RADIATION EXCHANGE

IN AN ENCLOSURE
WITH DIFFUSE-GRAY SURFACES

« Net radiation method
« Simplified zone analysis
Electric network analogy
e Generalized zone analysis
Methods for solving integral equations



Net Radiation Method
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Simplified Zone Analysis
Enclosure with n surfaces

temperature, properties,

open N e
N radiosity, irradiation:
s surface .
S uniform over each surface

O =J =Gy

Jo=¢0T +(1-£)G,

kth surface qn _
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all irradiation from n
open

 surface surfaces
A G A =J,AF, +J,AF,
+°”+‘]nAnFnk
=J AR+ AR
+”°+‘JnAkan
kth surface L L
A, &, T, =§‘]iAkai =AkiZ=;4JiFki



summary

Ok = 1fkgk (O' ¢ _‘]k)

J =0T +(1-8)YJ,F,

=1
k=1,2,3,---,n
When T, or g, are specified
at the boundary
2n unknowns: J, and q; or T,

When all T,’'s are specified, the two
equations are decoupled.

n unknowns: J,



Electric Network Analogy
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two infinite parallel plates

-0

TZ’ & o0 CI,'(' = fk (O'Tk4—Jk)
k
T, & o Ji =gkO-Tk4 +(1_SK)ZJiFki
gy = fl (O-T14_‘J1)’ qg=1fz (O'T24_J2)
1 2




Using network analogy
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a body in an enclosure

To &, A,
o— MWW\ —"D]0— MN—"D0—NWN—0
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= Alo-(T“ T4)
Al l
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when % <1, q = 810'A1(T14 —T24)

The enclosure acts like a black cavity.

Remark: when A, Is a black enclosure
0, = 510'T14A1 -a,G A
G A = oT, AF, =0T, AF,=0T;A

g, = 810'T14A1 _ 810'T24A1 — 810'A1 (T14 _T24)
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Generalized Zone Analysis

*<_open surface

temperature,
properties: uniform
dA. over each surface

(L) =3 (L) -G (L)
J (r)=¢g0T +(1_8k)Gk(_rk)

ar(5) = [ oT = ()]

K




open
“ssurface

Ao &, Ty G, (L)dA, = Zn:j&‘]i (L)dAdF,_g,
= iIA J; (_rL)dAdedk—di

Gy(5) =2 [, 3, (1)F



3.(0)= 50T +(1-5) X[, 3, (5)dF,
dl:dk—di (_rl-’_rk)

A
3(8) =60T +(1-6) Y [, I, (K (5, 5)0A

summary

” g
0, (L) = s I:O-Tk4_‘Jk(_rk):|

K(r,.5) =

3(B) =60T +(1-6) Y[, 3, (DK (5, 5)0A
K=1,2,3.n



Exact solution: cylindrical circular cavity

£(0)

"(6) = T*0)-J
q"(6) 1_8(9)[0 (6)-3(9)]
1(6) = £(0)aT*(6) +(1- £(6)) j J()dF,.,

dF,_ = %d(sinﬂ) = %cosﬂdﬂ



dF,_, = %cos pdp

7z 1
,B—E—E‘a—ﬁ‘,

cos f = sin%\a—ﬁ\

2Rcos fd S = Rdacos S —>dﬂ=d7a

dF,_ = %sin%\a— 6|da

J(0) =¢(0)cT*(0)+ (1 — 8(9))"‘:0 %J (a)sin%‘a — ﬁ‘da



6,
et |(9)=I J(a)sin%\a—@\da
0

=IQJ(a)sini(a—a)da+F°J(a)sin%(a—9)da

Then |(9) L

2£0)1(0) = &(0)oT*(6)

When ¢and T are constants,
d’1(0) , 1

y B 6,
o+ 481(0)=coT", bc. 1(0)=1(4,) de(Z)_O
J(9)=50'T4+%(1—5)I(9)

q"() = ﬁ[aﬂ ~3(0)]



Methods for Solving Integral Equations
(Hildebrand “Methods of Applied Mathematics”)

J(@)=¢e0T" +(1—8)j€03(a)sin%‘a —H‘da
0

#(x) = F()+2) K(xmgn)dr

1) Reduction to sets of algebraic equations

Integral - summation (finite difference)
— algebraic linear equations

» frapezoidal rule
= Simpson’s rule
= Gaussian quadrature



2) Successive approximation
(iterative method)

initial guess ¢,(x) and get first
approximation ¢,(x)

4,00 = £+ 2] K(xmh(n)d
8,()= 100+ A[ K(xma (m)dn

8,00= 100+ A[ K(xnh(m)dn



d (X)= F(X)+ ALf(X)+A°L*f(X)
o AT (X) 4 AL (X)

()= [ Koo Fndn

210 = [ Kem[ Kem) fm)dndn, -

as n— oo, lImg_ (X)=a@(Xx)

R

(b—a)M

M: maximum value of the kernel K(x,n)
If 4<<1rapidly converge
(proof: Hildebrand pp.421-424)

when |4|<



3) Variational method

(Courant & Hilbert “Methods of Mathematical
Physics”p.205-)

=4[ [ K(xmapmaxdr

1/

+2 2 P(x)dx — - @’ (X)dx

-1/2 -1/2

extremum of |:
#(x) satisfies the integral equation.



approximate solution: Ritz method
(Hildebrand p.187)

#(x)= ) Ci (%)

with a proper choice of y,(x)

1=1(C,,C,,--C.)
ol

Kk

=0, k=1,2,-,n

n simultaneous algebraic equations



Radiative exchange between parallel
plates: variational method

L/2 . L/2
J— -
T.=0 ; h T,=0
LEY & :ﬁ.l | !
L dA,
81

SHORE |:O'T14_J1(X1):|

1-¢

L/2
Jl(X1)=810'T14+(1_81)I J,(X;)dF, 4,

-L/2

L/2
Jz(xz)=520'T24+(1_52)J- J.(x)dFy, 4,

—L/2



. s X
T4 |
T,=0 g h T,=0
| dIAl
1 X, = X,

dFy, ¢, = d(sing), sind=

2
%d(sin6?)=E h dx

2 [(x2 — xl)2 + hz]

s 1 L/2 h?
J,(x,) = &0T, +§(1‘51)L/2 =z J(%,)dx,
[(xz—xl) +h }




X oo X h o di(X)
L’” |_’7 |_’¢

Let X = ;
01,

when T,=T,, ¢ =¢,

1/2

p(X)=1+A[ " K(x,7)d(n)dn

1/2

2

K(x,7) = /4 A=

(=)' 7]

1
= ?[1 — 3¢(X)]

q"(X)
sol’




Solution by variational method

=4[ [ KOm)$(x)p(n)dxdr
+2[7 g()dx [ #7(x)dx

-1/2 -1/2

1/2 p1/2

symmetry condition
#(x)=c, +C,X°
| =(1- g)(cfa1 +¢,C,a, + c§a3)

—C; —%Clc2 _8_1()C22 +2¢, b

a,, a,, a5. constant functions of y



ol 1

a—cl=o—> ch[al(l—g)—1:|+cz[az(l—g)—g}=—2

ol 1 1 1
a—cz—O—>cl[az(l—g)—g}+Zcz[ag(l—g)—%}——g

10— 2 [1-s(c+e0?)]



T.=0 h T.=0

y

&

Q; = (O-T14_Jl)’ J1=510'T14+(1_5)J2F12

1
when T, =T,=T,g=¢6=¢6->J,=J,=J

2 2 2
F12=\/L +h h=\/1+(ﬂj —D
L L L

J=¢eoT"+(1-¢)JF,
1-(1-¢)F, |I =60T* > =

1-(1-¢)F,



" & 4
=" |oT*-
: 1-g| 1-(1-¢)F,
4 1 i
or — =—|1- d
goT' 1-g| 1-(1-¢)
when %:O.S — F,=0.618
£=01: —— =0.861
gol
£=05: ——=0553
ol
£=09: —__ 0407

soT?



0.861, £=0.1

0.553, £=0.5
0.407, £=0.9
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Kernel, K

1.0

3
(m - 5}3 +5(n - )
i 2
/
- 92 +1°°

e %M = ) (approximate)

(exact)

25




Ex 7-23 Circular tu_be Wlth uniform heat flux:

approximation of kernel

N L I R

Tube surface temperature T =?
E=x/ID, n=y/D,|I=L/D

=0T O3] »oT' (&) =2+



RN

L
(&) =0T () +(1-¢), ImdF,,,

eoT(&E)=(1-£)q"+&J (&)
\ﬂ g+ \77 5\

de—dp — =41 > (AN

-2+ 1]

dF




IE)=(1-&)a" +£I(E) +(1-£) [ K(7.6)I (nadr
M—§f+§h—ﬂ
(r-¢)'+1]
(1-£)3(©) =(1-&)a"+(1-¢) [ K(n.EI (mdn

K(n,)=1-

IE ="+ K. (mdn

T(§)={i[1;8q"+J(:)]}




Kernel, K

3
(- &3 50 - ¢)
- (exact)

SERT A u
3/2
n- 2 + 1]
——— o720~ & (approximate)

25



IE)=0q"[1+1+(&1-&%) ]
T(§)={i[188q"+\](§)}}

rl 1_ ) ) : 1/4
=<k0'[ 88q +q I:I+1+g(§l—§ )ﬂ}

o 1 : 1/4
=<kq;[;+ |+e(£1-¢ )}}




5) Taylor series expansion

K(x,77)=K(x—-7):
decreases very rapidly as [x—7| increases

§1) =900+ L1 -x)+ 28 (=) +

X

substitute into integral equation
#(x)= T+ 2| g0, K(x,mdr
+ S0 (- X) K (x,m)d

d ¢(x) 1
dx> 272

j(n x) K(x,n)dn+---




three-term expansion

L[ ()7 KOxman | T2

dx?

+ Lb(n— X) K(X,n)dn

dg(x)
dx

1 f(X)

| [ K oumdn-= g0 = -



