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Theory of Plasticity

1.1 Constitutive Equations
Von Mises’s Flow Rule
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Extreme Principles for Rigid-Plastic
< Materials
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-Lower Bound Theorem
-Upper Bound Theorem
-Uniqueness Theorem



Yield Conditions

Concrete

Frictional hypothesis

Reinforcing bar
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Mohr Coulomb Material R

Sliding Failure




Determination of Parameters for More-
Coulomb material
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Failure Modes 1in Pure Shear

Sliding failure
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Separation failure
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Failure Modes 1n Pure Tension
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Yi1eld Condition 1n Plane Stress




Yield condition for Disk
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Disks 1n Plane Stresses
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Yield Condition for Disk




Free Body Diagram for Yield
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Shear strength
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Shear Strength of Disk




Relationship between Shear Strength and
Reinforcement Ratio 1in Disk
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Reinforcement 1in Disk based on
Plasticity Solution
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Failure Mechanisms 1n Disks
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Failure mechanism for element overreinforced in the x-direction.

Failure mechanism for underreinforced element.



Yi1eld conditions for Slabs

* Pure bending -> yield line theory
and strip method

e Pure torsion -> Sandwich model
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Torsion 1n slabs

t,=(1-2®,)Af,h §




The Theory of Plain Concrete

Constitutive Equations
Dissipation Works
Lines of Discontinuity
Stress Fields

Applications

Concentrated Loadings



Constitutive Equations
e Coulomb Material

* Yield Condition 6 Surfaces
e Strain Vectors
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Yield Surface in 3-D
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Plastic Strain Vector

 Along planes
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Plastic Strain Vector at Apex
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Dissipation Work
Along plane 1
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Yield Condition and Flow Rule for

qulomb Material in Plane Stress
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Plane Strain
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Modified Coulomb Material
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Modified Coulomb Material

1°s Surfaces: 7, 8, 9

@ Edges: 1/7, 3/7, 6/9, 2/9, 4/8, 5/8, 8/7, 7/9, 8/9
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Dissipation Works




Planes and Lines of Discontinuity
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Dissipation work : Plane Strain

Along surfaces
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Dissipation work : Plane Stress
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Stress Field
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Stress on Failure section

! T 49
o =L
o, :(1+2tan2 (0)0—2Ctango
TT
_>O'
M | > n

c,=0

?
/

T.,=r=C—otang



Stresses from Failure Section
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Failure section from a given stresses

For given o, and 7,
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Equilibrium Equations

Rankine Zone
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Rankine Zone
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Prandtl Zone
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Prandtle Zone
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Homogeneous Strain Field
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Triangular Zone




Applications
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Applications
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Applications




Design for concentrated loading
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Semi-empirical formula
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Disks

Constitutive Equations
Dissipation Works
Yield Zones

Applications

Shear Walls



Disk Element
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Known Solutions
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Discontinuous Stress Fields
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Strength Reduction due to Sliding
in Initial Cracks
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Strut and Tie Models

Strut

Strut and Tie Systems
Fans

Non-concentric fans
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Fan-shaped stress fields
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Non-concentric fan

Uniform Normal stress type

Uniform Shear stress type
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Boundary Stress on
Non-concentric fan-shaped stress field
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Uniform normal stress on boundary of
Non-concentric fan-shaped stress field



do=dx+(dw-dz)k+(w-z)dk
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Geometry for Infinitesimal Elements

of Non-concentric Fan-shaped stress field (Uniform
Normal stress type)
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Uniform shear stress on boundary of
Non-concentric fan-shaped stress field
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Geometry for Infinitesimal Elements
of Non-concentric Fan-shaped stress field (Uniform
Shear stress type)



%ﬁf}
bt

q

Concentric Fan-shaped stress field
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Stress State in Diagonal Compression Stress Fields
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Strut with Diagonal Compression Field
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Diagonal Compression Field
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Maximum Shear Strength




Strut with Fan-Shaped Stress Field
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Beams 1in Bending

Beams 1n Shear

Transverse reinforcement

Without transverse reinforcement
Effective Concrete Compressive Strength

Arch Actions

Design

With Normal Forces

Beams in Torsion



, Beams in Bending

S
A
®

—

f

C

Yo




Failure Mechan
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Beams 1n Shear




[LLower Bound Solution
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Shift in Tension Force 1in Stringer
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Upper Bound Solution




Upper Bound Solutions




Shear Capacity without Shear
Reinforcement
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Influence of Longitudinal
Reinforcement on Shear Capacity
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Beams 1n Torsion

* Space truss models
* Closed thin walled sections

» Extended application of beam models in shear



Torsional Strength Model
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Cracking Torsional Limit
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Slabs

Statical Conditions
Geometrical Conditions
Constitutive Equations
Yield Zones

olutions
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Upper bound Solutions

* Assume yield lines

* Work equations

* Minimize the upper bound solutions
Axes of rotations
Lines of plastic hinges

Fan mechanisms
Corner levers



[Lower Bound Solutions
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Punching Shear

Upper Bound Solutions
Practical Applications
Eccentric Loading

Effect if Counter-pressure



Upper Bound Solution

P :nfcj':F(r,r')dx




Shape of failure surface
T
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Use of Euler Equation

e Minimization of functional

h
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Shear 1n Joints

Monolithic Concrete
Strength of Different Types of Joints
Crack as a Joint

Construction Joint

A~
a
<
@)
(@
e
=3
-
(—F
wn



Monolithic Joint -
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Shear Capacity




Crack as a Joint

Average yield line
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yield line in cement paste




LOTd carrying capacity by friction
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Bond Strength

* Local Bond Strength
 Failure Mechanisms 1n Sections

 Effect of Transverse Reinforcement



Local Bond Strength Models
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Failure Mechanisms
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Closing Remarks and Future Topics

Compatibility based Upper bound Solutions
Ultimate Deformation Estimation Models
Application to Composite structures

How to handle Brittle Failures : Fracture mechanics
Bond Strength applications



