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Equations of Energy Transfer for

Participating Media
Radiative Transfer Equation

di, (Jsg) —(a, +0,)i,(F.2)+a,i,(F)
+& ig(f,Q')Pz(‘Q"‘Q)dw'
A o'=4z

INn terms of optical thickness
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di, (F, )
dr,

+i,(F,2)=(1-a,, )i, ()
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472' w'=4rx
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Formal solution of RTE in a given direction
integrating factor exp(r,)

1,(r,)=1,(0)exp(-7,)
+J‘O” S,(z;)exp|[—(z, - 7;)]d7;
Radiative heat flux vector
q; = J‘sziﬂ(F,.(Az).(AZda)
q"=[" i,(F.2)2dwda
q; =G, -n= jsz iﬂ(F,_(Az)costa)
q"=["[ i,(7.2)cosfdmd A



Divergence of radiative heat flux vector
V-q"=V-[ ddi=|"V-d;da
V-q;'=v-j L iL,(FQ)2dw

=[ _ v(i,(r.2)2)do

=4
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Y di, (F, )
V.q’l_-“a)=4ﬂ dS da)




di, (T,
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(a +O',1)| (r, Q)+a/1|,1b(r)

i, (FQ)P,(2, Q)
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ds
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A vo
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| 2E
w=4rx
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ds
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dw



define

— 1 A, A
PZ(Q )=E ot PA(Q ,Q)da)

. measure of how much scattering occurs
for radiation incident from 2’

Incident radiation

G, (F) = L):Mil(?,.(})da)



V-d;=[  (-x,i,(7.Q))do+|  a,i,(F)de

O-ﬂ
NNES)
=41 472- o'=47x

i (F,Q2)P, (2, Q)do’

=—x,| i,(F.2)do+a,i,(7)|  do

N\

t+o, j i (2

V.q, =—-«,G,(F)+4a,e, (F)

+o, |

w'=4r

1

472' w=4rx

P, (.(A2',[A2)da)

i (F,Q2)P,(2")de'

dw

dw




for Isotropic scattering

_ A 1 A A
P ()=, P2, Q)do=1

V-§" =—x,G,(F)+4a,e,, ()

+o, | iy (T2)P,(2)de’

V-4,=-x«,G,+4a,e,, +o0,G,

le

=4a, (eﬂb —T)= a, (4ri,, -G,)



Energy equation : summary
oT oP
C |—+U-VT |= —+U-VP
g p(@t ) m(@t )
-V-G/ -V G/ +4+ @
V-G =-V-(kVT)
V-q=

jw{—KﬂGﬂ +4a,e, + o-ﬂj‘

0

y iﬂ(r,fz')ﬁﬂ(fz')dw'}dz

where ISZ(.(}’):ij P, (2, 2)w
4” w=4rx

G, (F) = jﬂ i (F,Q)w



and
Vi,(F,.2)-2=-(a,+0,)i,(F,2)+a,i, ()

+ 2 [ i (F,Q)P. (2, 2)do
472' w'=4rx

27C,
25 (eCZ/ﬂT _ 1)

€, (T) =71, (T)=



Equations of Transfer and Flux

for Planar Media

Radiative transfer equation

Lol Tyyr---- s dr,
ES’/ - Y — cosd
! T,

di;
dr, .
di; _ di; dl'l,y — c0sd di;
dr, drﬂ,y dr, . dr,

- -+
+1, =9,
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Let cos@= u and omit subscript y from
NOow on

di; .
p—+i; =S,
dr,
“ IT - T,0—T,, =7,,C08(7w—6)
)
. . g =—7, .C0SO
A0 Tﬂy _____ = ﬂ,s '
oY T4y _ cosg
CT&,S
di, ._
H——=+i, =S,
dr,



ISotropic scattering

- Ay d,
S,(F,Q)=—21i, (T)
le
+ 2 2)P(2 D)
Az, 7 @'=47

N a, . _ O
Sﬂ(r)=—”“|ﬂb(r)+4 A
K, K,
a - o) —
=—=2 e, (F)+ A G,(F)

7K Ark,

1
7K

[ LF2)e

- (o) ~
a,8,(F) + 226, (1)




dir . 1 o
H——+i;=—— 2,8, +—G,
dr, 7K, | 4 |
di;, . 1 [ o |
U—+1] = ae, +—=G,
dr, 7K, | 4 |

boundary conditions

N

_~ e m)=i0.p) atz,=0

iﬂt(Tﬂ’ﬂ)= i}j(T/lO’ﬂ) at Tﬂ =T/10
T10




Formal solution
for 0<@<x/2

T,,C080=r,

TA'A """ Tﬂ
La0 >¢9/ ® g, cosf=r,
o T 1
L/ r, =% de =2d7

Iir (O,/H) . y7; ’ Y7,
1,(7,,)=1,(0)exp(-7, )

+7s, (2, )exp| ~(z,, -7}, ) |dz),

i:{(fz )= iZ (0, ﬂ)exp(_r_ﬂ)
H _

1
j _S(T,w:u)exp ;(TA—T;) dT;, u>0




forz/2<0<r

7,,C08(x—0)=1,,—7,

-7, or —7,,C0s0=1,,—7,

7,,c08(x—-8)=1,,—7,

or —7,,C080=1,,—7,

4
™% o __TwT%




or

|, (z,,—u)=1,(7,,,—)exp —;(%o — Tﬂ)

Ta0 1 ’ 1 ’
+J‘Tﬂ ;S(z'ﬂ,—,u)exp —;(Tﬂ—rﬂ)




Heat flux
q;'=q;'-ﬁ=j i,(F,2)cos6dw

. <%§IA(TA1H)

Al -} ————_
T
Xi(z,.0)

" 2w e W _ 1.

Q;=[ [ i (z,, m)usingdodg =2z i, (z,, p)udu

L., 0.
=27 jo Iﬂ(rﬂ,,u),ud,u+J‘_llﬂ(rﬂ,,u),ud,u}

L., 1,
or =27 IO 1 (a,u)ﬂdu—jo 1 (Tﬂ,—u)udu]



1'+
[ (T, p)udp

J

u

Tﬂ/ 1 ’
_S/l (7,1 ’ :U) EXP
u

0

i (O,u)eXp(—T—”“)

g

(z'/1 -7, ))dz'/'1
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Isotropic scattering S,(z,,u)=S,(z,)

0 0

- .“ori 5,(73)

J

05, myexp
1

1]
—exp

'

|

:

1

1

u

=[ "'S,(z))E,(r, - 7})d7,

exponential integral function

E () =[ 4 exp(

_ijd
7

(z'ﬂ —z';))dz';

(7, —Tﬁ))udu

u

pd p

4
dr,



_ .
Io 15 (O“u)exp(—r—)“],ud,u
A H

+f 8. (7)E (5, - 7)),

T,w—7,

]ﬂdﬂ

[ 1u<ao,u>exp(—
o P

+f 78, (5)En(e —7,)d7 |



Isotropic scattering, boundary intensity
Independent of direction

=27 (OB, () +[* S, (F)Ex(r, ~ )7,
S ACHINCREST EENCANCEEN

non-scattering, boundary intensity
iIndependent of direction

S,(7,)=14(7,)
=27 15 (O)Eo(r) +] i (#)Eo(e, -2,

_zﬂ[i;(rﬂo)E?J(qo —Tﬂ)+J':'0 1, (7;)E, (7 —Tﬂ)dr,}



Divergence of heat flux
V.q, =-«,G,(r)+4a,e, ()
+o, [ i,(F,2)P,(Q2)do
ISotropic scattering

V-0, =—«,G, +4a,e, +0,G, =a, (47i,,

o _ d . dgy
V- = dclj—a (471, =C,) =,

da; .
dj =(1-,,)(47i,, -G,

-G,)



G,(F) =Iw=4

=27

=2

(7, ) =1; (0, ﬂ)exr)( Tﬂ)

o 1
ﬂlﬂ(r,.Q)da)=Zﬂj_llﬂ(rﬂ,,u)d,u

I i mdp ] (a,u)du}

[ RCIL PR KRG

I —S(z'l)exp ——(z'l—zj) dz’,

(7, — 1) =1, (7,5, — 1) EXP __(Tzo — 7/1)




Tﬂ’ 1 ' 1 ' ’ Tﬂo 1 ) 1 ’ r
IO ;S(rﬂ)exp[—;(rﬂ—rﬂ)}drl +Lﬂ —'uS(rA)exp[——'u(rﬂ—rﬂ)]drl
J‘ —S(rﬂv)exp[——1 ‘rl =) ]dr/'1

0 u Y7,

1 720 1 / 1 / /
IO{IO ;S(rl)exp[—;‘rﬂ—rﬂ}drl}d,u

_J‘ {I —S(7;)exp —%‘rﬂ—rﬂ durdz)

Ta0 ' 1 1 ’
=IO S(rﬂ){j‘:;exp —;\g—rl

4

dupdz;

= _“0”0 S(z})E, (7, -7}



dq;

i = (1—a)01)47zi1b(2'ﬂ)
A

~(1-,,)2 1-:{ 0, -2 d
(1-0u.)2x] i e 2o

1. T,0o—T
+I 0 'z(fﬂo,—u)eXp(— “’ﬂ ﬂ)du

+ s, (e)E (r, -7,

)|



Isotropic scattering, boundary intensity
Independent of direction

dq) .
dz'i = (1— w,, )47z|ﬂb(z'ﬂ)

_(1_ wOﬂ)Z”I:i:{ (O)E,(z,)+1,(7,0)Ex(7,0—7,)
o 8. e)E (7, ~ 7oz, |

non-scattering, boundary intensity
Independent of direction

= 4ri, — 2ﬂ|:iﬂ+(O)E2(rﬂ)

dq;

dr,
i (2,0)E, (0 —7,)+ [ i (0 E (7, - 7

)z, |



Equations for Gray Medium

Gray medium with isotropic scattering

S,(F) = (1- @y, )i (F) + =%

. wl:Mlﬂ(r,Q)da)

S(2) = (1-@)iy(r) + 22 [ (e, pudp

Heat flux

q"(r)=2x

-2 Ioli(ro,—y)exp(—

Ili+(0,y)exp(—l)ydy+ r S(7)E,(r —7")dz’
0 lu 0

T,—T

)ydmj " S(¢)E, (¢ - 7)d7’
'Ll T




for diffuse boundaries
q"(7) = 27z[i+ (0)E,(7)+ IOT S(z")E,(r —7')d r'}

—27Z'|:i_(TO JEq(z,—7)+| " S(Z")E,(z'- r)dr']

Divergence of heat flux

dq”
dr

=(1—a)0)[472'ib —G]

=(1-w,)4ri, - (1-,) 27 I:i*(O,,u)exp(—%)d,u

T,—7T
u

Ydz'

+joli(ro,—y)exp(— )d,u +IOTOS(T')E1(‘2'—T'




=4 (1—a)o) ib(r)+%<:‘-:i+(0,y)exp(—%)dy

\

)d pu+| "S(e)E,(r—7dr' ¢

T,— 7T
u

+Ioli(ro,—y)exp(—

—272'_[ 1 17 (0, u)exp (—ijd,u
° H

‘z’fjoli(To,—u)exp(—r"_rjdu
y7,

27 " S(¢")E,(|r - 7'|)d7



since

W,

S(7) =(1—a)0)ib(2')+7 Ioli+(0,y)exp(—%)dy

T,—T
u

+ Oli(ro,—u)exp( jd p+| " S(e)E,(r—)dr

"

dg
dr

=4xS(7)— 272] 1i+(0,,u)exp(—£)d,u
0 H

‘Z”Ioli(To,—u)eXp(—TO_T)du
Y7

-2z " S(e")E,([r - ¢')d7’



for diffuse boundaries

dg” =47 S(7)— 27z|:i+(0) E,(7)
dr

+i‘(ro) E,(7,—7)+| " S()E, (7 - r")dr'}
(1 a)o)[4m ]
=4r(1-a,)i, + ®,G -G

. Oy~ |
=4zz[(1—a)o)|b+EG] G
=4zS -G

S(F)=(1- m)b(r)+—j i(F, 2o’

w'=4r




Gray Medium in Radiative Equilibrium

dg _0

dr

ISotropic scattering

dq”
dr
G=4ri, =4S

gray medium in radiative equilibrium

between diffuse gray boundaries

V.Ci:':O >

=(1-w,)|47i,—-G]=472S-G =0

(0p) =2, i~ (ry-p) =22
T T
s(r) =) G(r)=dzi =46T*, S(z)=i

A



'(7) = 27 " O)EL(0)+ [ S()E(r - ')’

—27Z'|:i_(To)E3(TO —T)+LTO S(T')Ez(T'_T)dT'j|
J; J

17(0, 1) = _ i_(To’_ﬂ)=;2
S(T)=G4(;), G(r) = 4rxi, =40T*, S(T)=ib="T4

T(r)=2 _JlES(T) T .‘-or oT*(")E,(z—7')d r'}

—2| J,E;(7 —T)+ITOGT4(r')E2(T'—r)dT'}



dqrr - 1-+ .
i =(1—wo)4mb—(1—wo)2ﬂ_jon (o,u)exp(—;]du
+Ioli(70’_ﬂ)exp(_ TO/:T]d;U + IOTO S(z") El(‘T—T")dT'

4

dg

dr

=(1—a)0)47zib—(1—a)0)27z|:i+(0)E2(z-)

H(7,)Ey(zy— )+ [ S(2)E, (- T'\)df'] -0

dri, =G(r) =27 J‘li*(O,y)exp(—i)dy
: 7

U

+Iol 1~ (7,, —,U)exp(— )d,u + IOTO S(z')E,(|r —7'|)d7’




Ari, =G(7) = 272'|:i+(0) E,(7)

+i1 (7,)E, (¢, —7)+ IOTO S(z")El(‘r -7

)d T']

G(r)= 2[‘J1E2(T)+ J,E,(7,—7)

)d r'}

oT*(7) = [LEL(0) + 3,E, (5, —7)

+IOTO oT*(")E,(|r -7’

+[ "oT'()E,(r —z'")dz"}



Solution for Gray Medium in Radiative

Equilibrium between Black or Diffuse-
Gray Walls at Specified Temperatures

Between black walls

()= LE)+ [ oT e e

—2| J,E;(7, —7) +ITO oT*(z) Ez(T'—T)dT':|

J, =0T/, J,=0T,

q”(T) — q”(O) 1
_ O'T14 _ 20_-|-24 Es(To) _ ZJ'OTo O—T4(T')E2(T')d 7’ (Ee,(O) = E)



oT*(7) = [ EL() + 3,E4(5 —7)
+[ "oT'()E,(r —r")dr'}

T'(r) = %[T;‘Ez(r) +TEy (5 —7)+ | 'T'()Ey(r - r'\)dr'}

T4(T)_T24 q”
-|-4_-|-4 Y = 4 4
1 2 O'(Tl _Tz)

¢,(7) =

T4(T) _T24 = %I:Tf E,(7)+ Tz4 E,(z,—7)

+ jO"’(T“(r') ~T)E(r -7’

Ydz' + T;‘jofo El(‘r —7'

)dr'] -T,



IOTO El(‘r —7

)dz' = [ E(z—7")de'+ [ E ('~ 7)d7’

=[E.(r =), +[-E.(=' - D) ([ E.(0)dx = —E,,.(x))
= E,(0) - E, (¢) - E,(z, - 7) + E, (0)
=2-E,(r)-E,(r,-7) (E,(0)=1)
T4(0)-T, = [(TE,(D)+ TiE =7
" (T4@)-T)E(r -2z’
T D) - Euler=r} |-
T [ e

)d r']




T (z') -T,

¢b( )_ T4

— | E@+ [ B (-

q"(r) =0T, —20T,' E,(z,) - ZIOTO oT*(z)E,(¢")d7’
q'(7) = o (T - T,}) - 20T E(7,)
-2j (T*(z") =T, )E,(z")d7 + 0%, - 2j oT,E,(")dz’

[PoT/E, () de’ = oT) [ "E,(r')de’' = T, [-E(r") ]

= O'T24[E3(O)_ Es(To)] =0T, ; _Eﬁ’(’{o)i|



q"(r)=o (T -T,')-2[ "o(T*() - T, )E,(z")d7

4

g
o} (T14 -T, )

v, () = =1-2[ ",(r)E,(z)d7’



T'z)-T,
T =T,
q”
o} (T14 -T, )

9,(7) =

- %[ E,(2)+ [ "¢, (7)E. (7 - r")dr'}

v, () = =1-2[ ",(r")E,(z)d7’

numerical solution available
limiting behavior
q”(To —0)= O'(T14 _T24)

T, > 0)-T,
T T,

1 1 _
— E[|52(0)]= > (E,(0)=1)

T T,

T 4T/
Tz, > 0)=- > L 2

+T,), Tz, > 0)=



Temperature jump at the wall

$,(7) = T_:_(fz?r-!; = %[ E.(7)+ IOTO @, (7") El(‘r —7')d T'j|
T(7) —T24
= %[(Tf‘ -T,')E,(z)+ IOT" (T*(")-T,')E,(r - r'\)dr']

Tz =_O)—T24

= %_(Tf‘ -T)E0+ [ (T'(=)-T,) El(z")dr']
1

2 T14 —T24 _“‘OTOT24E1(T!)dTr+IOTOT4(TI) El(T')dT'j|

jO“ E,(z')d7" = [-E, ()] =[E.(0) - E,(z,)]" =1~ E,(z,)



T4(r=0)= %[Tﬁ FTAE, (2,) + IOTOT“(T') El(T')dT'j|

_|_4(T _ O) _ T14 — %|:_T14 + T24 EQ(TO) + IOTOT4(T') El (T')d T'i|



Ph

=

Dimensionless temperature distribution
4 _
[0 - 18]/ 64 - 19)

1.0

Optical thickness
KD
~ —*00
/!
;, ~10.0
"=
1.0

S I

2 4 .6 :
Relative optical depth «ixp

8

1.0



S B O T

o
—

oo = =1 od

ol

xn|j AbJaua ssajuoisuawiq

2.0

| S
" Optical thickness &y

1.0

B



| 3

2.5

(§- 79[l = gt - 1]

di|s ainjedadwa) ssajuoIsuawi(

3.0

2.0

1.5
Optical thickness «p

1.0



Between diffuse-gray walls

N\ e

1" (70, —p) 17 (75, )

/i+(0,ﬂ) i_(O,—,U)\g

j , i7(0, p)cosOdw = 1" (0) or | (O)——1
OD=4LTT 72'
‘]2

T

710

=j i~ (z,,—u)cos8dw = 7i (z,) Or i"(z,)=
J, =¢ Lz b1 (T, ) cos@da+(1-&,) L}'zz,, i7(0,— ) cos@'d’

= e, (T,)+ (1— 81)61 = 810'T14 + (1— 51)61



G, = er i"(0,—p')cos@'d e

(z,~p1) = i (70— 1) EXP

1

u

1

Y7,

+ TOES(T',—,U)GXD
rT ﬂ
._ , T,
Gl=jw,=2”<| (7o, —4)EXP _E

i S(z',—u')exp
7

T
+f
0

.

(70 —7)

4

T

(

dz’

-7

)

-cos@'dw’




for Isotropic scattering

j j —S(r —,u)exp(——)dr cos@'dw’
w=27d0 ﬂ

\

dz’

4

=r°S(r )<I iexp(—ijcosﬁ'dw
0 W= ZEﬂ ’u

J

4

dz’

= IOTO S(z')+ 27z'jiolexp(—;—:)dy')

N

— 2j’on8(r')E2(r')dr' S=—ae +2:G
0 K 4
=2[" 1[ae + SG}Ez(r')dr'
K 4



G—2JE(TO)+2I [aeb “4 ]E(r)dr

J, =0T _
+2(1-¢,)| J,E (ro)+j {ae +T°’G}E (z")dz'
J,=¢g,0T) )

+2(1-¢,)| J,E (TO)+I {aeb %G}EZ(TO—T')dT'

In radiative equilibrium, G =4rxi, =4e,
J, =¢o0T '+ 2(1— 31)[J2E3(2'0) + J‘OTO ol (7)) Ez(r')dz"}

J, = 520'T24 + 2(1— 82)|:31E3(TO) + IOTO ol () E,(z, - r')dr']

O'T4(2') = %[J1E2(7)+ ‘]ZEZ(TO —T) +IOTO O'T4(T')E1(‘T—T")d2"i|



qn _ qrr(O) _ Q"(To)
q"(z) =2| J,Eq(z)+ [ oT*(z')E, (7 - r')dr'}

—2| J,B4(7 —T)+ITOGT4(T')E2(T'—T)dT']
q"(0)=J,-2J,E.(z,) - ZIOTO oT*(r') E,(')d7’

q"(70) = 23, Ey(7) + 2] "0T*(¢)E, (7, — 7')de’ - J,



Between diffuse-gray walls
q"(r)=2| J,E,(7) + _“OT oT*(")E,(r - 7')d T']

—2 _JZ E.(r,—7)+ I:O oT*(z")E,(z' - 7)d r'}
oT*(7) = %[Jl E,(r)+J,E,(r,—7) +IOTO oT (z)E, (r—7'|)d r'}

Between black walls
q"(r)=2| oT,'E,(7) + IOT oT*(z")E,(r—7")d r'}

2| oTSE, (5, ~ 1)+ [ 0T () EL( ~ )7’

T(r) = %[Tf E,(z)+T,E,(z,—7)+ IOTOT ‘(")E,(z - ')d T'i|



T4 T _T4 1 fo ’ ’ ’
(0) = e = 5 )+ [ 4 (e e |
CI" to ' ' '
vy(7) = G(Tl4_T24)=1—2jo ¢,(z')E,(z")dz
-|—4_J qrr
let ¢=2 2y =  then ¢ and
¢ 3 YT ¢ v

have the same expression as ¢, and y ,
respectively.

oT*(r)-J,
‘]1_‘]2

T _1-2 [ "(c"E,(e)d’

1 2

P(7) = = ; [ E.(z)+ IOTO #(7") El(‘r — r")d r']

w(r)= -



=g0T, —(1-£)q"+(1-¢)J,

{4 1_
ed, =0T ~(1-£)0", J =0T/ -="E1g"

&

J, =0T, +(1_‘92)Gz’ 0, =J,-G,=-0q"
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