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16.1 Introduction

Ideal gas (intermolecular interactions) Random motion
Compressed gases and Liquids Pseudocrystalline structure
Solid state Crystalline structure
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16.2 Einstein’s Theory of the heat capacity of a solid

» Einstein’s Solid
Einstein assumed the solid as the crystal lattice structure of
particles connected by oscillators of nature frequency vg.

Therefore, there are 3N oscillators for a solid with N particles.

O O ©
L B adl

Oscillation (Simple harmonic motion)
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16.2 Einstein’s Theory of the heat capacity of a solid

 For each molecule,

(1 4_’_>
> kT for kinetic energy ‘ ‘

x —dir. A 1 Oscillation
EkT for potential energy

\
— kT  mean total energy ‘ ‘ ‘

Since the molecules of a solid are free to oscillate in three dimensions,

a mean energy 3KT is assigned to each molecule.

At moderate T,
U = 3NkT = 3nRT

u= —= 3RT internal energy per mole

Q

C, = (—u) =3R  Dulong-Petit Relation
Ty
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16.2 Einstein’s Theory of the heat capacity of a solid

25 +
r a3 YAY eg4 " 00 _
20 |-
X Pb
15 L] As
c, x 10
Tkilomole™ K! A
10 aCu
+ Al
05 - ve
4 L 4 l 2 N L s l L ' i 3 I L 2 3 L4 I L 1 l
— 778
0 05 10 15 20 Y

Fig. The specific heat capacity of various solids as a function of T/6.

At high temperatures, C, is very nearly equal to the classical value 3R,

but it decreases to zero at O K.

At low temperatures, Einstein suggested that quantum theory should be

applied to this problem.
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16.2 Einstein’s Theory of the heat capacity of a solid

« At low temperatures, energy level of simple harmonic oscillator

1
En = <n +E> hv n=2012 -

* The partition function .
exp(—577)

1
Z = Yexp !— <n + —) hv/kT] =
h
2 1-— exp(—%)
1
BN, I Gh ) L
N, exp( kT) _ €Xp kT
Nz Z

« For 3N simple harmonic independent oscillators, the total energy is

D (n + %) hv - exp [— (n + %) hv/kT]
Z

Nu
E = 3N2 (W&'n) = 3N
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16.2 Einstein’s Theory of the heat capacity of a solid

* The total energy is

D (n + %) hv - exp [— (n + %) hv/kT]
Z

y (nhv + %hv) -Jexp <__£7i~w) e%)l
= 3N v —nhy
eXPX/hm) 2eXp (TT )

E =3N

nhy hv
1 Ynhv - exp( T ) , _nhy\  hv- exp( kT)
=3N-hv+3N = kT*— [nY.exp =
2 —nhvy kT 1— ex —hv
Y.exp T P{kT

ox —hv\ hv

0, ) _ o [ ~1hv ~2hv L9 1 _ PRt ) R12
*ar e\ T | = grin |t exp{ mam fexp( S 4 | A Ein —hv) —hv
1-— exp W 1-— exp kT

« Equation for the vibrational energy of an Einstein solid

—hv
3N 3Nhv - exp (W)
~E=—hv+
2 —hv
1-— exp <W)
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16.2 Einstein’s Theory of the heat capacity of a solid

—exp (hv) —hv 5 exp (hv)

oE kT2 h kT

( ) — 3Nhv KT KT _ 3k (—v> kT
” (

(o) -1) Y (o)1)

» The Einstein temperature, 6y is defined as

hvg
%=

_rop\2 exn(3H)
c, 3R< T) :
(exn 3P - 1)
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16.2 Einstein’s Theory of the heat capacity of a solid
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Fig. Specific heat as function of Einstein temperature
* Op=7?
It is not possible to fine a value of 6; which gives a good agreement with
experiments at both high and low temperatures.

1. Proper 6 gives a good agreement at high temperatures,

2. At low temperatures  -> Cyexp. > Cotheory

3. When T -> 0, comparison with experiment is not satisfactory.
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16.2 Einstein’s Theory of the heat capacity of a solid

» Einstein
Einstein theory assumes that all the molecules oscillate with

the same frequency v

 Nernst and Lindemann
Nernst and Lindemann assume that the molecules of a solid

could oscillate at two frequencies, v and 2v

« Born, Von Karman, and Debye
They considered that the thermal vibrations of the individual
molecules could be replaced by a set of stationary elastic
waves having a continuous range of frequencies up to a

certain maximum value, v, 2v,--, Vyax

10/17



16.3 Debye’s theory of the heat capacity of a solid

» Debye’s solid
Debye assumed solid as a continuous elastic solid composed of
particles called phonon with stationary elastic sound waves.

Therefore a solid of Debye’s theory is viewed as phonon gas.

—

Dilute phonon —
gas

A
v
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16.3 Debye’s theory of the heat capacity of a solid

* Quantum waves in a one-dimensional box

k k Kk
m m m m
a a a A .
Equilibrium distance
Yn
d?y.
m dx; = KkWn+1 = Yn) — kQn — Yn-1)
na
vy, = Acos2m (vt — 7) (v: frequency, A: wave length)
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16.3 Debye’s theory of the heat capacity of a solid

* Quantum waves in a one-dimensional box

Wave function

Y = Asinkx YO)=yY(L)=0
k_Zn_nn 123
=== (n=123""),

Wave velocity

c=Av

n,
Fig. A shell of thickness dn of an

octant of a sphere of radius n
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16.3 Debye’s theory of the heat capacity of a solid

» Density of frequency distribution

g()dv : the number of possible frequencies in the range v tov + dv

1 T
g(v)dv = §4nn2dn = Enzdn
w4V 2y3 4V
= — v dv = ——v“dv
2 c? c c3

Because there are 3N oscillators, there must be upper limit of

frequency, v,,.

Vm vmagy 4nV 1
3N = g(V)dV = —31/ dv = —3 ~Unm
0 o C c> 3
M3 i
Uy, X (—
m |74
N 1 3N
(—: - - , ) g(v) N\ 8)
V " average interatomic spacing N
Fig. Frequency spectra of crystal vibrations: v
» U v
(a) Einstein model; (b) Debye model. (a) (b)
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16.3 Debye’s theory of the heat capacity of a solid

» No restriction on the number of phonons per energy level. Thus phonons are

bosons. So that phonon gas follows Bose-Einstein statistics.

N(e) 1 _o= oF
9(e)  eG-O/T _1 "TT TN
9N  v3dv
g(v)av V=V
Nw)dv = Shv/kT — 1 = ) Vm> eM/KT —1 "
0 V>V,
* The total energy

Vm (1 hv
U =.[ Ehv-l—ehv/k—,r_l g(V)dV

0 # of photonsv tov + dv

Vm Vi 1

— J hvN (v)dv + j —hvg(v)dv
0 0 2 " Ym1  4nV 2nVh (Vm
Uy = f ~hv—-v?dv = —; J vidv
0 2 C c 0
# of possible frequencies nVh 9
=—v*=-Nhv
2c3 8 "
9N (Y= hv3dv

U—-Uy= vaf hv

0 ekT —1
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16.3 Debye’s theory of the heat capacity of a solid

hv,,

Debye temperature 8, is defined as @, = o

_ 9N j"m hv3dv

Up=—s | ——
3 Rv/KT _
v, e/ 1

c __GU__ ON (Vm d 1 hv3d
v—ﬁ_vm_go dT \ ehv/kT _ 1 v-av

hv/kT

ON [V hv e
- Vm3 fo (ehv/kT _ 1)2 hv=dv

dv

9Nh? 1 Vm v4-ehv/kT
RE ﬁ_[o (elv/kT — 1)2

_onk (XL ’ j o _xter |
- 0,) J, @-—1z™

hv hv,, 06p

Lt = —, = — =
YT TR T T
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16.3 Debye’s theory of the heat capacity of a solid

¢, = onk [~ T[T _xter d
v fo e*— 12"

For high temperatures, T > Opand x K 1. Soe* -1 = x, e* = 1.

7]
jTDZd—leDB
Oxx—gT

6
C, ~ 9Nk ! BJTDx4exd — 9Nk T\'1(0 3—3Nk
v ¥ o,) ), xz T 0,) 3\T) ~

For low temperatures, T «< 8,

©  xteX 4r?

T

o _Amt (TN emt (T o a
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