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6.6.3 Returning to the yield surface

Each predictor (point C) should return to yield surface where .0f =
※ Size of the yield surface is not fixed if hardening is considered.
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• N-R from eq.6.60 can be repeated to return to the yield surface, for each predictor (point C in fig.6.9(b) or 
fig.6.10.  

BC Bl-= Dσ σ Ca [eq. 6.60] where B
T
B B B

f
A

lD =
¢+a Ca

[eq. 6.59]

D C Cl-= Dσ σ Ca where
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E D Dl-= Dσ σ Ca where
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Repeat until | |f tolerence>

Fig 6.9(b)

Fig 6.10

F E El-= Dσ σ Ca where
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6.6.4 Sub-incrementation

• Instead of introducing return to the yield surface, the incremental strain       is divided into sub-steps 
each of           , where                  , then simple forward Euler method can be used.

• To estimate proper , proper error analysis should be done.

• Some workers used ‘two-step Euler procedure’ for the error analysis.

Dε m
qDε 1/q m=

m

1 1B tAA AD == + D+σ σ C ε σ σ [eq. 6.64]

( ) ( )2 1 1 2
1 1
2 2BA tA AB t D= + = D+ + + Dσ σ C C ε σ σ σ [eq. 6.65]

where 2 1tB=D Dσ C ε [eq. 6.66]

The error is: ( )2 11 2
1
2B Bd = - = D D-σ σ σ σ σ [eq. 6.67]

[Fig 6.11 Sub-incrementation]

Nyssen’s estimation: ( )2 e
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σ

[eq. 6.67] : toleranceb
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6.6.5 Generalized trapezoidal or mid-point algorithms

• A number of different integration algorithms can be included in the generalized algorithm:

( )C p pA BD -D= + = - Dσ σ C ε ε σ C ε

( )1p A cl h h= +D ùD -éë ûε a a

[eq. 6.73]

[eq. 6.74a]

( )( )
. .

1p A

functio

C

stressn w r t

l h hD = - +D
a

ε a σ σ


or
[eq. 6.74b]

( ) ( ) ( ) ( )0 0 ( )C eC C C psC eC C C psB ps pf s s e s s e e e= - = - D D+σ σ
[eq. 6.75]

[Fig 6.12 (a) General return, flow vectors]

1h =

0h = Forward-Euler (tangential) algorithm

Backward-Euler algorithm
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6.6.6 A backward-Euler return

[Fig 6.12 (b) Backward-Euler return]

• Backward-Euler return algorithm is the most popular and commonly used algorithm for stress integration 
for metal, due to its stability, accuracy and effectiveness.

Set of unknowns (independent variables) 

{ , }ClD a
or { , }ClD σ
or { }, plD Dε

since

since

[ ]/C C
f= ¶ ¶a σ

( )C p= D -Dσ C ε ε

7 unknowns: requires 7 equations 

C CB l= -Dσ σ Ca [eq. 6.78]

)( 0Cf =σ

{ , }ClD σIn this textbook,                  is chosen.
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• To use N-R, eq.6.78 is reformulated as residual value, that needs convergence to zero.

C CB l= -Dσ σ Ca [eq. 6.78] ( ) 0C B Cl- == - Dr σ σ Ca

• Then, the two set of equations can be expressed as:

0f =

( ) 0C B Cl- == - Dr σ σ Ca
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• For the set of unknowns                   , the N-R can be expressed as:
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• Calculations should be done for

Tf f
l

l

¶ ¶é ù
ê ú¶ ¶Dê ú
ê ú¶ ¶æ ö
ç ÷ê ú¶ ¶Dè øë û

r r
σ

σ

( ) 0C B Cl- == - Dr σ σ Cawhere

and 0) )( (e C psf s s e-= σ

ps p pdt d de e e l= = =ò ò ò

psl eD = D

• Note that:

0 0 0

ps

s s s
e l l
¶ ¶ ¶

= =
¶ ¶ ¶D

※ This is valid only for certain conditions. 
Refer to remark #13.1 in Kwansoo Chung, Myoung-
Gyu Lee, “Basics of Continuum Plasticity”.
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1. 
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( ) 0C B Cl- == - Dr σ σ Ca [eq. 6.79]
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For simplicity, let
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Q Ca σ r
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2l= D D+ +0 r Q σ Ca

20 Tf A l¢= + D + Da σ

[variation of eq.6.80]

[variation of eq.6.82]

2l= D D+ +0 r Q σ Ca ( )1 2l-D = - + Dσ Q r Ca
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Final term project: 

• Implement stress update algorithms to predict stress.

(1) Euler forward (Explicit), (2) Backward Euler (Closest point projection)
With/without sub-increments (10-1000 increment) 

• Apply the algorithm to the given strain history, and check if your stress history 
matches with Abaqus result.

• Von Moses, linear isotropic hardening

• Three strain paths: uniaxial, balanced biaxial, and pure shear 



strain history stress history



Thank you!


