )2 2 0c x xyf σ τ− Φ − + =  

→ 2 1 2
2 2

c
xy c c

ff fτ − Φ
= Φ + =  

   ( )
max 2

c
xy

fτ =  

 

x

cf
σ

A B

C
D

E

F

G

H

K

L

N

M

φ 2φ 2φ− Φ

y

cf
σ

x y cfσ σ+ = −

(1 2 )x y cfσ σ+ = − − Φ
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   Substituting x

cf
σ

=0, into the equations representing yield surface yields 

1) ( )1 2 x

cf
σ

− − Φ ≤ ≤ Φ  

( )( )
( )
( )

2 2

2

0c x c y xy

xy c c y

xy c c y

xy x

c c

f f

f f

f f

f f

σ σ τ

τ σ

τ σ

τ σ

− Φ − Φ − + =

= Φ Φ −

= Φ Φ −

⎛ ⎞
= Φ − Φ⎜ ⎟

⎝ ⎠

 

2) For the second region (constant 

xyτ )  1 2x

cf
σ

= − + Φ  

( )1xy

cf
τ

= −Φ Φ  

3) For the third region 

( ) ( ) 21 1 0c x c y xyf fσ σ τ⎡ ⎤− +Φ + +Φ + + =⎡ ⎤⎣ ⎦ ⎣ ⎦ w – (**) 

( )1 2x y cfσ σ+ = − + Φ  : EH Line 

( )1 2y x cfσ σ= − − + Φ  - (*) 

Substituting (*) into (**) yields 

( ) [ ]

( )

2

2 2
2 2

1 0

1 1 1
2 2

c x c x xy

x c c xy

f f

f f

σ σ τ

σ τ

+Φ + Φ + + =⎡ ⎤⎣ ⎦
⎡ ⎤⎡ ⎤⎛ ⎞ ⎛ ⎞+ +Φ + +Φ −Φ +Φ =⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎢ ⎥⎣ ⎦

 

→ 

2
21 1

4 2xy c x cf fτ σ⎡ ⎤⎛ ⎞= − + +Φ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 

      If we disregard the special condition for Φ ≈0 

 

IIIIII
Φ(1 )φ− + 1− (1 2 )φ− −

xy

cf
τ

x

cf
σ

xy

cf
τ

x

cf
σ

φ
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( )
( )( ) 2

1 2

0
x y c

c x c y xy

f

f f

σ σ

σ σ τ

+ ≥ − − Φ

− Φ − Φ − + =
 

 

In remaining region 

( )
( ) ( ) 2

1 2

1 1 0
x y c

c x c y xy

f

f f

σ σ

σ σ τ

+ ≤ − − Φ

⎡ ⎤− +Φ + +Φ + + =⎡ ⎤⎣ ⎦ ⎣ ⎦
 

 

 

 

 

 

For more approximation 

1 1+Φ ≈  

( ) ( )1 2 1 2 1 1 1 1− − Φ = − + Φ = − + +Φ − +Φ ≅ − +Φ  

① ( )1x y cfσ σ+ ≥ − −Φ  : ( )( ) 2 0c x c y xyf fσ σ τ− Φ − Φ − + =  

   Setting ( )0y xy c xfσ τ σ= → = Φ −  

② ( )1x y cfσ σ+ ≤ − −Φ  

   ( )xy c x cf fτ σ= +  

 

 

 

Shear strength of  

     Think Process 

① Consider isotropic 

② Delete steel in y-dir, add tensile force x cfΦ  

③ Add steel yΦ in y-dir, substract 

    

   The yield condition in the orthotropic disk 

x yΦ ≠ Φ  

 

1−

xy

cf
τ

x

cf
σ

1 φ− + Φ
x

cf
σ
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    '
x xσ σ=                       - ① 

    '
y y x c y cf fσ σ= −Φ +Φ  

( )1y x cfσ μ= − − Φ          - ② 

                

               Where 
y

x

μ
Φ

=
Φ

 

           Remind Eq’s (75) and (76) 

               ( )( ) 2 0c x c y xyf fσ σ τ− Φ − Φ − + =  - ③ 

Substituting ①&② into ③ yields 

( ) ( )( )' ' 21 0x c x x c y x c xyf f fσ σ μ τ− Φ − Φ − − − Φ + =  

( )( )' ' 2 0x c x x c y xyf fσ μ σ τ− Φ − Φ − + =  

( )( ) 2 0x c x x c y xyf fσ μ σ τ− Φ − Φ − + =  

 

 

 

x yσΦ i 'y yσΦ i

x xσΦ i 'x xσΦ i

x

y

isotropic orthotropic

x xσΦ i x xσΦ i

y x cfσ −Φ0xΦ = y c c y cf fσ −Φ +Φ

Same 

structure
yΦ
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c ty
y x

c tx

f f
A

f f
σ σ

+
= − +

+
 

tx cA f fη= −  

Where 
c ty

c tx

f f
f f

η
+

=
+

 

y x tx cf fσ ησ η= − + −  

          For Ⅰ region : y x tx cf fσ ησ η≥ − + −  

For Ⅱ region : y x tx cf fσ ησ η≤ − + −  

 

 

 

 

 

 

 

 

 

 

 

 

x

cf
σ

y

cf
σ

isotropic

x

cf
σ

y

cf
σ

orthotropic

xΦ

xΦ

xΦ

xΦ

( , )c cf f− −

f

f

( , )tx tyf f

( , )tx cf f−( , )c tyf f− −

A

xσ

yσ

I

II
D


